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PREFACE RE L’EDITEUR 


Les volumes 22 ot 23 dc la premiere sdrie dc la collection Lkoniiaudi Ruxuri ( 
nia rassemblont lea divers memoirea cI’Eumsti tiuitant plus particulicromonl 
)blcmcs relatifs aux dquations cliffdrenliellcs et aux dquations aux ddrivdos parti 
o partio dos questions truildcs dans ces memoires sont oxposoos, sous uno fornu 
idral dilTdronto, dans les trois volumes dos }nslUuliones calculi hileymlis. D’ai 
3.stiona importantes rolativcs aux memos aujots no sont exposeos quo dans lc Cah 
Kjralis. 

En 1720, loraquo paraissent les premiers travaux d’JOuLKR, les can d’intdgnil 
l’dquation do Ricoati venaiont d’olro publids, la mdthoclo do la sdpnralkm cles vavia 
.tdgration do rdquation homogdne du premier ordre, do rdqimtion lindairc, do l’dqm 
Bernodlli, 1’omploi, clans cortains ens partieuliors, d’un faetour intdgrant on m 
mtcur, dtaient conmis, ainsi quo, pour les dqualions dilTdronticlles d’ovdro supdv 
i ons do rddnotion au premier orclro ot I’intdgratioti do eortainos dquations linduii 
mposBibilitd d’oxprimor par ties fonctions usucllcs toutos les quadratures, i 
ntrd qu’on no pouvait, quo dans ties oas trds partieuliors, obtonir I’mldgralion oxp! 
; equations diffdrcntiolloa au moycn do fonctions oonnuos. Los rdsullats acquis 
ttaient encore d’esperor quo I’on pouvrait obtonir cotto intdgralion par dos quadrat 
Les travaux d’EuLEit out apportd uno contribution importanto a I’intdgratior 
mtions dilldrontiolles, mais ils paraissent avoir surtout uno importance historiqi 
ioriquo. Rartant, on effot do solutions on do proeddds employds dans dos ous 
•ticuliors, Euler en a ddgagd dos mdthodos gdndralos d’intdgration. II est dvidont 
n’ost qu’on raison do la stdrilitd rolativo do ces mdthodcs, quo, bion avail t do poi 
dmontror, on a admis l’impossibilitd cl’intdgrer los dquations dilldrontiolles pai 
idratures. Le nombre restremt do oas d’intdgrabilitd nouvenux, obtonus par i'c 

1) Voir, par oxomplo, pour ces quostions: Encyclopedic ties Sciences maih&matiquen, 

T. II. vol, 3 p. 64. Paris ot Leipzig 1010. 


fnurnis.snnt cl’intt'grntion effective quo dans des eus encore plus particu} 

Dans le nu?moire 10 (d’aprte les numdros d’Enestrtim) Euler irnliq 
ens ilc reduction d’equutions flu deuxiemc ordre an premier ordre. Oci 
elnssiques. 

Unc .-trie do momoircs Mint eonsueros ii In mdthode appcldc par Ei;i 
perquadrature cuminim 1 *. Conduit fovtuitement, uinsi qu’il riinliipie dan? 
a la representation d’nno .solution i/(:r) d’uno equation diffdrciiUollo ; 
mtdgiulo detune dans Uqucllo r (iguro coimuc parumetre, Euler a ckcrcl 
ploi syslematiquo dc tc mode do rcprdseutntion, dont il pimiil avoir l< 
roxemptc, et dont les applications bien connues out etd faiics, en purticnl 
(.tauss, Xummeh. Euler emploie cotto mdtliodo dc deux maniacs c 
le mdmoire 31 2 ), ut dans le chapitre XI do la l re pnrtio du 2° volume du C< 
il obtienl d’abord la solution considdrdo sous forme <lo aerie ct dvaluc 0 
dc cettc sdrio an niovon d’mie intdgrnle do l’cspeco indiqudc. Euler a 
ui\e mdthodc plus dircctc. en formant I’cquation dillerentielle vdrifidc p 
dclinic donudo, dans laquellc .1 figure coiunio parametro. Cctlc mdlhodo 
les mdmoircH 44 et 4 5, appliqudc ensuito dans 70, 274 ainsi que dans 1 
la l ro partie du 2° volume du Calculus inleyralis. 

On pent raltachor mi memo ordre d’ideos (ddtermination d’uno foi 
d’opdmtions donndes oH’cctudcs snr unc combe) cortaius dcs resultats 
on liuLBn domic dcs nidlhodes gmpliiquos pour rintdgration do ccrtaine: 
partioidicr de 1’dqualion dc Kiccati. 

Eui.er a donne un devoloppement important an proeddd du multiplies 
imn veritable melliodo d’intdgration. Los mdmoires 200, 430 sont com 
do cctte mdtliode pour I’intcgration des equations du premier ordre. Lc 
420, 431, 700 traitent do son oniploi pour les equations du cloimdme 0 
qni ost, on grande pnrtio ropitiduit dans les clmpitros 11 ot 111 do la 2 m0 s 
luino du Calculus inleyralis, nous trouvons un oxpoad eomplot de 1’intdgriiti 
usuclles du preinior ordre, la plupnrt des rdsultats dnoneds ot des oxom 
rcstds dans I’cnsoignomont. 

Euler ompfoie dgalemout dc doux fayons difTdrontes la mdthodo di 
On bien, partant d’uno equation diffdrcntiello donudo, il choroho a la 1 

1) Voir la noto do la pngo 10. 

2) l.o m6moiro 11, relatif k In inOmci quest ion, nn fm't. qn^nonem- Ich r6auk< 


.si ddcouvorts sent rclntifs a dcs Equations do formes ns.sc/ particulidres, mnis I’iin; 
ce do cello notion dc multiplioatour a eld neUcmont montreo par T1 a. 

r, on diet, comment, par son emploi, on retrouve tons los cas d’intdgrabilitd coni 
ament hi connnissance d’mi ninlliplicatcur permet d’almi.ssor d’nno unild l'ordrc d’ 
lotion ot comment la connaissance ile doux mulliplicalcm's pour uno Equation 
ond ordre permet do ramoner son integration a dcs quadratures. 

Los mdmoires 595 ot 751, montrent par doux mdtliodes (lilldrentcs, commont Tom 
fractions continues permet d’obtonir, pour n quolconqne, 1’intdgmtion do l’dqim 
Kk.’Cati 

(77 a W 2 ~ ? ixn a ot ^ constants 

d’en ddduiro tons les ens oil I’intdgrulo s’oxprime on tonnos finis. 

Dans les mdmoires do cos volumes 22 ot 23, Burma ornploio frdqucmmont (lea sd; 
is jo n’ai pu relover do cas oil uno serio soil donndc commo I’oxpression ddfinilivo d' 
ution d’unc liquation dUrdrenlielle. Oil bien, coimno nous I’avons ddja indique, la s 
un intcrmddiairo conduisant a uno autre expression do la solution considdrdc, on 1: 
mno dans 2H<t, Bulku indique oxplioitemonl qu’il n’utiiise les (Idvcloppomcnts 
is les cas d’intdgnibilitd oti lo nombro do lours tonnes cst iini. 

Co n’ost pas la, du rcste un prineipo constant ehoz Bullju, car il s’on dem-to dan 
pitres VHofc V1TI do la promidro partio du douxidmo volume du Cakutns inlegi 
blid postdriouromont a 284. 

[/application dcs mdthodos prdeedcnlos a conduit Eui.ku a divors cas d’intdgiulj 
iivoaiix, aussi bicn qu’it d’eldgautos ddmoustriilions do cas d’intdgrabilitd ddjii con 
,ons les divovKos ospdeos d’dquationw qu’il a lo plus frequemmont eousiddveos. 

L’dquation (1) duns les mdmoivos 11, 31, 51, 70, 95, 209, 284, 595, 751. 

Dcs dquations de Riooati de hi fovmo gdndralc 

'If- -1 IWy 2 -1- Q(x) y R{x) 0 
ns les mdmoires 51, 70, 95, 205, 209, 078, 734. i/dquation 

y£+ P(x)y + <3W = o 


na los nidmoiros 209 ot 430. 


{ax 2 4- bx 4 c)d z y 4 (/»; 4 g)dxdy 4 kydx 2 = 0 


dans les numdros 95, 274, 284, 431, 077, 078, cn vuolo plus souvent d’en 
b, I’intdgration des Equations do Ricoati. 

Nona avons laissd de ootd dans co qui prdcedo les mdmoires rola 
des dquations lindanes d’orclro quoloonquo. Dans lo mdmoire 720 Eu: 
Ton a intdgrd 1’udjointo do Lagrange d’une equation difTerentiollo 
quolconque P{y) 0, la solution de liquation lindane non homogfeiu 
tiont par des quadratures. 

Les mdmolrcs 62 et 188 oxposont les mdthodcs d’intdgration des 
t\ coefficients constants: lo premier pour les dquations homogdnes, ] 
equations avec second membre. Cc dorniev gas ost onoore traite dans 
mdmoiro 680, ou Euler dtudic les equations do Lagrange ot cortui 
do ces dquations. Antdriouremenl, dans 230, I’dlude des equations di 
solutions singulidres avait dtd aborddo sur des oxomplcs d’un oaracld: 

iLes formulcs rencontrdcs dans l’intdgration dos dquations lindaii 
ont conduit Euler a dtudior dans 679 les transformations des expi 

nx par i».t rtx 

\pdx if \dx irdx. . . . 4 sdx \tdx 
Jo Jo Jo Jo Jo 

ronformanl un nombro quelconquo do signes d’intdgrations suporposd 
dtaiit dos fonotions donndcs do x. 

En particulior pour p = q = r = ... = a — t Toxpression ost e 
dos tormes contenant chacun un soul signe d’intdgration. La formu 
dtd omploydo dans lo mdmoire 081 dont le titro indique l’intdgrati 
difidrontiolle d’ordro fraotionnalro. Euler n’a pu, faute de notations ( 
dans loute sa gdndvalitd la formula qu’il obtient, qui n’est autre q 
connu: 

i•* 

y = 4(.r— z) q ~ x X{z)dz 
Jo 

ropidsente, si q est un entior, une solution de 1’dquation 



ir q enlier. 

Dca probldmos rolatifs a la rectification dos combes ct on purtioulier lo probl 
itd par J. Bernoulli ot Hermann do la rcchorclio de courbes algdbriqucs rcctifia 
. conduit Euler a dtudicr dans lcs mdmoires 48, 245, 022, 050, 779 des questions d ’t 
3 inddtonnindo. Lea questions traitdos duns ccs mdmoires rontrent dans lo probt 
idrulsuivant: Etunldonndesun certain noinbro dcfonetions.P(.T, y), Q(x,y). ..., S(x 
blir ontro a- ot y unc relation I olio quo lea intdgrales J P (x,y)dx, \Q (x, y) dx t 
( x,y)dx a’oxpriment simultandniont au moyon do quadratures denudes ou, commo 
tioulior, soiont intdgrables. 

Euler applique nolamnient ses nidthodes »\ la rcehorche do courbes rcotifwibles 
it les arcs satisfont a eortainos conditions. 

On pout rattachor on partio a Tnnalysc inddtonnindc ot on partio aux applieat 
la thdorio du mulliplicateuv lo numdro 850, oh il s’agit do trouver uno oourbo ta- 
one pour un mouvemont dans nn milieu rdsistanl. Lo probldmo traito dans 784, oon 
>bl6mo d’analyso inddtonnindc, pout otro ramon6 a Pintdgration d’une dquation lind 
i ddrivdcs partiollcs du promior ovdro. 

Lo mdinoiro 322 est on majeuro partio consacrd a des considdrations sur lcs prino 
PAnalyso ot l’omploi dos fonolions discontinues, mais uno intdgration d’dqunlion 
ivdea partiollcs traitdc dans sos dornidres pages, lo rultacho mix rndmoires oonsu 

■ Euler a cos dquations ot dont il nous res to d parlor. Dans 285, do nombroux 
atdgration d’dquations aux ddrivdos particllos du prenuor ordro sont truitds. 

Euler n’dtablit pas do mdthodo gdndrale d’intdgration, il so sort do Tintdgra 

■ partios, ot do la vomniquo suivanto: V{x,y)dU n’est intdgrablo quo si V est fono 
U. On ne pout qu’admiror avoo qwollo habilotd, par des artifioes assez divors, il rdv 
ntdgror la plupart des dquations quo nous savons integror. Los calouls auxquo 
mtit, sont on gondral oeux qui rdsultent do la recliorcho d’uno intdgralo oompldto 
proeddds classiquos. Les memoives quo nous n’avons pas oncovo oit6s tvailent do Tv 
,tion do cortaincs olassos d’dquations aux ddrivdes partiollcs du second ordro ou d’o 
6rieur. Etudiant dans 319 Tdquation 

3 a 2 2 3 a 2 i & 3 z | C 

3f a a dz? x 3.x* x % Z 

t.ek on montro les analogies avoo Tdquation do Riogati, dans la rochoroho dos 
ntdgrabilitd. Le mdmoire 737 oontiont une thdorie gdndralo do 1’oraploi des ohangem 


problfcmo ties conies vibmutes traite egale.nont dans MV. 

Us motnoires 724 ot 785 dcmncnl finlegnitiun complete ile 
lions lineaires mix ddrivees part Idles dordre qucleonqm*, umis do U>rmv» l 
Mu. dans 741, Kuunt u cherehe h dtomho mix •■qunfioiis Inn-air 
portiellos A coefficients constants sn mrtl.ode d’mtdgmtion dm <'x\\nl\»' 
lineaires A coeflieicnls eonstanls. H oMient ninsi, dans certains ens, I’n 
do ccs equations. U*s nuKinuomenis employes mnnquenl parfois do ritf 1 
I! scrait injusle do reproclier a Ki;u:ii d'etre rest* lidolo mix buMhu 
dims ccrlnins niisumioments ct de no pas avoir Umjuurs dounr a eenx-oi I 
uujourd’hui. Cos habitudes etaienl tout a fait dans la nature dcs uluwiv 


pour le devcloppcmcut do I'Analyse. 

On cumprcmlrail nud quo, places dcviuil I’immeuse domaine quo It 
methodcs nouvellcs, los inathcnmtieicns du iH'"" sieele mi lion doxp 
coninio its Tout fait, cos regions inooinmes sc Iussont tout d'nlmnl m-.eup 
theories preliniinaiics pouv lours etudes, l/oxplorntiou du champ umivea 
lyse pormettuit soldo do determiner quollos sernionf. Ics theories ulilos of h 
il conviondrait do los ddvoloppev. An rosto, eo n’ost guere quo dans lea qi 
vieimenl dcs series quo foil trouvo, olio/ I£ui,ku des luisonuomouts dm 
du prolongomcnl amdytique implieifeniont udmiso. par ICui.mh fournit ( 
la justification des inductions hardies quo 1’on ronuoiitro dans eorlniiiN 

.Si quclques misomiomonU d’Kvuw paviUKsonf ineomplols, eolu h 
quo eortaines famous dc misnnnev, pen amides aujounrimi, dfaiont 
|8 ,l,e sidelc, (juo les auteurs undent lieu do eroiro quo los raisonnomonla si 
facilcmcnt vdtublis pur les lent ours. do n’ui pu velcvcr aucuu cuh oil uuo uf!i 
suit on default, loisqu'il indiquo dans lo eours d’un raisonuomont qu’i 
ncecssairo snn.slc ddniontror. Souvont, bicu (|iio, ni son raisonmmHmls, r 
n’indiqucut lu solution ivouvdo d’un pmhleme. eommo la solution hi 
pout constator qu’il a bicu obtenu cotto solution gdndralo. Mourn a 
ecKnincs assertions fondles sue dos raisonnomonts (pi’il avail. dound> 
memo tomps lour muuquo do riguour. 

Me rapidc exposd qui precede [icrniot a pcino do voir que.llo osl. li 
Mimics abordcs par ISuuk dims oo soul domaino dos dquiitions dill 
equations aux d6riv<$cs purtiollcs. Duns la plupavl dcs oas, on bion Kuu 
a abordcr lea probl&mcs qu’il traitc, on bion il on a donnd dos solution 
ni^moiroa do cos deux volumes snflisont a oux souls pour donuor un 
progrAs qui sont dus a 1?uler, soit dans los notations, soil dans los m ( 


isi ho rondre comptc de la grande importance do ses Imvaux dans I’dlaboi-ation 
os tl\6ories relatives aux Equations ditfdi'cutiolles ol aux dquatious aux ddrivdus 
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Conimoutatio 10 indium Kncstnokmiani 
O oimnentnrii acudomiun woicntiaiiiiii TVlro|iolitiui<u) ft (1728), 17,12, j». 121---U17 

]. Quaudo ad acquationoa difforonthdes sccundi vcl alliens onii; 
.Um porvoninnt analytic, in iin vesolveudis duplioi. modo versnnlur. 
linmt, an in promtu ait oils intcgmro; id ai fuerit, obtinnornut, 
derabant. Cmn autcni intogratio vol prorsus inipoBHibilis, vol sullen 
n' vidotnr, eomuitur oua ad diffoecntiulos primi gnulus reducero; ( 
piibus faoilina iudieari potest, an oonstmi qnoant, nulluoqno aoqun 
ivontialos, nisi primi gi’adus, adhuc e.ognitis iucIIukUk conatrui p< 
)d ad ilhid attinet, do eo hue diasortaliono oxplicare non oat propo# 
ncdo n-nlom acqnationos dirtoreiitinlca altionim gmdmim pmcscvlin 
mdi ad din'orcutialos primi gradna aint roduoomlao, inothoclum qiu 
no innsitatam, ct qnnc latissime patot, in scquentibus sum oxpoaitu 

2. lam quidcm saopcnumoro Mathcmatioi, qnundo acquationoa 
:ialcs sccundi vol uUionmi gradnum oeemTonmt, oas ad difl’orci 
ai grachis reduxernnt, utcpie doindo construxornnt; qnomftdmodnm 
j in constrnctionibus oatonariao, elnsticao, proioctoriao in medic 
quo resiatenti phn-iiimqnc aliarmn curvarnm, qnannn aoqnntionos 
jrontiales seoundi vol lortii gradus sunt inventao. Plcraequc qniclom 1 


JNUA.UUI Ruuuu Opora omnia 122 Commcnlutiones umvlyliouo 


ditfcrcntiales primi grains f'teruut reductne. isunm < ■ 

ratio ita cat compumla, ut vcl utmquo vol Hulfem nUrvuli 
ipsa dosit, eavuui eiuavo diOcroMtialihuH <st d.lltM-n.it-.o-.lillon 
tiones tautnm iiigredientibn.s. 


3. Siautcm in aequationo diiTonmtioslilUTonfiuli nlirmt 

caret, facile cat. earn ad aimpliuilrr di Huron tmle.iu rcduccre. m 
difforontialis quantilalis dofieieulis fiictum e.\ nova ({UMdain 
ultcrum ditforoiitiiilo. Hue enim vafioito, h\ eonulnuH 
fucrit positum, diffcrentio-diftarcntinli uoqimlo involutin' him 
tiale; quo mdmtituto aoqnntio hivbetuv dinorciiUnliM primi g 
aequutiono 


,/)//)>« i. //»«- ° 1/f/ 


i\h\ P et Q .significant f iinotioncs qimsminquo ipniiiH ?/, at 
poriitur. Quia ipsa v non ingreditm- iiequulioiuMU, liat tin 
ddv dzdy. His sulmtitutfs isU oritur Roqnat.io 

P dip --Qz n dtj n 1- 2 11 ' 3 thp- 1 ttz, 
divisaquo hac per thf 1 ista 

P (ly ~Qz " dy 1 - z” a <fz, 
quae cst simpHoitor differcntialis. 


4. Alias aeqnationes difTerontio-dilToumlialcH, nisi lnihim 
quantum soio, ad diffomitinlos primi grades nmpmm null 
promtu fuerit oas prorsiw intograre. tfic aulom luothedu 
non qnidom omnes, sed tamou innnmoiubiloH ucqimfdntuv 
rentiales utut ab nfcraque indcterminala allectae ml sinipli 
reduci poterunt. Ita verc in iis rcdueowliH versor, ut cum ear 
tntione in alias tranaformom, in quibns alterutra iiidelern 
facto opo substitntionis pamgrapho pmeeedcnto oxpoHilu 
penitus ad differentiates primi gnvdus rodueontur. 


5. Cum observassom oam esse qnnntitutinn exponent 
earuni dignitatem, quaruin oxponoua eat variabilis nuuun 
rata constante, propriotatem, ut si dilTerenliontm\ domioq 


ilc c T <(. r, dilVorcntio-difforentialc c ‘ {ddx -1- dx 2 ), ubi :v-nonnisi iucxpononl 
grcdiiur. Jlncc eonsiderana perspexi, si in aequationo diff’erentio-<lift'crenf 
30 indoterminatarum huinsmodi oxponontialia substitnantur, turn ip 
riabiles tiintunimodo in oxponentibus superfnturns esse. Quo cognito oj. 
b, nt on exponeutialm loco iwlclcrnmmtnrum snbstiLucnda ita accoini 
nt-ur, nt fw.Ui aubstitutionc ca diviaiouo tolli qucaut; hoc modo nltcrr 
tom indctonninata ox aequationo cliniiuabitur, oiusquo duntaxat difl'ci 
din suporerunt. 

6 . hlacc quidem oporatio non in omnibus ncquationibus succcdit; von 
men cam tria noquatiomun ditt’cronUaUnm 2 dl grudus genera admittoro 
I’vavi. Prinumi genus cst omnium oarnm aequatioumn, quae nonnisi dno 
ustant terminis. Altcrutrum cas comprchendit acquationes, in qmirum i 
lis terminis indetonninatao acqualom dimonsiowmi numenim constitur 
quo voro indctonninata ipsa solum, sod ctiam eins dilTorcntialia cnins* 
adus diinensionom imam constituove oxistimanda sunt. Ad tortium go 
s refero acquationes, in quanun singulis terminis altorntra iiidetcnniii 
ndem obtinot dimensionum mimcruni; quorsnin cadcin perbinent, q 
odo do acstimationo dimcnaionum allata sunt 2 ). Onmcs igitur aoqnatio 
l hacc tria genera pertinentes hie rodnccrc docobo. 

7. Omucs acquationes ad primnm genus pertinentes sub line gone 
nnnla coinprchcndimtiir: 

ax m dx p ~ y n dy p "' i ddy, 

»i dx constans ponituv. Et si eninx in aequationo quapiam noqne dx neque 
nstans acoipiatur, sod aliuel quoddam differentiale inde pendons, id n 
ffionltatis liabet, ennr oognita sit nrethodus, quod constans crat difTorcnti 
i.riabile faciondi et vice cins aliud quoddam oonstans. Ad hanc vero aeq 
nem reducendam pono 

x = G tt> ' et y = c°t. 

1) [n pi-iinis sum oporibtis, usquo nd annum 173*1, utitur Eumuius littom o loco o. H. 

2) Vido ln8titutionum calculi integrals vol. II, § 810, 700—811, 822—830; LnoNir.ittDi bh 

era omnia, series I, vol. 12. H. 


ddx • uc“‘'{ddv \- ado*) 


et- 


ddy | 2 dido 

■Sccl cam dx ponatnr ooust.nnH, orit ddx 
stituto loco ddu Uabehitur 


| Iddi) ■ Id 
0 iidooq no ddn < 


ddy =-• c. l '(ddt -| 2d(dn 1 (I n)(dv"), 

S'lUTOgontuv hi valorc,s loco .c et y in aoqnntione propnsi(<u t 
ca in Imnu 


ac" v(m 'x) a , ’dv J} i], 'l n (dt ■ I Ido) 1 ’ 2 (tldl \ 2d(do ! 

8. lain a deierminari dobol itn, nl exponcntinlni. diviNini! 
Hoe ufc lint, oportot sit 

av[m -| - p) -■■■ {a, -I - p ■- \ ) v, 

inde colligiliir a-- Superior igitur uoqimlio dol.cn 

in sequentom 


a (~,lr\rjrJ dvV l " ( dl -i- Uv Y 3 (Mi -i- 2 <iidv i m 

Quae protimis cx proposita ernta fnissol, Hi posniHHom 

x ■- C [ H 1? ’ • 11 U: <"‘ >>>) (%b 1J : ■ 

Est autcin n + p — 1 nnmorus dimonsiomnn, quart y/conatituit, et 
Facile ergo in quovis oasu parlioiilnn a dcfccrminatnr «tivtimqii< 
tutio habebitur. In aeqnationo iuvouta, cum ahsit v, pomitur 

ddv '-= zddt -f dzdl, 
sed 


ddv = — adv 2 =-•- I_ Z z ( /n 

m -| • p 


ddt — 



1 — n — p 
in -|- p 


zdt z . 


Hino invenitur 


/* {(It -r tz>lt)*-*l — ”_J!2 zdP - |- --- 

' 2 M 'f /> 1 


in — n -1 


> divisa per dabit 


:: ’)” *»<*< - l- (1 + lz)>->C- y ~^ *± -I- 

■i -I- p / \ w •• v z 1 m-i-p 


m — nil 


). .Rcclucta ergo cat acquatio gcncralis propoaita 

= y n ih/' - % ddy 


ano differentialom primi grndus 


-V- 


, T (U = <> (1 -I- <*)»- a ( : 

i-l-p / v ' \ m-|-p 


iplicata aoquationc iiiventa por 2 . Ilnee acqunlio imico aolu ox ea invenii 
it, posito in prima anbstitutiono loco v hoc fzdt. Fieri ergo dcbct 


X gUM W-ll/silMw iP) 


o y pom clebct c !e,lt l sivo, quod codcm rcdit, ponatnr 

£ _ ft (H IP -Ufei/t ^ y — (y{ m +p)J 

: aeqnationo diffcrontiali inventa itcrum proposita diffcrcnlialis seounc 
is inveniri dcbcat, vidcamus, qualcs loco 2 ct (. substitutiones adhibc 
mt. Cum sit x ~c ln f crit c Szi11 --= .r 11 *" 1 quaro// = .r (1 J ' * n 

habctur t -- yx 1 ^ n . Dcindo quia c iedl — ^ i: oi - p-d 


fzdl ~ 


1 


ii‘\-p —i 


lx ; 


dx 

Zdt = -;- ,-r— 

{n -p— I )x 


l) In Ilia forimilis z donotut numonini praocodontom z imiltiplicatum por mi -i- p, H, D. 




<tl .i: 1 <»' ' >' " ill/ ' ,7 , ' • 

H /. I 

CoiiHotfiicnl.or invonirl nr 

% • • dx : \{u. | ■}> I) x « • " "• ■ »■ " >hj { w m •, 

.IVrHpioiiiim mil.cm rsi. si . in ! \r| ! n, ilrim, , ii. in , i< i 
inl.or ho Imliomif., inviiiiri pn:;:;i\ 


10. IIIiihI.I'oiiiiih 
imrtioulnri, Nil, 


0, (jllilC C.'SHTs1 1 1 <-l 


xdxdif t/,l< 


i; 


<piao mluoiUir dividnndo por dj/ ml Imim 

Xil.f If if if ',/./?/. 

Huio gonondi iiocnmmniliilii, Iu 11 . 1.1 f > 1 r „ \ t \ 
iutin Ihh in iiot|itiitiono dilToronlin 1 i f :mdn Mi, | 1: 

propoHita mluoil.iir, 

/(I ■ ',(( 

((iiao aliil, in 

I (■ '<(( :u ’ii( r -'if ;v./ 

Ad hill 10 Iioqual.ionnm prupnaju xdxd,, p ,|, iM 

J <1 7 11 1 . 

OonHtemttio <u W . Rn,|ii,ili,,ni„ ... p,.,,.).., 

(lillmmtialiH invontim; In,,*, „j ...malnd |„,i.-rii. , :i , 

J'oipHa aa no inli'j.mri nuli iii. 


1.1. Hoaiimlum p'luiti aniiialiniiiiin .lilfn 
mothodo ad diffuronl.iiil.w piimi n ,|„ 

qunoiin.iMe.iliH t(irnii„in ...... 

diuci'onlaalia couHtitnunl., nuiiii-rum ... \ 

oat soqnona 


’ III 1>i dill 

<<l i- j,,, 

, 'jiia.-i in. 
*''|iial iu - 


mi 




ax’ 


If X dx' , <lif i » j (,, 


>1 1 • f/ 7 3 


0 JOclitio )*i'im!(.|)H I,,,,,, , n | H | ,, 
2) .Mditio ju-imiiijm: -,v . . ,-U<u H 

m noquationodiffomainii , )mi . ■>, „ t J tuv 


l ‘ I ImiI»» l II , 

.Si In..- 


1 J 1 I 1 S 1 P 1 ., 



sent adlmo ndili vx r y~ r ' x dx‘ l dy i - q ct Iniinsiuodi quotqnot libuerit; pro 
lipla pnrticxtlaria, tul cpmcrcducciidagcncmlis aoeonimodnvi debot, plurib 
cioribusvc constant tcrminis. Tres vcro tcrmiuos, xifc dixi, assmnsis 
icit, oum phircs alinm rcducciuli niodmn non reqninint. 


12. Acquationoin proposilam roduco substituendis loco x, c v ot loco y, c 
\ igitnr sit 

;l' r c v ot y — c v l. 


dx -- C'dv et dy -- c v {dl 4- tdv) 


roquo 


ddx r- c v {ddv -| dv 2 ) 


<ldy — c 1 ' (ddl |- 2 dldv ldv* -\- Iddv). 

;a vcro dx ponitur constans, orit ddx — 0, hinc igitnr ddv -- -do*, lm 
•om habcbitur 

ddy -- c" {ddl -\- 2 dldv). 

luntur hi valorem in acquationo loco :t, y, dx, dy et ddy, transfornmbit 
n scqncntcm: 

V t~ m ~ 1 dv p {dl -|- ldv) 2 " p "|- bc a l~ >I ~'dv' i {dl ldv)'~ q -- c° [ddl -\- 2dldv) 
ic divisa per c v abibit in hanc 

ul~ m ~ l dv v [dl -|- (dv ) 2_ " bl' H ~‘ l dv Q {dt -[■ ldv) 2 ,] -- ddl -|- 2 dldv. 

liac cum dcsit v, pono dv — zdl, orit 


Hinc ista obtinebitur aequatio: 

(tt- n - l z p dtP{(Jt-\- zt(Jt) 2 -»-\ -bt-v-'zvll^dl | zldt) 2 ■" zd 
sen haec ordinatior 

t(l-*-'zvdt{\ ziy-* -[- bt-»-H'<dl {I -I- *q« « 2 ,/ 

i 3 . Aequatio haec differentials priini grrnlus unit'd tut 
elici potuisset, si statim positum os,sot 

x = cJ z,lt et y --. 

unde foret 

(h =01*11 zdl el dy -~ ci*'"(dt ; iz,U) 
atque 7 

tldx {zd&t + dzdi -\ - zzdP) 0, 

<iKmddt--^-~ z dP — tlzdt\z. lioe in usmn vooato IhiMjHi 

ddy =ci“H(zdl*~dzdl:z). 

1 ropositum sifc hoc exemplum 

... y'^ddy x"dx\ 

mutetur id m 

ddy = x l, y- a - , (lx 2 . 

Collate hoc emu general! aequatione fiel a = 1 b 0 ,,, 

“ ,„,„ k 


Sire haee 


t-“- l z 2 dt ---.zdl — dz: z. 


f -«-l Z$(([ ^ z 2 (U _ (lZ ' 

Quae si eonstructionom admitfpiw «* m- 

construi posset. Notanduni « ’ tll ^ci*cntialia Htunmtl 

‘W- pervenii'i, quae achnodmn 
14- Aasuni ° alind exemplum, 

xdxdy — yfat.___ y2(i{l 

nioduin generalis aequationis hanc induit fornmni 



mulct ergo excmplo proposito sequens acquatio clill'erentialis 


t' 2 zdl(\ -|■ zl )— t~ l z 2 dt zdt dz:z. 
plieetur lmcc per t 2 z, habebitnr 

z*dt z'idl — z 2 tdt =-• zH 2 dt — t*dz 

zHll = zH 2 dt — t 2 dz, 

separata dat 

dz:z 2 dt{t 2 — I): it 

tegruta bane 

-- l:z --- t -\- ]:t a sive atz - -1 -- t 2 z -|- z. 

, T cvo z — dv: (ft. ltaquc 

(itdv — tdl ----- l 2 du -\- dv 

v = Idt: (ut - tt — 1). Quia vero c° — x, erit v - lx cl t ■■■■ y: x, erg( 
dv - : dx: x et dt (xd y - - ydx): xx, 

quenlcv 

ydy -|- xdx ~ aydx. 

aequatio itennn integravi potest, eum vero tnntum note casmu, quoc 
- 0 ea transcat in ncquationem circuit. 

ifi. Aceipio nunc casimi, quo plures, qmun in gencruli aoqnationo, sin 
mi 

• dx 3 -1- xxdif — yxdxdy 2 ~ - yxdx 2 dy -|- yx 2 dxd d y — ifxdxddy — 0. 

cxemplmn modo supra exposito redueerc licehit. Cum dx ponatur eon 
, maneant eaedem substituliones scilicet 

x = c"; y — c v l; dx ■— c v dv; dy — c v (dt -|- idv) 
ddy — c*(ddt -\- 2 dldv). 

,IIAUI)1 1'Jumchi Opui'ft liinniu 122 Commontutioiics lumiyticiio 


qne 


{/- })*z \- t- It -- a. 


modo omnes aequationcs dibevoutmlos, in quibus altevutva variabilis un« 
>a dimensiones nusquam bn bet, integrnri IpoasuutJ non saltern countniibilcs 
untur. JJne do indiistria molliodo sum nnus, quo mngis intelligutnr, qunnti 
usus oxponcntialia in tracl-nndis neqimtionibus. 


17. Aequatio acl quam ost porvcnlum haeo est 

{t- l) 2 ^ -i- l—-It a. 


'■ ulioriu.8 redueatur, ut tandom noquatio inter x et y rursus obtincatur; 
mmi orat dv ■ zdf, orifc z — dv: dt ; qumnohrem uequatio u hi bit in 


voro in 


(t - - 1 ) 2 dv |- Idl - - dill — adl, 


d v -- 


adl—Idl \-dtlt 

(t-n 2 


o demio integrationem admiltit; intograta vero lmnc habel formain 


— n ill 
V ' : / — 1 

tan to voro addita banc 


v — 


b a 1 — bt — tit 


vero esta* — c 1 ’, erit v ~ lx. lit cum sit y -- c”l, erit y — tx et ideo t -- \j: x 
substitutes habebitur sequens uequatio 

^ _ 1 >X —H- y — by — yty -f- ylx 
y—x 

c oritur haee 


(b ■— «)» b {1 — b)y = yly - xlx. 
itur brovitatis causa h — a -- / et 1 — b — g\ erit 


jx |- gy ■- yly — xlx. 


Hie cum desit u, pomitur du = zdt, ciit ul ante 

ddl -- — zdt 2 — dzdt: z. 

Exinde repentin' hacc aecpuilio in ordinem recluela: 

dl -i- 2 lzdi -tdz |- ildz ^ 0, 

Quae, cum miicam tantnm Imbeal dimensionom, sepavari potest 
Col. loh. Hornoulli 1 ) in Actis Lips, tradita. »Sed sine tdla sulmtitu 
eiquo similes quascuiupie statim integrare sou ad intcgralom form 
leducere possum, sequeuti modo. 


16 . Rcducatnr aequatio nostra ad lume 


dz±±**i + *J.= 0 

■ i-i r u ’ 


ut dz lHillo affectum sit coefficiente, turn sumaturid, quo 2 est ufVoeti 

Ml . . t . p ,i t 

.] 1 CU1UR integrate exprmmtur per 2 j y. Tam aequatio propositi 


ofll. 

cetur per c Jf -‘ et habebitm* 


slr-t tU , ^c^-'zdi , c^-'dt 


c 1 dz + -_4. c _^ - a 

/-I ^ n-i ~ u - 


Xuuo autem aequatio iutogiubilis est facta, duor 


•» f-C_ 

mtogrule est c J| ' Rst teitur 


uni ennn priovum tr 


,, r di 2 f-- 


Sed enm nit J~ t ~ / (/ - 1)( eri1 


0 j* ±t_ 

-■= (t- 1)2. 


0 IIkrkoi'i.i.i fir.in_i7im c« i .• 

Act<l tril d. Ui!l?, v . 1 13 . Opera omJa t. ^uatOmie, 


mint) 10515 , p. 55 


{/ — l) 2 .? I t- li -- (l. 


jque 


; modo omncs aequationes di!Veroulialos, in quibus nUcvutra variahilis uv 
•csdiinensiones nusquam babel, inlegruri |possimt| sou saltern oonstruibil' 
luntur. I lac do industria mothodo sum uses, quo magis inlelligatur, qnan 
usus cxponcntialia in tvaotmidi.s aeqnalionibus. 


J7. Acqualio ad quam osl pcvveutum liacc cat 

{t— I) fl z |- h- - li - a. 


*.c ullerius redneatur, ul tandem acqualio inter x cl // rursua obtincatu 
niain erat dv zdt , erit z ■" dv: di; quamobrom acqualio abilrit in 


c vero in 


(l ■ \)' l dv -|- Idt dill -- adi, 


dv 


mil —idt -i dm 

l)*' 


ic deuno intogrationcm admittit; integrulu vero lmnc habet fornvam 

-- a : .( — tit 
v ;; —i— 

sfcanto vero addita bane 

h — a -j -1 — hi — ill 


a vero cst # = c v , erit v = ■ lx. Jit cum sit y -- c’-'t, erit y ■■■■- ix et idco l -- y: 
subfilitutis babebitur sequens acquatio 

^ hx — ax -|- y —- by — yly -|- ylx 

:le oritur baec 

( b — a)x -j- (I •— b)y = yly — xlx. 
atur brovitatis causa h — a - / ct 1 - - b — g; erit 


fx + gy yly —xlx. 


18. Tcrtimn genus accpiationmn, quavum hie reclu 
tmdo, cas coinpleetitur, in quarmn singulis tenninis alt 
cundem tenet dhuensionum nuinernm. llic duo distil 
pront vel ipsius illnis vuriabilis ubiqnc eimdem dimension 
tiale const-ms pointin' vel secus. Ad primuni easum spec 
universalis 

Px m dy m - 1 2 -1- Qx n ~ ft dx h dy m ' 2 -‘ l -- dx v 

In cpia x in singulis tenninis m babet dimensiones, et 
Significant antom P et Q fnnetiones (jiiaseunquc ipsius //. 
unioa aubstitntione opus esl; nempe lint x c 1 *, erit 

dx — C’dv ct ddx = c"(dd)> I- dv 2 } - 

ergo ddv — — dv 2 . His snbrogatis habetur 

Pdy m 12 4- Qdv h dy m + 2 ~ h =-- dv m dd 

postquain nimirum divisa est per c mv . 

19. Cum in aequatione inventa v non deprehende 
tuendo loco dv y zdy. Erit 

ddv = zddij 4- dydz — — dv 2 -- — z 2 

Hinc inveniotur 

ddy — — zdy 2 — dydz: z. 

Substituantuv ergo in aequatione inventa loco dv et da 
habebituv liaec aequatio 

Pdy*** 2 Qz h dy m + 3 — — z m 41 dy m + 2 — z m 

Quae divisa per dy m + l abit in bane 

Pdy 4- Qz h dy — z m +1 dy — z m ~ l 

Quae est primi gradus, ut erat propositum. Ad bane staf 
si positum esset 


x — cJ srilf . 


nine 


ddy - zdy 2 ■ dzdif] z. 

i valores loco . 1 ;, dx, tidy snbslituti statim invcnlain aoqiiutionem praebi 

20. Alter casus nequationnm ad genus tcrliuin pertinentium reap 
quentem generalem nequationom: 

Px m dy m ' 1 - 1 - Qx m ~ h dx h dy m ~ it ~ l = dx m ~ x ddx. 

qua aoquatione dy pointin' eonslans, i* et Q dosignant fimotione.s ip.sii; 
insciinquc. Kt ut perspicuum cat a: in singulis lerniinis m tenet dirncnsioi 
matur, ut ante, x -• c"; evit 

dx -■ c"dv ct ddx -- c v (dd» -|- da 2 ). 

sco, in aoquatione substitufis rosullat Imce ncquatio division*) facta per c 

Pdy ' 1 ’ 1 1 l- Qdv h dy m ' - dv ' a ' 1 | dv m - Uldv . 

iee aoquatio nt ulterius reducatm', cum v desit, ponatur dv ----- zdtf, ent 
constans ddv — dzdy, Mane oh roin ncquatio ultima tmnsmutabitnr 

Pdy'»" -\ Qz h dy‘"' 1 -- z m ' y dy n1 ' 1 -)■ z>" - Uiy” l dz, 

oc autom, si dividafcnv per dy” 1 , dabit istam 

Pdy Qz h dy — z m 1 J dy |- z m -*dz. 

ndel ergo eonstructio propositae aequationis a construetione hums invent 


21. lux hisee, arbitror, intclligitur, quomodo aequationes differentia 
Hindi gratlus ad unimi aliquod triuin expositonun genus portinentes tract 
teat, haeile quidem concedo raro admoduin ad tales aequationes pervon 
quibus non altemtra indeterminata desit; tamen a ncminc hoc noin: 
litatom huius inventi impugnafcum iri pnto. Fieri potest, ut novus aliq 
npus aperiatuv problemata suggerens, quorum rosolutio ad aequationes ta 
lueat. Memini me aliquando physicuin pvoblema quoddam resolvent 
bane pervonisso aequationcm 

y 2 ddy xdxdy. 


2'2. Hoc vcro praeterca dc assumencla constant mom 
arftuntinnihuH ad secundum genus rclutis nihil interest, quod 
tiule constant sit assumtum. Potest id esse vel differentials a 
hilis, vel aliiul differentiate ex utriusqne vaviabilis difl'emi 
cmnpnsitmn, modo id sit, nt nntura rci cxigit, homogenoum. 
goneiiili exomplo locum obtinuit; sod ex ilia operations ai 
(|iiomodo, si differentiate constans sit quatecimque, nequ 
opnrtent. Alitor res se habet in duobus reliqnis gencrilms ])ii 
enim neeesse est, lit altenitrius variabilis differentiate const 
Id si non fucrit, metliodo exposita reduetio non snecedit. Mi 
eonstans debet imnmtari et aequatio in nliam transfonna 
utrius vaviabilis differentiate sit eonstans. 

2‘,). Methodus in hoc dissertatione exposita aecjuutioi 
seeimdi grades ad simpliciter dilTcreiitiales rodueendi consist 
stitutiom* quantitatum cxponentialium pro indetenninatis. 
iatius patet, quam hie est exposituin. Possuut cius hcncJiein 
tioncs differentiates tertii ovdinis ad alias, quae sint tantuir 
rcduci. Et geueraliter aequationcs differentiates ordinis ?i ad 
(piae sint ordinis tantum n —1. Aeqnationum vero cniiisque 
tialium, quae hae methodo redneuntur, quoqne sunt tria gen 
endemquc, quae hie sunt exposita. Ex his igitur ctiam into] 
huiusmodi substitutiones in aequationibus differentialibus jn 
tarnlis nsum habere possint. Seel dc his non opus est plum i 


CON ST RU CT10 AT1Q HAT I ON UM Q UAR M N J) A M 
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H U UA RAT I ON UM N ON A L)M ITT UN T 


C'umiiH'iiiiil ii> II indicia 1 £n i:.hthdk mi a ni 
Novn iif'ln wuilitm-um I7!W n. IKiSI — 


Construotioncs, quibus Geometrae ad detevmhnuulas quasvis mngiii 
incs ulunlur, duplicis sunt generis; ad quorum alterum rcfcrri possunt oin 
mstruelinnos Gcometriouo, tain planae, quam solidao ct lincurcs, ad alter 
2 i‘o pertinent eno coustruoliones, quao vel quadraturis eurvavum, vol re 
uationibus pcrfieinulur. lllns adhibomus in Geomctria commuui ad radi 
nquationurn ulgebruicarum quannncunque exprimendas; id quod efiioit 
ti eoustal, interseclione Ihieauun vel veetarum, vol curvarum, prout acqur 
blata postulat. Posterioris vero generis constructiones, qims trauscendon 
ppcllarc licet, inserviunt ad aeqnationes difterontiales resolvcndas, quat 
gebrnieas transmutari uequennt. Aeqnationes autein, sive algebmicae, s 
■anseendentes, in quilius duao insunt quantitates indetevininatae, huiusni 
iquirunt constructiones, ut, altera iiidetenninatarum pro lubitu assun 
[torn dcterminctur; in quo effioiondo pro uequationibus algebraicis, tanqu 
ostulatum, })raeiuittitnr, ut data magnitudinc 2 :, eius quaeeunqnc fun< 
gebraica Z possit exlubcri. Pro difl’erentialibus autem vel transcendonti 
iquationibus insnper requiritur, ut, posita quantitate z functio eius quucc 
ie transoendons jZdz, in qua Z significat funetionem quameunque ipsiu, 
ve algobraicam, sivo transccndenteni, denuo definiri, atque adeo tanqu 
ata eonsidcrari possit. Kane ob rein igitur, quoties aequatio proposita 
otest transformuvi, nt altera iudetenninata, vel eius qmicdam fnnetio, acq 


ncjquatioms constructio crit in promtn. Vocari autcm sc 
trunsniulatio indetcrminaturum scparatio; ox quo aim 
semper ad aequationos transccndcntcs eonstruendns lmii 
sollicitc requiratur. In nlgebraieis cpiiclem aequationibu 
cst ncccssaria ad eonslructioncm adonmndam. Quomo 
indeterminable sint pormixtac, totum nogotium aequefn 
quod ad difTeientialcs aequationcs attinct, ne nnica quii 
qnao constmi, neque lumen sepnvari, queut. Usitatae 
omncs ita sunt comparatae, ufc ox iia ipais separntio indet 
alias fucrit invcntu diflicillima, sponto sequatur. Hanc < 
praestitisse arbitror, emn miper in constructiones aeqi 
dilTeientiahum, quue indetcrminatas a sc iuvicom separu 
dissem, simnlque cognovissem, has contvuctionos plus 
ante concedi solere observnveram. Prima aequntio, quae 
formne 1 ): 


dy h 


y z d x 
x 


x d ;t: 
x*—l ’ 


in qua non solum mdeterminatas a se inviecm sepurarc 
ipsa etiam constructio demonstrabit, lniiusmocli separ, 
non posse. Si enim suecedoret, perspieunni crit, compan 
ellipsium dissimilium ex ea esse secuturam, qnao tain 
eoneessa quadralura, oxhibcri potest. Jstam veto aequa 
constrno. 

Eiant super eodem axe coningato infinitae ellipse 
transverse a se invicom disevepant. Ex his confieiatur 
abscissae acquales capiantur axibus ellipsium transv 
aequales peripheriis carundein ellipsium. Hoc faeto, voce 
constans l, abscissa Indus novae curvae, seu axis transv 
ponatur -■= r, ot applicata, seu perimeter eiusdem ell 

nunc x = j/(»® — 1), eritque y =. quae e 

data r per rcctificationem curvae cognitac Uabctur, 
Simili modo dcductus sum mux ad constructioneiu ceh 

1) Vide J,. Udlehi ConuntMitatioiiPm 2S indicia Kiiestroomifini 
(uquationum <Zi//ere)Wioiiii»i sine iutieferomuitamM stparatione, Conmmnt 
1738, p. IfiS; LnoifitARDj Evi,eni Optra omnia, sorios J, vol. 20 p. 1 . 


ini tvadidit. Deineeps quidem vaviac eompamenmt medilationes, qnao aiu 
ones nihil aliud continent, nisi i\t casus pnrtieuluros, sou valorcs loco ti s 
ituendos. cxhilmerint, quihus ista acqualio scpnmtioncm et iulogratioi 
oque admittit. Nemo voru, quantum scio, no \micmn quidem assign* 
sum, quo constmetio perfici possit, praetor illos cxliihitos. IJt tacoatn ig 
liversnlcm, qnicquid n significrd^constnictioiicm, quno, nisi mono motl 
snoficio, vix a quoquam potent invoniri: sequenti rationc ego istam aoq 
mom rcsolvo 2 ). Qimntitas ista din'erontinlia 3 ) 

" '* 1 •• a i j w v/i 

n(n 4)dz( 1 2 2 ) :; " 1 1 -|- 2dz(\ - - s a ) ;!M: 1 \c" ^ \- a'-* 8 '/ 

qua z ost vaviabihs, / const-ims, ct. c. nmnevns, cuius logarithmus hyperbol 
t 1, ita integratin', ut, facto z 0, lota ovanoscat. Quod quidem integv 
iamsi ro i]>sa exhiberi noquoat, tamon per quadraluras construi, icloo 
nqnam cognitnm oonsidcrari pol.erit. In hoe cleiuccps inlegvali ponatnrz 
habobitur quantitns, quae orit funetio quaedam i])sins /. Nevibatur pt 
Imo fnnotione ax n 12 loco /, ot quantitas vo.snltuns, quao totn ox .act consl 
bus evit eompo.sita, voeotur P. Invento nunc hot; modo P, clico, 

> qni cst vorus ipsius // valor in aequationo proposila 

ax" dx ~ dy -|~ tpd.v. 


1) r-vourii Hiocati (11170 1754) pi'iimw quidom ]>i-oi»<>Hni(. prolilnnm nisus snpnmhili>i 

Acta trad., Nuppl. i. V11L (1723/-I), ji. OU t>l» Acta trial. 1723, p. nOD, *h[ Dan. IU:un( 

00 —1782) pritmm lios cusiih pi i hi ini i licit; feci I. Acta cnal. 172f> ]*. 473. Vide (‘oi n i non 1 
, 70, Of), 200, 284 huhiN vn}uminin. Vidn (pioqiin l nsliltUionuni calculi inlcyralis vnl. T, § -130 - 
4. II, § 831- 841, IMM, 020 -Mill. Vidii pnrro 1,. Dun-ati (’ommciiliitioiic.s ‘131, *'»!>.'», 078, 
nisi radio acquationis tHljc.rcnlio-dijlc.nniialis 

OHM ddz |-(r-|-c.tf) ' U * z + U-Iiix)*tx ■--- 0 

into clcmentt) tlx c.anstunlc. Novi comment, ttctal. sc. I'ctrop. 17, 1773, p. 125. finmmalio /met 
ntiiuata , cuius indices prur/rcssionc.ni urillniaticiim c.nustituunl, dum numcralorcs omnts sunt vni . 
<i simul rcsolnlio ticqnulwnis ltic.c.ntiiimic per hnlnsnunli jrucliouvs rOirrlto'. Opuacidu uwif. 2,1 780, p 
itlwdus nova invest iyandi otnncs casus, quihus ham: ocqiaitinncm (liffc.rcnliakm ddy (I — 
■bxdxdi/ — cydx 3 — 0 rnndncrc HcU. lmlitidioncs calculi intetjralis 4, 171)4, p. 033. Anc 
cllis acqiiationc/u Ricculiamun per jr actionem continuum rcsolccndi. Man. I'cUrsh. 1818,] 
<:u.\iunni I'Jtrt.ijui Opera omnia , miries I, vul. II, 12, 23. H. 

2) Vidn I., liUJ.iini Coiniiionlntionoin 31, ]>. 21 liunw volmniniN. H. 

3) Ponondo a loco z <>(. ” j‘ ^ ~ k -j- ^, Imcc ronmila cudoin <>.sl 1‘onnnln no in (.'onimiMilnlio 

I'ipla § 17. Vidn p. 34, vidn tjuoqiio unttliii 1. H. 


I.uoNUMvm V.ui.Kiu Ojwva omnia [22 C<unm(’nlnti<mns auulyUuao 


3 


NnliUiiliiiii t-st nntcm. Dane soiuuu.ie... . . 

iiiiiii<tiis intro ho* terminus 0 et -2 eontont.m. At hmc 
limn a.lliihotm'. ila, nt ista construct,o niliilommus 
lial.cinlii. ('inn enini, nti constat ex iis, c t nae Cl. l)AMKr, I 
;,,.,|ii:itiuiii' ill publicum eilulit, ista aeqnatio, si sit sepiirnb 

.'i jui.ui (|_iinfjwc possit in casn n = -^T]; vcl n ~ 

( .mi< inti-ii lhmtesOct-2 contentos vcfluci posse 

■:2 et - 1 eunipvehcmluntiiv, et lmuc oh vein non an 
uliHivu aiitom, fuvmnlam ilium cMeventinlcm 1 ) 

-i .-4 -n-_l / 2 i\if 

,(n 4)dz(\-~z^~ ■]- 2dz(l 

liimtic-i ——sit vclO vcl mnnenis integer aflirmativus, 

mtcjinri. Hoc vero uccidit, quoties fuerit n = ^ 0I 

qiieim-nuquc afliruiativnni integrum. Quia cleinclc aeqnatio 
t-st utl lmuc f ix u dx -- dy + y % dx potest reiluei 

qiioqno integrabilis, si fuerit n — —r-^ • 

Atijm- sic pvodennt illi ipsi casus, iam ab aliis cvnti, qui 
in arqiiatume proposita a sc invicem possmit sepavari. 


ii \ i.t- untiUii a |i. it. 



C0N8TUIJCT10 AMQUA.T.10NIK DIFFFFU^NTI Ah 

ax H dx = dij -l- ifdx 


('mninoutnl in .Si indicis Knkstiuiumiani 

('(iiniiK'iil iirii lU'tulriniiti: sciciiliiiniin I’otropolkninU' (I (17S2/S), 17SH, p. 1^1—1S7 


SUMMAIUUM 

Kx ummiHcnplis m-mlomiuo *<m>n(iuvmn L’oU'iipnIitiimio mini: primnm u'lilum. 

Maximo agitata oat inter Cieoineti'HH istn aoqiml.io ah illmstri ('omilo llieouti prii 
ropo.sila. Nomo voro oiua constmctinnom, nisi pro corlis litlorao n valnribus, d 
’ante ergo magis faeionda osf, tnolhodiiH ah TOuloro Iiio proposilu cuius henofioio 01 
uiua mi (liffioullalOH auporavit, atquo univcrwilom Imius aequationin eonatnictic 
odit. 

1 . Oonnnunicnvi miper etnn Nociotuto 1 ) specimen oonstructionis aci 
ionis cmnsdam difTorentialis, in qua non solmn indeterminutns a so invi 
opavnve non potueram, sed otiam monstmvemm ox ipsa oonstmetionc h\ 
iiodi sepavationem omnino non posse cxliiberi. DifTert quidcin mens ibi d 
onstrnendi modus ah usitatis: attamon iis nequaqnum ilium okho postpo 
lum c[xiiiil)ct intelligot, qni lmuc sehedam inspexcrit. Ncqur. vevo turn tonq 
inuc moUiodum ultcrins cxtcnderc, atqnc ad alias aoquationes uccommo 
icnit, qnia ox posita constvnctionc ad acqnationcm deminn pervenoram, 

,utem vicissim data acquationo constnictionom emcre potiicram. At dein 
urn banc rem diKgentius eontcrnplatna cssom, voti moi compos qnodanm 
mil factus, ita nt hanc mctliochnu invcrtcro, atqne pvopositac nccpuvbi 
onstruetionem invenivo potucrim. 


I) Vide no lain p. 10. 


It 


quam Clar. Conns Utcuati 1 ) primum G'eomctris cxaniiminc 
ycvo eius constrnctioncm, nisi pro certis littevac n valovib 
methodi bencficio omnos diflicultates fclicitcr supcmvi, 
hums ucquntiouis conslruetionom iuveni, in qua nihil omn 
Non solum nutcm unicam haoc methodus suppoclitat 
pluics, iimno otinm immmcmbilcs. IMorito igitur milii 
tantam praestantiam adsoribevc, nt a cl oilmen acquatioiv 
strucndas, in quibus aliao methodi frustra sunt adhibitai 
stratum. 


3. Qnemadinorhim in superiorc Dissertationo 2 ) area 
ad eonstvuctionem Imiiis aecpmtionis 


it a pro aequationc pvoposita alia opus erit cnrva, loco 1 
Quam ut invrniani pono mrivorsalissimo cius elemcntu 
P ct It sunt functioncs ipaiiis z talcs, quae iisdom factis o[. 
in eleinonto clliptico, dcdiicanl acl aequntioncm proposi 
series quaeclaiu in ccmsidemtionom veniat, 

R --- i 4 - AgQ -+■ ABc/Q* 4- ABCtfQ* 4- ABGi 

iu qua aerie est Q functio qmicdam ipsins 2 , (j linea data 
ourvac. A, B, C, /), etc. coefficiontcs constantes. Pona 

PRtlz - dZ\ 

erit ergo 

% ~--\Pdz f SAgPQdz 4 jAB<fPQ*dz + \ABP 


4. Ita autem P et Q a hc invicein pcncloant, ut 0 
possint acl J Pdz vodiici. Sit ergo 

1) Vido p. 17 <*t notum I jj. 17. 

") Vide Notiiiu (i. 10. 


\PQ A dz =, aPrlPdz + O a etc. 

umlaut hie O x , () !t ein. quantitates algobraicas. Post peraetam hoo rn 
,egrnlioncm ponalur z - h; cat antem h tnlis qnuntitas, quae loco z s 
tnta 1‘aciat omueseas quantitates algcbraieasf),, 0 2 , 0 3 etc. ovanescorc, at 
m fiat j Pdz If , quaiilitali prorsus conslanti. Kx In's igilur, facto y 
mgralioucm 2 h, erit 

7j ----- //(l -|- /lay -|- ABapt/ ABCupycp q- etc.) 

icta iain parainetm y variabili oblinebitntur inliniti vnlores ipsins 7 
inilis ipsinsy, nlque ox date clemento PUdz poterit eoustrui eurva, in q 
abscissae designentnr littera y, ap])licatae sunt : : Y-. 

5. Hoc itaque niodo poterit constnii snmnia- scrici 

1 -|- /lay -|- A BufUf ABCapytf -|- etc. 

lamvis forte ox sui ipsins eonsidonitione suinrna provsns non possit clc 
nari. Utor antem ad simummi Indus serioi investigandnm mothodo i 
nnmio seriorum invontiomun ad rcsohitionem nequatioiuun redueondi, qi 
no pmctorito exposui 1 ), ut naneisear acqualioncun, cuius rosolufio a sc 
uh Hunmm pondoal. Purspicuuni enim est, uteunquo haeo aequatio result 
erit perploxn, oius tmnen eonstmotionom in })romtu futuram. Nunc ig 
liil nliud est Faciendum, nisi ut quantitates A, B, 0 etc. ct a, p, y 1 
icinnlur ciuninodi, ut Hinnnmc scrici istius invontio ad rcsolutioncm hi 
qnulionis 

ax. n dx — dy -I- }pdx 

dneatur. Hoc vnro loe.o id est ofliciendum, \it series 

I I AgQ -|- AB</Q* -|- ABGtfQ* -|- etc. 

wsit in suinnmni redigi, quia alias valor ipsins R non esscl coguitus, ct proi 
logra oonslrnotio inn ti I is. Qnaniohrom non licobitlooo A, B , 0 etc. vat 
osvis ]>ro arbitrio aceipcre, sod tales, qnao banc seriem sinmnabiloni reddi 

l) L. Kwi,i:m (.'(iiinni'iiinlii) 2f»: Mc.thothiu ijcucnili.i siwnnunili pmjrcssioncs. Common!.. i 
I.’ni in]), (i, 1 70S. 1 ». UK. Vid»> (|U('(|ito lmtlilulioMOH calculi (Ujjcrcnlialis ]i. 208. Lvonhaum ICi 
tm ouiMia, hovh'.h i, vt>U K ol 20. 


nl eius simiitiatio perducaliir ad resohitioiicin acqnationia 

ax n dx =- dy -f- y z dx; 

liauc ipaam acrpiationem in senom resolve. Quod nt connnodiua 


pono 1 ) 

sumtoqno dx eonstantc evit 


dt_ 

y ~ idx 


ux”rlx ----- —x" sen ay- H tdx* = ddt. 
tax 


Nunc more consncto snbatituo loco l luvnc seviem 

X + $#» + « -S- + <S.fc 3Mh0 d- etc., 


erit 


ddt = (ft -V- 1 ) (» +• ’ 2 ) %x«dx* -I- (2 » + 8 ) (2 ft -l- 4 ) ®**» 
(‘3 n 5} (3 n -|- 0) dx 2 + etc. 

Hnic igttiu* scriei acqualis ease debet ax n tdx~, sou iata series 
ax n elx 2 + %ax 2n * 2 clx. 2 + 53ua 3,t + etc.; 


propterca aequales faeio terminos homogoneos deterniinandia littci 
pro arbitrio assumtis, fietquc 


9 U 


55 r i 


Of _ _ X!__ Sft — . _"‘A!!_(S' t_: - - 

(n -l : 1 ) (m h 2 )’ ^ ( 2 a -\- 3 ) ( 2 » + 4 )’ ^ ( 3 » + 0 ) ( 3 » 


Ponatur «.r" + 2 ^ / brevitatis gratia, erit 

I 


^ - H- ;* -j— t 


r- 


(» + 1) (n + 2) + (n I- I) (n + 2) (2 n -\- 3)'(2w + 
/ 3 


[n +"])(» -1- 2) (2n'+ 3} (2n + 4} {:*« -h o) (\Wi + 0) ~ l ~ C< 
Huius ergo serici snminatio pendet a constrnetionc acqmitioni 


(tx u dx = dy y*dx. 

1) Vide Iwlitutionum catcuti iulegntlis vol.H §905, 1008—1080; Opera 
253 fi. Vide quorjiio p. 32 ol notion 2 p, 3. 


poaaii tmnamiiuin, iiahouitur snmu conatnietio aeqnalioni.s propositae. 


>Scd quo lmcc aeries, qiiippe rpmc nimia eat gencralis, abcpianto magia 
gatin', et doterminatio littcrnnim arbitrariamm I'aeilior officiatin', pono 
nula PlUlz initio assumta 


rgo 



b z> 1 ) '• 


et 0 -r 


ZP 

-\-TzT< 


f. ,tz 

J (I | hz' 1 ) 



z' l <tz 

(I hzi'Y 


i j‘ P ^ <lz “ J’(l 


**'dz 

"hz>‘j'~ 


etc. 


it auteni huoo omnia integralia ad prinmm 
generaliUM* 



<tz 

\- !>?/)' 


rediioi; oat 


z°i l dz _ («—l)//-|-l f Z l ° I 

lt>zi i y r ' a lift (v | 0- ~ijj (t -j- /,!»*)'•• io :: i hji(v 0 -1) ’ (I ' 

ob rein erit 


/' zi'riz I /*_ dz __ \ z 

J ( f -|’/>2'')" 11 " hfti'J (I -|- hzi L Y bjtv( 1 hzi‘Y ’ 

r z-ni z 
J (I -| -bzi'Y't 

H-i) r <tz _ _ (/M i)*_i-f _ , 

'0' 'I' I )J 0 -I- bzi'y b-/rv{v \- i}(l -I- bzi'Y‘ bfi(v -j- ’l j(l -|- bzi l Y 11 * 


it ergo h ciuaiuodi case quantitas, at loco z aubatitnta [§4| facial 


2/tO i 1 

{i~~\~Tzi i y r ^ d ~ 

ero ]iot(M‘it chho. h •- 0, quia turn plornmquo annul qnantitas j 

■iccrct. CompnrntiH iam bis rcdnctionibns cum anpra nssmntis, detor- 
tni‘ litterao a, /}, y, <5 etc. Evil .scilicet 


<l = h,n >' P 


/< - 1 - 1 . 
bfi{v -I- I) ’ 


V 2 " ' 1 

Y 6/<(vd-2) 


etc. 



factum ox duolms factoribns, liahero oportcrc. Quo auto 

1 -{- AgQ -b ABg*Q* ~ ABCrfQ* -|- c 

poasit snmmari, facio 




l 

(71 :f2WV*I) 


^' (*-Me! 


utque tiun ftcrie.s ope methodi meae universalis aerie 
aiinnnari. Pono primo brevitatis gratia ijQ — (/-, orit 

ft . _ | i_ £ _ _ i____ 

r n (ti y) 1 n(n -|- pjpr -|- 2 q)(ti + 
faciocjuc H — 1 -- 8 , erit 


S = 


4- 


' n(n q)(tl 4- 2g)(ji -1* 'Sq) 


MuHipUco nunc ubiqne per gq 1 ' sumoqnc diffcrontialia, o 

r —Q :t rr + 2p 

e3.V 3 ~ _i__i , 

dq 7i n(n -p (>}(?r + 2f>) 


Tam per g multiplieo sunioqnc rlonno differentials pc 
prodibit 


t£d<l(qJ_S) 
ft q- 


» + Q 


a p 

-b -r-r—s -I- etc. 

7t(n + o) 


* -p 


n v 4- q 


’LzS. 


77 4 " 


<? 4 


n(n -|-£>) 7t(n-\'Q)(n-\-2Q)(n-\- 


Habcbimus ergo restituto 8 loco seriei 


-r— T —r -b Ctc. 
7 t(n -I- e) 


» —Q TT-Q JT-P 

Q*dd(q « S) — q « dq 2 -f q o'Sdq 2 


banc aequationem 


vQ 2 ddV (/ » dq 7 ' j- Td(f. 


3. Ad hanc neqnaUonem iulcgmndam }>ono T •- r.s*, crit 
rfr/?’ ----- rdds -j 2 rfrrf.? -|- ttddr, 
ns snbsUlulis hahobur 


•' -j- 

(frdd, s‘ -|- 2 (rdrdfi \ tfxddr -- q 0 dq 7 |- r.sy/r/ 1 , 

l 

i\i dims aequnUonort diso,erpnt.ur, 

q-rd r/.s -- r.sv/r/ 2 , 

•"j (• 

2 (Pdrdti |- (Pftddr q 0 dq' 1 . 

um prior pt'.r r divina a bit in hune p-f/tf.s .sr/.f/ 11 , quae per d,s multiplioa 
Imnc: 


(rdsddx -= ndsdq z t 


h iulcgmlis (i.sl 


(fdd* ■■ ■ .^dq 7 , 

haoe (w/s - srff/, quae doimo inte.gnitii dat. 


qIx - ■- i/ iitqno ,s x - r,® 


DUnilo c. iimitonini, cirrus lognrrlhimrs osL I. Invento itaquc s nssin 
ram aequalionom 

[ < -( » 

2 ifdrds -|- (fsddr — q e dq 2 , 

</ 

e substitute) loco .<? valoro invento nbit in islam 

V »/ j< - 0 

2 QC^dqdr -|- q^C-'ddr q Q dq a . 

latm' 


dr — vdfjt crit ddr — dvdq 


:oMiiAUiM Kur.iati Opoia nmaiu 122 CoiniuonliilimiOR atuilythuu* 


2 qc 9 vdq (fculv = (] e dq , 
qiiam mnlt-iplioo per r«, nt prodnal 


cuius integrnlis est 


Fit igitur 


el 

Erit ergo 
et 


il 'il 1 o 

2 QC e vdq -|- £ 2 c 1 ' r/?> = efiq 9 dq, 

v = J c e q 9 r/< 7 . 


1 ni'? /' i £z£ 
v ~ -^c 9 j c°q 9 dq, 

1 f zl? £. iizi’ 

JWtf sen r=^-gjc e tlqjc Q q 9 dq, 

r.s ^ T = - 0 i c °J c e dqjc Q q 0 dq 

j 1 Liil r rl 9 r 1 11 ~ 9 
& = —c e ? 0 Jc e dq]c 9 q° dq. 


10. Quoniam in hae fomm inventa duplex involvitur inte 
tUim est eas ita institui tlebere, nt tarn & quain pliant = 0, posi 
adniodum ex seric, cui S est acqnalc, apparet. His observatis In 


■? Q-K 


M ~ 1 -f — 2 c 9 q 9 


- f " 2| i r 

Jc 0 dq] 


£ n ~<* 
c 9 q 9 dq. 


Est vero q ~ -y/gQ, atqnc ob 


0 = 

* \-\-bzf** 

Dabitnr igitur cx his \PRdz sen 


erit q = 


r li dz 

J (i +bz*y * 


g& 

I -f b' 


Qnare si littcris n, q, /t et v tribuantiir debiti valores in n, in pron 
tionis propositae 


eonstructio. 


ax n dx = dy + y 2 dx 


quae positis loco A t a, B, fi, C , y, etc. clectia valoribus transmutatur in 

l _i_ _ $ __ _ ( f l + l)g" __ _ _|_ , 

bfivjz{n -|- q) 1 lr,rv(v -|- 1)-r (rr -|- q){k + 2rt)"(« + Ii e j ' t_ ’ 

cuius Imeo eat lex, ut terminus indicia 0 + 1 diviaua per terminum indict 

_ f/O + (fl-Q /0 _ 

• bft(v + 0 - *)'(* -|- (20 - 2)J)(7t + (20 - 1)0) * 

In aerie voro, quam § 0 ex aequationc proposita elienunua, cst similis q 
crinini indicia 0 |- 1 per tenninum indicis 0 divisi 

_ __/ 

{On + 20— l)(0w + 20) ' 

Quo igitur line dime se.ries congruant, oportet uL hi duo quoti sint iu 
iicquales. Kiat ergo primo 

l = I sen g - bf, 

hoe posiio debebit esso 

1 _ Ofi — /< | 1 

{On | 20 - - - 1 )(0« ■ | 20) (ftv -|- ft 6 — /() (;r + 20q — 2(jj (?r + 20 q — p) 

Unde si nequatiu secundum dinionsiones ipsins 0 ordinetur, ct cooflioi 
juiuHquo ipsius 0 poleutiae ponantur — 0 , prodibunt quutuor nc(|uat 
ex quibus ft, v, 7i, ot q (loterlninabnntm , iu n. Ncque vero union dutur so 
■jed sunt quatnor divomio quae ad nostrum institution pertinent. 

'>% -I- 4 n + 2 

l.b-nmi dot ft -- - j , r — 1 , n — n + 1 ct q —-- 

ocunnda dat ft —-, v ~ !, n - -• et q — — 5 — 

it “ 

.. , , n + 1 n-\-2 . w + 2 

.l.ertia dat a = 2 , v — - - , n -= — 9 — et q = ■——- • 

Qnurta dat 1 ) ft = l, v = —J-i , n=n-\-2 et q =—• 

a 1 ** " 


+ fi 

1) Kdilio princo]^: /*• “■ w — (n •!• 2) \Z2, Q = yy . 


('orroxit J 



I 1 

('l -L Tzi^Y ' 0 

evancscore debeat facto z =■■ h. l'it hoc quidcui hi z —- 0, hoi 
alius vequhutur, facile apparet, id non ovenire posse, him [ 
quolibet igilur casu ipsius )i talis oligemia cst solutio, nt 

z ,iO , 1 

fiat = 0 posito 2 = co. Denotat hie aiitcm 0 nunierum qui 
nffirmfttivum non excepta cyplira, quamobrem ct v mu 
umnerus negativus, quia alioquin binomimn 1 -f- bzf 1 in mi 
At fi tam affivmativum quam nogativmn ninncnnn nignili 
duplex existit hums rei considerable, prout fuevit /1 vcl af 
vel negativus. Sit primo (x nmnorus affirmatives •[- A, [ 

z ,\0hi 

(f-!- 6* A )"+® 

liat — 0, posito z — co, oportcrc maximum ipsius % exp< 
nature, qui est fa 1 A0, nmiovcm esse ciusdcm z exponent! 
cst AO A- 1. Erit igilur Xv > 1. Sin autem fuorit ft nun 
= — A, fiet 

(I f- bz : *y+° ~~ (z^\^y ;: ^ ’ 

quae quant-itas ut fiat = 0 posito z — cc, dobebit chh< 
A v + A 0 > A v -f- 1, sou A 0 > 1, 

idquod in casu 0 — 0 fieri acquit. Quoeirca /mumquani ( 

negativus. In prima igitur solutionc, quia est v = I, ( 
'In -f- 4 J . 

iHi'+l Humerus positives, toties snmil esse dobebit nun 
cxcipiuntur igitur ii casus, qnibus cst i vcl unitaU 

contineutur intva hos Hmites 0 et — ~, prima solutio adhibi 
solutione, quia iteriun est v — 1, similiter oxeiphmtur casn; 


wt 1 01 Uilltatc nwor. Semper igitm* Imcc aolutio locum babcbit 

antnni cxooptis cnsibus, qiiando n continctur intm hos limit-cs — 4 ot 0. 
crtia solutione, quia, p mm cst nmncrna positives ncmpo -= 2, debebit tan 


r-hf cssc nu,IIOr,ia unitatc ^a-ior. Hac igitm- semper uti poterimns, n 


ontincatm- iiitra bos limitoa - 2 et 0; quotics ergo seewnda locum habet, t< 
fc tortia potent uaurpari. Inquartadcnique solutione, quia/tquoquccst lumi 

fiirnmlivim, .scilicet roqiiiritnr, ut §£±| sit numerus unitate maio 

nod accidit, quotics n coutinetuv intra bos limitos — 2 ct —4, ] fJ ]„*« jo 
isibus quarta solutiouo uti coiiveuiet. Ex quibus invieem comparatis* 
)icitur, semper hoe mode aequationis proposituo constructioncm cxlii 


o.SHe, nisi n eontinctitur intni bos angustos limitcs —- ct --2 

3 


U'J. Quo mitom fcotum lioe negotium cvklcutius pevcipiatur, accom 
tbo, qnao Imctonus tmdila sunt, ad easmn partieularcm, quo cst n = 2 
aqne construenda sit Jtaeo acquatio 

ax' £ dx = dy -|* i/dx. 

■o lioc ensu oligo solutiouem tertiam, critquc proptcrca 

\\ 


ft, = 2, v — n ~ q — 2. 
is valoribiiH substitutis babebitur 

S — c~ ,l d(ji cHq . 


list vero J c 2 d(j = 2c 2 -\- i, ergo 2 ) 

,1 c*dq = j 2c 2 dq f ijj c-*dq = — c 2 —ic-« -(• Ic. 


1) KdUio -b loco J, !oco fffl ot infra “~y *'>«> •». CVrexil 11. 

2 ) Cuiuh forintiluo poslmim momlmnn [’tiioiulum opmtol. llaboVilur 


— ic 2 — ic- 0 -!- fc 


ot in foi'mnlis kocjuoj 


,< />• ■!: i - 

■ r- 


k = 4 -J- i t i — —2, 


jfc = 2 



Coixoxit ll. I 


C'onscquenter prodit 


c- k f i T 1 

<S r.-_ -C 8 T C 2 — 

4 -I 4 


Quia ium posito </ 0 dcbct cvancsccre S, habchitur i&ta neq 


k i I A , , . . 

^ —■■ j — ^ =•- 0, sou k = 1 -|~ 




Pono cum debeat esse = 0, si q ~ 0, provcnict t -\- k ~ 0. 


d,S = | c?dq -f- |ti 3 dq, 


et idcirco facto q = 0, sit 


^ = i -l i = o 

dq 8^8 U ‘ 


Ex his igituv eomlitionibus invenitur i -■ — ^ et /c ~ quam 


q, C -(• C i a 

* - ~g-j, afcqnc R = - 


7 ^ 

, r.® -I r, 2 


Quoninm vero cst /< = 2 et gr = bf t erit 

. bh 2 •) i 1 1 / fr/*» . i»/ 

q ~~ atle0( l ue It = J + ^c a I -o-' 1 1 

Consequentcr roperitur 


PRdz = v 


„ , . / i i/Wfi • i, / /,/. 

^ f dz _| if dz\c~ " 1,6jS | r ,' 2 


4 M 1 + 6 z >) 5 8 ' 


(1 -|- bz*) 1 


Quod ...tog,'ale its capiat,„t posito * 0 ipsnm fiat = 0, quo 

2 ,7 ~ Ct quae „t functio ipsius / potest , 

do n.le / vanabilw, emsque loco ponatiu' ax\ erit ista functio pc,' 

(vide §0). Atque invonto hoe l erit y = * , qili cst vorug Vft]t 

uecpmtione proposita 


axhlx = dy + y \l x . 


modo n non continental' intra lios limit-eg 0 el. - 2. Uti cnini potcriinn 
done tovf.ia, in qua ait 


(i = 2, v 


n -(- 1 


n - - a 


n - - 2 


0 ’ 




icitm* 


l «. /* ,»i 

£ - -jC®J c 0 dqj c°dq . 


f'vat.ione simili quo supra modo instituta, vcporitur 




JL 

e a ’ 


' ot /<: ox his aequatiouihus debont doiiniri k -- 1 1- i, et -J- { = 0. cat crg< 
nto i — — *- et k ■= Quaproptcr eat 


^ -I- r,~ ■<’— A n-tque M = 1 — ^- 2 ce -f ~ c« 

■icr 2 q- q- 1 q* 1 2 q 2 ’ 2p a 

)osito loeo q valorc hnbobitur 


a n 


--Q 


^ _ n{7i -|- 4) -|- 2 c" 2 -f- 2 c n + 2 


vo.ro ut ante 


(w. 




dz 


>i I 1 

(I 


1) In h»t<! formula <■(• in fonnnlis Kocpimil.ilma (j 2 mipprimondum osl. Vido notniii p. 20. 


!!. _ !L 

s = c ° ^\ e 0 


l, 


H =. ^ 
£ 


15 _-2? 
^ _ c"+ i H-c w ' h3 


J - / -—-^ (c'*+ a -t- c 5 +0 

J 2(1+ bzy' Ti 


Corroxit H. D. 



ul»i loco |/y \ i*oiinqiio q . Intcgmlc Indus PlUlz ita capiat 
= ipsum ovanescat, quo facto ponatnr 2 = cm, donototqn 
provenit, si tantmu 

p dz 

J (1 + bz*) r +* 

hoc modo intcgrctur, nt fiat = 0 posito 2 — 0, ct postmodmn pc 
Turn orgo orit intcgmlc ipsins PRdz pvacscripto modo nccoplum 
nnisZ § 4 funotio ipsins /. Ao(pialc id autcm oral position quaiitit 
scricm 

1 + dag + ARafig 2 -f etc. 


multiplicatac, ([ime series in sequentem est transmutata 


i + >~ 


/ 


o\ d* /«, 


r 


(w-f-l)(?i + 2) 1 (n+ 1)(M- 2)(2n.|-«)(2n-j-4) 


cuius summa est /, vide § 6, ubi / designat ax n + 2 . Erit orgo % — 
est qmmtitas constans, quia in ea non inest / adooque ncc .a. Pi 


t rr. 


-jj , at est y 


dt 

Tdx* 


ergo pro aequatione proposita 

ax n dx = <ly -|- y 2 dx 

pvodibit y = Ad illam igitur acquationem construendam 1 
rcgulam: Integretur liacc formula 1 ) 


dz 


(» + 2)’ 


H_+l 

(l -\-bz 2 Y <2 


n{n -f 4) -f 2 c ,M * 


l/A-til 




-[ . 2 c ,t+8 


l) Loco luiiiw fommlftc* substiliialur: 


dz 

n + ) 

2(1 + 6**)"+* 


l fill+ 2 Y l+i>2» 



Viiln nolftm 1 ji. 3i. 


;>d post integrationom dcbcat fieri --- cv, is loco 2 substitimt ^ - et 

egrationom ponatur u ~ 1, (juo facto pro / idem prodibit valor, qui u 
lamvis autem analytioa pro / expressio obtincri non potest, quando ion 
, non est intcgrabilis, tiunen per quadrat liras vcl recti ficatioucR valor i] 
construi potorit. 

15. Quunquam autem in line eonstruetiono ii casus oxcludnntur, in (pi 
ontinotur intra limitcR - 2 et 0, nihilo tamen minus linee solutio pro uni 

1 oat habenda. Nam (pda, si ac(juatio potest rosolvi in easu n - m, resol 
quo luibetur in ensu n m 4, lit constat 1 ) ex iis, quae do oas 

>ambililms sunt detocta, perspieuum est, si m ail- nuiuorus intra lindtes 

2 contcntus, fore m ■ 4 intra tmniuos -2et 4 eompreheiiRuni, nde< 
solntiono nostra continori. Quamobrem si oeeurrat casus, (pio n eontinc 
ra 0 et • 2, hie statim reducatur ad alium per dief.mn Ihooroina, qui i 
2 et - 4 oontineatur, Imiusque eonstrnetio eril. in promptu. 

10. In formula dillerentiali $ 14 eruta observo, quoties lmbuorit - 

iusmodi formam h | uhi k nunieruni integrum affirinativum <lem 

.egram fornudam posse iutegrnri 17], et liano ob ran valorem ipsi 
ipsa exhiberi. 11 is igitur in easibun valor ipsins ?/ quoquo poterit dolini 

piatio integrari, Kiel. turn autem n tJ '.-y, quoties ergo?/ tnlcm luibi 

■mam, acquntio 

(ix’‘dx dy -|- y\lx 

.egrationem admittet. Deiudc (pda casus, .si n vcl n ~ — m 

Inci jiotoRt ad oasuni -n — m, intcgrabilis etiam erit aoquatio, ai 

— ■! I; . - -I Jc — -I 

“ ™ St-r 1 V,!l -2 1 : \ . 

1) ViUo p. 18 liuiiiH voluminis ul. InstiUilhnum calculi intc.yrnlis vol. I, § ■180— -HI of, v 
>G -1)0(1; of. <[ii<)C|iio § SHI—8'l l ol. § IMO—0-18; Kvi.mi Optra oiimiu, sovion I, vol. 11 

ll 


..bonuahdi ]3ui,bui 0[»i;m omnia I 22 ComnumUUionoa imulytiutio 


G 


iutegvabilcs vol separable:!, 
nu ntiiiiis A. 17*26. 


ab aliifi i»»n 


eruti, iu)i viciere new m 


17 


. Esse a.item aequationem integrabile.il, quoUns sit 


11 + 1 _ _ ’ ' ^ 


'« ■+• 1 .. b J_ 1 
M 2 


hot- modo ostomlo. Pono 


bz 2 j . 

r+61 5 ' ’ 


ent 


2 = 


l'6(l — n l ) 


i 4 - -- X \_:/ U 2 


icleoque 


dz = 


du 


{1 -• m 2 ) 8 


Kiel i&fitnr 


lh _ 

ii+'i i//A l 1 ' 


J| + 1 yb 

(1 + bz*) H + t 


Hanc ob veni formula § 14 integranda transfomiubitur in Inun 


i / — 

(-.r+Wi'’ 11 ' 1 + 4]<lv{] — 2c" +s du(l-u 2 ) 

~JL\i \ 

2c ,lV “ du{] — tt*) fc - 1 , 


([ime, ut facile perapioitur, re ipsa integrari potest, quotioB k 
integer affirmativus 8 ). Atque bine non parum pracstantme a 
huic menc niethodo, quae tam sit facilis et perapicua, lit casus cl 
reip.sa integmtionem vel separationem admittunt, uno obtutu 


l) l.ocii liuuis fonmrtup bubstituatur 

[ ( I'Ll d -‘arty / 

^y^{c>‘ + 2 thl( 1 — K a ) l “l -|- C n + z ' du(l — M 2 )*- 1 , 

Vi.lti iiutam 1 |i. U 2 . 

-I tbmmcuuuioiwm 7U $ 14, Innus vohmihm p, 101. 


in imnc 


integrals cst 


fyf t ( c ' kW ^ ' 


_ L..(c«\l - - 


intern non adiicio, quia posito z --- 0, .sou quod oodcm rccidit u — 0, 
intogralc iam cvanoscit. Kint nunc z -- c\* .sou in nostro easu « ---• l ct 
ur nx - loco /, habohitur 


Z -- 


2 y («6) 




\<t 


(i y 

ivcul.o orit, ut iam oat ostensum, // y Differontmlo igitnr Z ot diffe- 
li per Zd:v cfiviso prodihit 


1 


v ■-= 


X 


X - 


■l\n 

r~* '-I- I 
‘£v« 

c.* ■ I 


sivc 


2f — 

X 


x t ii - x - \ n 

r v- x + V n 


noqufttio cst intogralis liuiiis dilTcrentialis 

a.tr V/.r -- dif y 2 dx. 

simili modo pro reliquis oasilms, qui sopnrationom admittunt, aequa* 
intcgrnlos inveniimtnr. 



Commenfulio 44 iiuliois IOnusthokmiani 
Ownmeutani actvtamiae scioutiurum Polvopolilmmo 7 (I73l/f>), 11 


1. Curvas ciusdem generis hie voeo tales curvae 
diiTcrunt nisi ratione lineae cuiusduni coustantis, quae 
assumens cas curvas determinat. Linea haec const? 
modulus est vocatus, al) aliis parameter: quia autcii 
biguitatem orcare potest, moduli vocabulum rctincl 
linea constans ct invariabilis, dum una infinitamin 
determinatur; varios an torn habet valores et ideo vat 
curvas refertur. Sic si in aequatione if — nx sum 
vaviabilitato ipsius a innnmcrabiles oriimtur para 
positae ct communem verticcin habentes. 

2. Infinitae igitnr curvao ciusdem generis o 
exprimuntur, quam modulus qui nobis semper littora 
Huic enim modulo, si successivo alii atque alii vale 
continuo alias clabit curvas, quae orancs in una 
Aequationem lmno modulum continentem cum Heu 
bimus; in qua igitur practer alias constantes et eiu 


I) loc. Herinmin (lfl7S—1733), schcduisma dc traiecloriis dut 
ocoumutibiis. Acta orud. 1717 p. 348: ,.per modulum hie inlolligo li 
dartuyuo eurvoo secaudno osfc eonstanss tod in Uivovtia envvis oiuadoi 
G.W. Loibniz, De linea cx lineis nutnero in/initis ordinalim duclk 
Acta orud. 1692 p. 168: ..paratnotri sou roctne magnitudino const 
aoquat-ionis pro ipsa calculum itigrodiontos, quao per a, b otc. dosigi 


odularcm in venire. Nam sit 1 2 3 ) 2 { Pdx, ubi V in a, z ct x quoinodocum 

itur, sen dz - Pdx, in qua aequnlionc a ut conatans considerate!’; inte 
tur acquationem modularcm habevi, si integralis acquationis dz ~ f 
'mho di/Torentiotui’, posit.o ctiam a variabili. Scd mini integrationcm pevfic 
m licKsat, ciiiHinodi methodus clesidoralur, qua differcntialis aequatio, qi 
•odiret, «i integralis domio di/ferentietur posita etiani a variabili, invci 
)asit. 

4 . Ad eonstniondaB quidem ct cognosccndns curvas aequatio dz ~ P 
ifficit. Niun dato ipsi modulo a ccvto valoro constvuetur aequatio dz ■■ ■ P\ 
10 faoto liubebilur ima eurvnrmu infinitanmi, codcmque modo aliao re 
entur aliis poncndiH valoriims loco a. Sod si in his curvis certa pimeta debe; 
wignari pront problomu aliqnod postulat, tabs aequatio 2 — \Pdx 1 
ifficit scd requiritur aequatio a signis aumnmtoriis libera, in qua si non 
gebraioa, eliam difTercutialia ipsius a insint. Ex data igitur nequath 
/Tcrentinli ])ro unica ourva dz . ■- Pdx> in qua a ut constans considerat 
mori oportet acquationem dilTerontialem, in qua ct a sit variabilis, Iiacci 
it modultiris. lincc vero modularis interdum crit differcntialis priini grad 
terdum scoundi ot allioris, interdum ctiam peuitus non potent inveniri. 

5 . Quo igitur nicthodum tradam, qua ex acquatione different 
; • ^ Pdx, in qua a cst eonstans, moclulam possit inveniri, quae a ut vai 
lem contincat; pono primo P esse fnnetionem ipsarum a ct x tantum, 


1) Cntnmodi Latin ciuihu ol. ad posCnriorom Indus doctriiino u»uni, Kulisiujs in lmc Conuiionlal 

(ccpla foi’lasso § 37) nihil aliuit oonsidoml nisi nlgobmicus ipsoruni x, z el a lunationo-s vnl mt-egj 
lutionmn nigobmieiimm tmius varin bib's x. Vido § 10, 11, 18, HI, 20, 27, 31. Vida quoque C'omf 
.ioiiam 4fi § 3, 4, 15. Aliamcn in hao altera Commonlntiono Euwutrs ennuis ganoris fumitt 
:dpit. H. ] 

2) Inlogrulo lio<i fPdx orit, in iis quno soqmuitur, funefcio ijwarutn x, s ot a il« defcoMm'nntf 

anosoat posilo x - 0, vol x — x., x 0 non pondonfco ub <(> Vido IiMlitutioiium calculi integrolis vo 
1017. H - ] 


6. Ad inveniendum an tom valorem ipsius Q scqn 
Quantiias A ex duabus varinbilibvs t el u vlcnnque com 
posito l conslanle hocque dijjere.ntialc denuo dijjerenlieln 
variabili, idem resullal tic si inverso online A pnnw dif , 
slantehocque differentiatedenuo diljermlielur-posito l const 

A =- )/ (l 2 nu 2 ), 

differentiatin' posito l constante, habcbifcur 

n lt d u 

Y{t 2 nn 2 )' 

Hoc denuo differentietur posito u constante et pvodibit 

--ntudtdu 
( t 2 4- n « 2 ) ^ 

lam ordine inverso cKfieventieUir \/ (i 2 4- nu 3 ) posit 
differontiale 

tdt 

\/{t 2 4 - nu 1 ) ’ 

quod denuo different! atnm posito l constante dabit 

— ntudtdu 
(i t 2 nu 2 ) % 

id quod congruifc oum priua invent©. Atque sitniiis co 
aliis exemplis eernotwr. 

7 . Quamvis antem Indus theorematis veritaterr 
ciant, dcmonstrationem tamon sequentom adiiciam c 


j- at ioco i ei u a a ioco u nnacuir a m jj. i^x ms perspicnnm cs 
B scribatur u -\- du loco it, provenire 1)\ aimilicjue modo si in C pom 
h dt loco l proditnrmn quoqno I). His prucmi.ssis si differentietur A pos 
istante, prodihil C /I, mini posito u -j- dit loco it abit A in C, diffcrcm 
tom cat C - A. Si porro in C — A ponatnr t -|- dl loco l prodibit D — 
arc dift'crcntiale erit 

I) 13 - C \-A. 

verao mine ovdinc poaito / |- dt loco l in A liabebitur B, eritquc diffcrenl 
«U8 A posito tantum l variabili B - - A. Hoe differentiale poaito u -|- du 
;ibit in l) - C , qnare oina differentiale crit 

D— B- - C -|- A, 

quod congruit cum differentiali priori oporationo invonlo. Q. R D. 

8. [stud autem theorema line modo inaorvit ad valorem ipaius Q 
niemhmi. Cum 7 > cl. Q ainl functioned ipsurmn a ot .v, sit 

dV — Ad\ t: -|- Bda ct dQ Cdx -p Dda, 

quo 2 cum sit \Pdx, orit quoque funetio ipsnrnm a ot x, positiun autem; 

dz - Pdx Qdu. 

m acoundum theorema difToroMtictm* z posito a: conslantc eritquc dilfc 
lies Qda, hoc porro dilTorcntiatum poaito a oonstuntc dabit Odadx. A1 
emtione diifercntiule ipsiiis z poaito primo a constmite cat J’dx, Indus ■ 
ffcrcntialc posito x conatiuito cat Hdadx, Quaro vi tlioorcnmtis acqmdia 
bent Odadx ct Bdadx, ex quo lit C - B. J)atnr autem 13 cx Y J ; dift’ereni 
im ipaiua P poaito x conatantc diviaum per da dat B. Cum igitur ait 

dQ. — Bdx |- Dda, 

it Q ~~ \Bdx, si in lute intcgiutione a ut conatans considerctur 8 ). 

1) Vido 1 nalilulionum calculi dilfcrcnUalia vul. 1. § 22(1—2-10. Lkosuahn ICvw.ni Opera o 

ies 1, vol. 10. H. 

2) Vido I.. Kiii,j-:ui CotmiiCMiiiUionctii 46, Indus volmninis p. 67. C‘f. Inslilutionee c 
vtjralia vol. J, § 467; vol. H § lOld—1057. Lkonhaiidi tovt.mu Opera omnia, auviea I, vol. 11 > 

H. 


oxistente 


dP - Adx -h Bda. 

Si igitur 13/l.t integnwi potent, desiderata luibebilur aecj 
integral'! non potest, aequo iuutilis cst luteo aequatio 
utvaque enim involvit integrationem differentials, in q> 
considerari, id quod eat contra nafcuram acqnationis me 
a acqnc vaviabile esse debet ac x ct z. 

10. Quando auteni Bdx integrationem non 
aequatio invonta ut iuutilis omnino est ncgligendu. N 
Bdx pendcat a $Pdx, aequatio modulavis potent exlii 

- a\Pdx -I- K 

cxistentc K functione ipsarum a et x algebraica, erit ol 

J Bdx ■- az -{- K 
et 

<(z — Pdx + a zda - 1 ,- Kda, 

quae aequatio revera erit inodularis. Quoties igitur . 
integravi vel ad integrationem ipaius Pdx dedtici, a 
dnlavis, qnac erit diberentialis pritni gvadns. At si Pdi 
cpiidem opua est, sed z = [Pdx erit sinnil aequatio me 

11, Si autem [Bdx neque algebvaice exbiberi 
potest, dispieiendum est, mini \Bdx ad integrationcr 
qiioanonincst, possitrcduci. Talccnini integralc, in qu< 
neqnationem modularem, cum si libneritperdiffcvontiat 
codem inre, si J Pdx veduci potent ad aliud integral/ 
nequideiu hac ipsius Q determinatione opus est, sc 
aeqnationew modularem, ut si sit 

\Pdx --- h\Kdx 



th = Khdx. 
h 


Si autcm luico omnia nullum invcniant locum, indicio est, aequa- 
modnlarcm primi grudua difl’crcntiulem non dari. Quamobicni in 
gradus ditferentialibus qiniori dcbcbit. Ad hoc diiTcrentio dcnuo 
onem 

dz ■ Pdx -j- da\Rdx. 

n lem 

dH — Bdx | Fda , 


,to crib ipsins \Rdx differentials 

Bdx da^Pdx. 

ntiationo igilur povactu ot loco jRdx citis valovo cx endcm aequatione 
posito, liabcbitur 

da da 


Hz -- - Pddx -|* dPdx 
:itur 


dzdd a 
da 


Pdxdda 

da 


\~ Rdadx -\- da* j Pdx. 


ddz dzdda Pddx dPdx Pdxdda Bdx 
J da* d(P da 2 da 2 d(d da 


utcm sit \Bdx = ot JW* si JM® rotluei potorit nd 

lia \Bdx et \Pdx vcl ai rcipsa potorit integral'!, UabobiUir acquatio 
xviB, quae evil dilTcvcntialis accimdi gradus. Ut si fncrifc 

fPdx = a\Bdx -\- ft j Pdx -i- K, 

t ofc ft utennquo per a ct ooimtantes, ct K per a et x ot eonslantcs, crit 
,io modularis liaee 


daddz —-dzdda — Pdaddx -j- P d x d d a — d Pd a d x 

da' 


adz — a Pdx 
da 


-I- Pz + K. 


Bdx 
d a 


st F ex dato P facile roperiuntur. 

Ann iOui.um Ojjoni oinniii I 22 Coinmontotioiios aunlyticoo 


11 Si \FtL r, quod anteni mriasimo cvonit, vcl non am]) 
tim-at a, vcl ad aliml possit roduci, in quo a lion iiwit, aoquatk. 
mitialis seoundi grades pro legitima modular! potorit lmbcr 
omnia nonduui succ.ednnt, adhue cli/l'erentiatio <*st instituonda, 
ientiale ipsius jFdx erit 

Fdx -\- da\FUlx 

posito 


(IF ~r. (Idx -!- Ilda. 


Quo facto videndmn ost, vel an \lldx re ipsa possit oxliibcri, ve 
praocedentibus \Fdx, jBdx et \Pd. r, vel an pos.sil ox .sign 
a elimiinm. Quorum si (piod obtigcrit, hubebituv acquatio mod 1 
ti,di.-i tcrtii gradus; sin vero nullum locum habncrit, continuum 
tiatio aimili modo, donee signa summatoria potuerint climinuvi, 


14. His gcueralilma prnemissia ad specialia nccodo, casi 
qmbus funcLio / J quodammodo determinatur. Sit igitur P 1'u 
tantimi, // prorsus non involvens, quam littera X designabo, erit 01 
quaequidpm acquatio quia non contincta, ad unicam vidotur cur' 
neque ad inodularem praebendam apta esse. Sed cum in intc 
stantem adderc liccat, potent esse 


2 — pCrfa: -1- nu 

sen differentiando 

dz — Xdx -j- nda, 

'lime ost vera acquatio modularis. Eadcm aequatio prodiis 
legulam A differoiitiassem posito a constant*, unde prodit B ■ i 
coustanti, ortu igitin- essot uequatio modularis 


cuius loco potius integrals 


usurputnr. 


dz — Xdx + nda, 
z ~ jXdx -f- na 


tantinn 0^ '—T * ex * stento ^ functione ips 

tun um. Cum igitur at * == JAfc, wit 2 = [AXd * 

“ ut Con3t ' ms tlebct considcrari z-AlY,,. n 
rcntialis ~ A > Xdx ' Q u ac 'tec 


i, pnui potest ipso modulus a , mini loco moduli eius functio qmiecunquc 
hire pro modulo lmbcri potest. 

i. Sit P A \- X litteriad ct X eosdem nt ante rctinentibus valorcs. 
i-go 

dz - Adx -b Xdx 

z - Ax jXdx, quae acquntio inm eat. )nodularis, qnin modulus A 
it in uigno summatorio involutua. Si qucm autem \Xdx otlendat, 
titinleni aocjuationoni 

dz —■ Adx -1- xdA -|- Xdx 

Ddulari lialjoro potest. 


r . Si mi li nitionc modularom acqtmtioncm invenirc licet, ai fuerit 
P AX | Py I- 0% -b etc., 

By C ote. aunt functioucs quaccunquc ipaius moduli a ct X, Y, Z etc. 
mes quaccunquc ipaius x ct oonstantium cxccpta a. Xanique ob 

dz =;= A Xdx -|- BYdx -|- CZdx etc. 


2 - AjXdx f B\Ydx -b C\Zdx -b etc., 

imul eat moclulum, cum niodulua a nusquam post signuin sunimatorimii 
ttur. 


Sit P ■--- (A -b X) n sou 2 jdx {A -|- X) n . Differentiate ipaius P 
x constanto cst n {A X) n ~'dA, id quod per da divisum dat superiorem 
m B (vido § 8). Erit igifcur 

dz =-- {A b X)"dx I- ndAj{A -b A)”- 1 ^- 


jdx (A X)*- 1 


dz — (d + X)*dx 
ndA 


gitur sit 


\dx {A H • X) H 


= z, 


Ptiani cxprimi potent, Iwbebitur quod qmicvitm. Si 
different ititio cst institucda. Ifct autem differentiate ipsn 


,1,-lA + Jf)—rf.e - Difl. 


, </ 


Evil itaqne 


"U' 1 " 1 (a — 1)(M 


rf*— (W + Xydx 
Dift.- ~ tlA - 


Quarc videndnm est, an f dx (A \- X)“~* possit vol iutc 
integralia reduei. 


10. Si n fuerit mnnerus integer affirmatives, aeqi 
algehrnicii. Nam {A | X) n potest in terminos nnmero fin 
quisque in dx ductus integrari potest, ita lit modulus a in si 
non ingrediatur. Erit autem aequatio modularis hucc 


= d»* "-A'-'fXdx h ^ 0 A'-^XH 


Exaniinandiini igitur restnb, quibus casibus, si n non ini 
affirmativus, supra memoratae conclitioncs locum liabcan 


‘20. Sit pvinio X bx m , ubi b etiam ab a pend 

z = J {A •}• bx m ) n dx. Haec formula primo ipsa est ir 

desiguantc i uumerum qucmcuiique afftrmativum intog 

w - ■ His igitur casibus aequatio modularis fit algebi 

ubi b ab a non pendere potest, ilia quidem aequatio ii 
mittit sed sequens 

dz — (d f b» u ) dx -\~ ndA\dx (^4 + b: 
ovudit integrabilis fitquo aequatio modularis differential 


11 Si litlvrac v yaIotcs uegativi altribminlnr, integrate torminis 
A<v|iiatio modularis dicUur iis tnnlmn casibus, quibua integrate algobraii 


lit enim 


- JT W do: (/l bx k )", 

dz ~ x ,n dx {A bx k ) H -|* ndAjx m (h: (.4 -b 6a,* fc ) ,l " ! . 


d cat 

[A -\- bod') 11 


x " 11 ‘(.'1 b,r') n 
m -|- nk -I- l 


71 k A 

m -|- «> -|- 1 


JV'‘d;i’ (.4 ■}• bx k ) n ~ 


i 

(/t -b bx k ) tt ~ l 


(m f ?i/i* [- 0 
wF/l' 


.i: 1 ’" *■ 1 (/I -b bx k ) : 
nfcA 


nsequcutor hubobituv acquatio lnoduhiris luiee 

Alcdz = (/I b b.v k ) a (Akx"‘dx - ..c'" ll ^1) |- (w -|- nh b 1) zdA. 

r*Ili modo modularis osset invcnta, ,si fuissot 


2 — li$x m dx (A -\- bx k ) n , 


a enim non prodiissefc diifevontia, nisi quod loco 2 scribi dcbuisscfc ~ ot 


Bdz — zdB 




•, si quidcm R al) a ctiam pcndcat. 


22. Missis autcm Imiusmodi littcvac P detovniinationibus, quippc r 
mis lato patent, ad alias aecedo, qmu> multo sacpius usui csso possmit. ( 
icatur luio dotorminationcs ou fimctionis omusclani propositae propriet 
a fimctio omnium nbiquo tenet dimonsionum quantitation variabil 
merum. Tales euim funotiones peculiar! modo dift'orontiationcm nduiitt 

. sit u fimctio nuliius dimonsionis ipsarum act x, cuiusmodi sunt—, — — 

aequo similes, in quibus ipsimun a ot x dimcnsiommi numovus in d< 
natoro aequalis cst mnnero dimonsionum numeratoris. Dot autom 1 
ictio u differentiata Rdx -b Sda; tlico fore 

Rx -b 8a = 0. 

i.m si in functiono u ponatur x — ay , omnia a sesc destniont ct in ca pra 
3t constantcs nulla alia littora remanebit. Hanc ob vom in difforontiali 
no substitutionom aliud difFerontiaio practev dy non roperietui'. Cum au 
x -- ay, evit dx — ady -b yda, ideoque 


du — Rady -}- Ryda \-Sda. 


I )cbebit emo esse 


Ry 4 S 0 sen Rx h Sa — 0. 


23. Sin vero fnerit it functio m climcnsionnni ijmrum a e 


du — Rdx |- Sda, 


crit — functio ipsarum a ct x nullius cLimensionis. DHTcientict 
prodibit 


xd H ■ - m ud x R xd x — m ml .r •! S x d a 


_ sell 
I l 


Quod cum sit differentiate functions nnllius dimensions, erit 


Rx 2 --mux -f- Sax — 0 


Rx -}- Sa = mu. 


Quare Ki fucrit u functio ?n dimensionum ipsarum a ct x, at.qi 


du Rdx 4 Sda, 


ideoque 


Rx -f Sa = mu 


du ~ Rdx 4 — (mu — Rx) 


ad% — Radx -- Rxda 4 muda. 


24. His pracmissis in dz -- Pdx sen 2 ~ {Pdx sit P tun 
siomim ipsarum a et x, erit igifcur 2 talis functio dimension,™ 
si ponatnr dz = Pdx + Qda, orit 


Px + Qa = (» 4 . i) z . 

Ex quo valor ip sil!s Q substitutes dabit moflu , 


dz = Pd * + d i((n+l ) z-Px ) 


1 = jJJdx, cr it hoc easu 

(n -i- 1) J/V;£ - a\Bdx -r Px. 

)x quo perspieitur hoe etusu integrale \ttdx semper reduci acl \Pdx , 


25. Radem aecpiatio modularis proveniet ox consideratione soli 
‘osito enim dP - Adx \ Bda> erit 

n P ■- Ax -| Ba, 

um antem sit 


rife 


dz = Pdx -|- dajBdx, 


dz - Pdx -I- ~ i(nPdx~ Axdx), 

i qua integrationc a eonstans habetur. Erit igitur jnPdx 

jAi’d:r - - Px —- J Pdx, 
h lAdx ■— P. Habebitur itaquo 


nz, ot 


dz Pdx + ~((n -|- 1 )z—Px), 
l quod prorsus eongruit eiuu pracccdculibus. 


26. Retinento P fumni valorem n dimenaioimm Hit ^ fAPXdi 
[ ait funetio ipsius a ot X ipsius .r tantum. Erit igitur -= §PXdx. 

dP — Adx -\- Bdtt , 

n quo littcra A cum altora, quae est funetio ipsius a tantum, non est c< 
enda), erit 

'iiP = Ax -|' Ba. 

psius PX dineventialo igitur posito x constante erit BXda. Couacq 
abebitnr 

d - A ^ PXdx + da\BXdx « PXdx + d ~\(nPXdx —AXxtlx). 


Quare fiet 


, z t >-im PXxdu , hi])zda , d 

A a 1 A a t 

Nisi igitnr jPxdX reduci potent ad jPXdx vel prors 
modularis differentialis primi gradus da-ri acquit. 

27. At si fuerit z = RjPdx, existcute li fuuctione 
ex a, x et etiam ox 2 constitute, at P fuuctione ipsarum 

quia cst j f ~ \Pdx , erit 

<!• ^ Pdx + f -- Pz) = ^ 

seu 

Radz — zadR (n -\- 1 )Rzda — PRadx - 

In nniversum antem teueatur, quoties z — J Pdx ad ac 
reduci possit, toties etiam z = R\Pdx ad iiequution 
posse. Nullum aliucl eniiu diserimcu aderit, nisi quod i 

easu debcat esse Quare si 7? fuerit vel quantitas alg 

cemlens, ut eius differentiale posito etiam a variabili \ 
exhiberi, aequatio modularis per praecepta data repe 
posterum tales casus, etiamsi latius pateant, praeterm 


28. Ponamus esse 

2 ~${P l -Q)dx seu 2 ~ jPf/.-r -f JQi 

et P esse functionom ipsarum a et a dimensionum n - 
caruudem a et a; dimensiomun m —1, Cum igitur diffei 

PJfldx-xda) + d _a inpdx 
et differentiate ipsius jQdx sit 


Q(adz-xda) . da , ,, , 
- a -+ — JwQfo, 


adz—(P -] Q) (ad.v — xda) 
da 


n — n\Pdx 

porro difTorcntiotur crit 

^ _ (nP -\- mQ)(adx — xda) 
a 


m\Qdx. 


da 

a 


{n 2 \Pdx 


■- m 2 jQdx). 


gitur 


adu- -(nP -\ mQ)(ndx -- xda) 
da 


t 'tfijPdx -h in-jQdx. 

,is nunc cx his tribiw neqimtioniljUH ipsurmu z, u ot t iutcgmlibus 
jQdx prodibit lmee acquatio 

mnz —(m -|- n)u |- l — 0. 

■qnalio, si loco u ut l valores Rssumti sutmtituimtuv, crit modulai'ia 


Simili niodo, si fuerit 

z ■■ f(P -|-Q -|- li)dx 

ctio n —1, Q fimctio m ■— l ot It fimetio k ■ 1 dimonaiomun ipsarnm 

louatiir 

adz — (P ~\ Q -|- Jt)(adx — xda) 
u .Ti« 

4 adu — (n P -■}- viQ -f- kR) (adx xda) 


adt — (n-P -i- k 2 R)(adx — xda) 

S .... . 

to erit acquatio modularis haec: 

kmnz —(km -|- kn -\- mn)u -|- (k -|- w n)i —s — 0. 
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30. .Sit porio 


z: = \(P+Q)*dx 9 


ubi V sit fimetio it climcnsiomira, Q vero fnnctio m dimension uni ipsn 
Qmindo igitnr est 


erit 


dP - Adx -f Bda et dQ — Cdx -\- Dda , 
nP = Ax -\-Ba et mQ Cx | -Da. 


Mereiithdc antem ipsius (P -j-Q)* posito x constants division \ 
k(li 1 D){P Hane ob rem erit 


<lz = (P +Q)Hx -f\{P -hC)‘-‘ (Ba +Da)dx. 

Cv 

Cum antem sit 

Ba — nP --Ax et Da — mQ Cx 
et Adx — t IP et Cdx --- dQ, 
ob a in liac iutegratione constans, erit 

dz = j ‘ <?)*<?* + J(P + QY- . {n p dx _|_ m Q dx ._ . xd p ... 
sen 


d ? - x-xda) da nrt f 

a a Q)*~' 1 ((«& + 1} Pdx (ml 


I’onatur 


erit 


^dz__[P_ _ j-_#)*(a(/a; — xda) — zda 

kda ^ 


« - \{nPdx + mQdx){P -\-Q)*~\ 

7 <lct * b 

"atio est coafimmiida. Fit aufcom g ™ pnm,i mi 

" + (2i»* + - 2«» + PQdx + kn z Qhlx] 


= j{kn 2 P Q dx -j- (2 hmn '■ u 2 - 2 mn w. 2 ) PQdx - ! - fcm 2 Q 2 dx)(P-\-Q 

31. Cum igitur luibeantnr tria iutegralia, videndum est, miin ea a a 
?m pondeaut, hoc enim si fucrit, hahcbitin* aecpiatio algebraica inter t, u 
,e dabit loco t ot u substitntis assunitis valoribns aequationom moduli 
orentialem secimdi gradus. Quo nulem facilius in casibus particnlaribus 
n possit, an pcndeant a so invicem, ad alias formas oas reduei eonv 
n igitur sit 2 -- l(P -|- Q) k dx, erit 

% — mz -J- (n — m) \{P Q) k ~' Pdx 

{2 km b w — »?■) u - {km 2 — \n 2 -b mn)z (a ■ ~m) 2 (k-~- 1) J (P-\-Q) k ~ 2 l 
aoreudum itaque cst an 

j[P Q) k ~' z P 2 dx 

ici possit ad haoe J{/ J \-Q) k ~' Pdx ot|(jP | Q) h dx vel an sit 

f[P \-Q) k ~ z P- 2 dx --■= a\{P I -Q) k ~'Pdx -j- pj{P d Q)*d% -I- V 

igiianto V quuutitatoin algobraicam cjnmncnnquoper a ct .t datam, ct a 
t eoefficientos ox eonstantissimis et a composite 

32. Fiat igitur V - T(P -j-Q)*" 1 , buius differentialo posito a const 

d.T{P ~\-Q) k ~ l + [k~- 1) {TdP -\-TdQ) {P \-Q) k ~ z . 
dibit ergo scquens aequatio 

Hx = aPMx -|- a PQdx -|- ft PMx + 2 fiPQdx + $Q 2 dx -f PdT + Qc 
+ (A--1) TdP -j- (A—1 )TdQ, 

io per dx dividi potorit. At T ita debot acoipi, nt termini responrlcntes 
ruant, snmtis ad hoo idoneis pro a ot valoribns. 

33. At si per jPdx non absolute determinetur 2 sed quautitas \Qdz, 
tcunque por a et 2 , atquc P per a et x , habebitur ista aequatio Qdz — . 


ubi P sit functio n dimcnsionum, Q vero functio m dimensioi 
Quando igitur est 


erit 


dP ----- Adx -+■ Bda ct dQ = Odx -| -Dda, 
nP -—Ax -| - Ba et mQ = Ox -\- Da. 


Differentiate autem ipsius (P d-Q)* posito x eonstantc d 
k{B | -D)(P -f- < 2 ) fc-1 . Hane oh rem erit 

dz = (P +Q)*dx f —l(P [ Q]"-' (Ba Vi 

Cl 

Cum autoin sit 

Ba — nP —via: et Da — mQ - - Cx 
et Adx —dP et Cdx - dQ, 


ob a in hoc integrationc constans, crit 

dz =■•= (P + Qfdx -I- J(P + Q) 1 -' (nPdx -|- mQdx 
sen 

dz = (JJ + Q) L Vi^ _zzlM _!_ *1 |(P gy-i ((nk -V 1) Pdx 

Ponatur 

adz — (P -\- Q) K (adx — xda) — zda 

kda U 

erit 

it -- \{nPdx -\- mQdx)(P -|-Q) fc-! . 

Quove si intogralo \{nPdx -\- mQdx) (P ■Q) k ~ i pciulet ab in 
habebitur aequatio modalaris differentialis gradns priini; 
tiatio esfc continnauda. Fit autem 

du {nPdx + mQdx) (P + Q)*- 1 + ^ ~ (nP \-1 

-b —■ $(kn*P l dx -J- (2 kmn + n 2 — 2 inn + wtyPQdx -f- 

d 


orit 

t - J {kn*PWx i- (2 km n |- n a - 2 m n + m 2 ) 4- km^QMx) (P 

•* 1 ' r '“ m igitur habcantnr tria integrals, videndmn est, nnm ea 
vioem pendeunt, hoc cnim si fucrifc, habebitnr aequatio algcbraica inter 
qmin dnlut loco l ct u substitute assumtis valoribus aeqnationcm mo 
difUuontialem soeiwdi gradus. Quo aufein faeilius in easibus particulari 
Mjiici posait, nil pendeant a so invicem, ad alias formas ens re.duci ci 
Oum igitur ait 2 - f(P -|- Q) k dx t erit 

u ^ mz + (a—m) J(P -\-Q) k ~ l Pdx 
of 

T- {2km \ n- ~m)u - {km 2 — m 2 -f- mn)z -|- (a - m ) z {k~- 1) /(P-l-CO* 
Quaorondum itaque est an 

HP + Q) k -*PWz 

reduei poasil ad lmec J(P ~\-Q) k ~ l Pdx ofc f(P \-Q) k dx vel an sit 

J(P -1 -Q) k -*P*dx - aJ"(P \-Q) k - x Pdx + p\{P -\- Q) k dx -l V 

dosigimnlo V qnantitatem algobraicam quamcunquc per aet x datam, ( 
sunt coefficiontes ox constantissimis ofc a compositi. 

32. Fiat igitur V == T(P +Q) fc_1 , huius differential© poaito a co 
sit 

dT{P -l-fflft-i -1) {TdP 4 TdQ) {P +Q) k ~\ 
Prodibit orgo soquens aequatio 

P 2 dx r,= a P 2 dx 4- a PQdx -|- §PHx 4 2 fiPQdx + fi&dx -f PdT + 

+ {k—X) TdP ~r {k-~l)TdQ, 

quao per dx dividi potorit. At T ita debet aceipi, ut termini responded 
do8truant, sumtia ad boo idoneis pro a et fi valoribus. 

33. At si por \Pdx non absolute dotermmetur 2 sod quantitas \Qd 
Q utcunque por a et 2 , at quo P per a et x , habebitur ista aequatio Qdz 


memurum pouenao ctnun a variaoin opo 


JSrifc ergo 
seit 


(IP - Adx -1" Bdrt ct <1Q - Cdz p Dda, 
Qdz J - da \Odz — Pdx da \Bdx 
Qdz — Pdx -|' da (J7ic/.r -\Ddz). 


Quae nequatio, si jBdx et jDdz potcrunt eliminari, dal 
quaesitam. 


34. Sit P funetio m —-1 dimensionmn ipsanmi a ct x , cfc ( } 
dimensiommi ipsarura a cfc 2 . His positis crit 


Hid. \Pdx ----- 


mdajPdx -|- P(adx — xda) 


at Diff. \Qdz ~ ilda iQ tlz P Qja dz — zda ) 


Kx quo eruitur ista aoquatio 


(m - - n) \Pdx ----- Q( adz — zda ) _ P{adx —xda) 
J da da 


Qimvc si fuorit m — n t orit 


jPdx = jQdz. 


Qadz —Qzda = Padx — Pxda , 


quae esfc aoquatio uioclularis sou 


da _ Qdz — Pdx 

a Qz—Px ' 


35. Sin vero m et n non sinfc acqnales, aeejuatio modularis c: 
secundi graclus. Nam cum sit 

(m — n) [Pdx = gjgjj ~ zda ) ~ P M* - xda) 
_ J da 

1) In odiiiono prmoipo rnimeri 180 -180 falso iterunlur. 




*“<n - - i ititlx - xd a) __ m(m-n)d«iPdx , (m-n\P(adx-~ rdn 

da o " + JT"- 

__ m Q( a d z — Z(l o) — nP(adx -- xda) 
a 

» iiequatio call niodularis quncsita. 


;0. Si in aoqun.t.ioiK'- propositn dz -|- -- 0 indetcrminatac non fueriul 

uvicom sojwrntno, ita nt P sit functio irivolvens x et 2 et a , dchebit poi 
liluloin qunmlani ll nmltiplicavi, quo formula Rdz - r Plhlx nt diflereu- 
iiiLogiultacniuudani tf'possitconsiderari. Erit itaquc dS = Rdz \-PRdx - 0 . 
Luc S - • Count. Sccl ad quantitatcm R inveniendum sit 

dP Adx -i- Bdz ct dll --- Ddx 4 - Bdz, 


1 tantispor pro constanto habemus. His positis erit 


d ■ PR (DP -\ AR)dx + (EP -f- BR) dz, 


iron doliot osso 

b 


D — EP -f BR. 


D = 


dR — Edz 
dx 


ICdz l- BPdx BRdx ~ dR. 
r oro sit dz |- Pdx - 0, luibebitur 

dll = RRdx, efc IR ---- / Bdx. 

Ltum vero eat B ox ciato P, ot quia B ct z efc a* involvit, Bdx integral! debet 
icqnatiouis dz -\~ Pdx -- 0, si quidem fieri potest. Sit it-aque JJSrfa = K, 
ic Ji --- vP posifco la — 1 . 


7. Cimi igitur sit 

d,S — e K dz -f- e K Pdx ~ 0, 
>quationom modularcm iuveniciulam sit 

dK = Pdx + Qdz -\- Hda, 

10 


de r< = c fl (Fdx + Qdz -j- Hda). 



e n dz 4 - c l dx -j- da\c. tldz u, 
sen diviso per c K haec 

dz 4- Pdx c~ K da$c K Hdz -- 0. 

Alia aequatio modula-ris invonitur posito 

(IP — Adx |- It dz - Cda , 

erit enim ipsius c K P differentiale posito x ci^ constante hoc c. K (Cda 
Integretur c j: dx(C -J- PH) posito tnntum x variabili, quo facto erit 
modularis 

dz - r Pdx -i c~ K rfrtJV* dx(C \-PH) — 0. 

Scd huinsmodi uequationes moctnlares, nisi R possifc sine acquationc 
dz -| Pdx — 0 detenniimri, nullius fere sunt usus. 


38. Consideremus igitur casus particulares, sifcquo in a 
dz -j- Pdx — OP fmictio nullius dimensionis ipsaruin x et z, non e< 
const-antibus et modulo a. Formula vero dz -J- Pdx integrabilis sempci 
si dividatnr per z -|- Px , quamobrcm erit 


Fit autem 


8 - f d i±% 1 * .-= Const. 

J z + Px 

-44— -ife + Pii- t 


Deinde posito z =- ix, fiot P funotio ipsius t tantum quae sit T . Quf 


quod per quadraturas potest cxhiberi. 


39. Ad aequafcionem modnlarem igitur inveniondam nil alind 
- z ~ l_ differentiotnr posito quoque modulo a varial 

tur igitur 


dP — Adx -f- Bdz -y Cda 


OHito tailtuni 0 variabili > Cl ‘it Bius differentiate Detiide iiitegj 

Czdx . 12 ''‘ X) 

r-|">ai)' a ' tan1,um x P**o variabili habita, quo facto crit acquatio motbi 

uaosita 

dz + Pdx I ■(* + p x)ia fj^. )i = o. 

imili modo ex coef/ieienle ipsius dz qui est -~-p~ prodit haec aeqi 

loduiuris 


<l°+Pd*-{> + P*)daf££ r .,0, 

i qua iutogrationo 2 tantum pro variabili habetur. Sive etiam hnee 

dz -I- Pdx = (2 -|- Px)da§ > 

1 qua D ob T per solum t ot a dantur. 


40. Prootcnnittcrc hie non possum, quin generalem aequationnm he 
niuurum, uti a Cel. Ion. Bernoulli 1 ) vocantur, quae omnes hao aequat 
z |- Pdx -- 0 continentnr, resolutionem adiiciam. Namque roperitur ex 

)i l et T ■— P. Prodibit igitur 


u adiecta conatante 


(l l 




' dl 
t + T' 


t si propoaita sit aequatio 


nxdz ■)■ dx \/(x 2 -h z 2 ) — 0, 


1) I 011 . De integrationibua atqualionum differenlialmmaine praevtu indeteri, 

•um sejxmUione. Connnonl. ut*nd. sc. Potrop. I, 1720, ]i. 176. Opera omnia, t. 3, i>. 116. H. 


fiat 


l- = 


x J til yo ;• tt) ’ 
1/(1 \~ tt) := t |~ 5, 


erit 

Quave crifc 


J 1 — ns . J, --ds{l-\-ss) 

i — - -— ©t a i — • v 


ZS 


2 ss 


c f . — ?irfs(l ■* SS) _ — n ]n , Jrf 

h x - J - »n £5 1 - 1 J 


41. Quo tumen usus calculi § 30 in cnsu spcoiali apparent, si 
proposita 

dz pzdx ■ ijdx — 0, 

in qua p et q utcunquo in a ©t x dantuv. Quae aequatio Gum il 
dz 4- Pdx - - 0 collata dat P = pz — q, ex quo (ict R - p ct l 
sen H — cJ ,,dx . Cum igifcur \pdx per quaclratuvas possit assignari, c 
valor ipsius Jl, icleoquo aequatio proposita per e {l,dx multiplicat 
gmbilis; erit igitnr 

e !vdx dz -j- e I,ldx pzdx — ep ,llx qdx •■= 0 

huiusque integrals 

cJ p,u z \ > c Sl,dx qdx sen z —■ e' hulx \e^ utx qdx. 

Difforcntinri itaque debet e~ lp,u \e Spdx qdx positis et a et x variii 
dift'erentiale ipsi dz aequalo poni, quo facto lmbebitur aequatio 
Positis igituv 

d'p - fdx f- (/da ot dq - hdx -f- id a 
prodibit ista aequatio uioclularis 

dz — <i-i }Ulx (pdx \- da\gdx)\ei» dx qdx -\- qdx -|- cr !pdx da$ 

{idx -\- qdxjgdx), 

sen posito brevitatis gratia $e {pd *qd% — T erit 

dz — — - e~(p‘ ix Tpdx 4- qdx e~ [1 ' Ux dale !vilx idx — e~ Tpdx da 

Ex qua operation© intelligi potest ad aequationem moclularem in 
id niaxime esse efficiencluni, ut in aoqviatione proposita inclcterm 
invicem separontur. 


AUDIT AMENTUM AD D18 S E KTATl 0 N Ji M 
DE INF1N1TTS OURVIS E1USDEM GENERIS 


Commenlulio -Ifi indicia E»)i9TjiorcMJANi 

CoinmcrRarii acudoinino Bcioniumim Pofciopolitmmo 7 {17,'M/fi), ] 7*10, p. 184—200 


1. In suporioro clissorfcatione 1 ), in qua mothodmn tradicli aequati 
3 infinitis curvis eiuscloin generis inveiiiondi, ipsivis Q valorem in aoqvu 

dz = Pdx -}- Qda 

tcvminaro doeui ox data aequationes ~ j Pdx. Namquo si P ox x et i 
ustantibus uteunqne fuerit compositmn, innnifestiim est, si J Pdx differ 
l‘ posito non solum x sccl etiam a variabili, prodifcuram esse Indus fc 
quationem dz = Pdx -b Qda, in qua valor ipsius Q necessario a quail 
quae osfc cognita, pendebit. Domonstmvi scilicet, si difforentialo ips 
aito x constanto fuerit Bda, foro ipsius Q differential© posito a cons 
lx, ox quo pendentia ipsius (Ja? satis porspicitur. 

2. Cum autem inventus fuerit valor ipsius liequatio 

dz = Pdx Qda 

orimet naturam infinitaruni enrvarum ordinatim datarum, quarum sin 
>rsini continontnr aeqnationo dz = Pdx, a so invicem vero diffenmt c 
a.te parametri sen moduli a. Et hanc ob rem aequationem dz — Pdx -\- 
qua modulus a tanquam quantitas variabilis inest, cum Cel. Herm 
juationom modularem vocavi. 


1) Vide p. 36. Vido quoquo notam p. 39 ndioofcam. 


1 
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adsunt diiTcrentialia, modulus a aequo variabilis ac x ct z p 
Sin auteni Pdx integrari liequit, aequatio etiam modularis n< 
excepti3 easibus, qiiibus esfc 

P ■= AX -I- BY -|- 6'55 -1- etc., 

existenlibus A. B, C etc. fmictiombus ipsius u ct coiistantiu 
etc. f unction ibus ipsius x ot eonstantium tantum, moduli 
grediente. IStiamsi cniin ipsa aequatio dz ■ Pdx sit clitl 
aequatio modularis 

z - A JA ’dx 1- BjYdx -[ C J Zdx -\- etc. 
instav algcbi’aicac cst considcvanda. 

4. Nisi autem P talein liabnerit valorem, aequatio 
dift’ereutialis gmdus primi vel altiovis graclus. Dift’croutui 
gmdus crit, si Q vel erit (piantitas algobraica, vel intcgmlc ip 
hoc cnim casu 2 loco J Pdx snbstitutum toilet quoque sigm 
ita ut aequatio modularis diflerentialis pmu sit proditura. 

5. Dcprchendi vero in supcriorc dissortationc Q t 
lmbcre valorem, quoties P talis fuerit ipsamni a ct .r fin 
dimensionum, quas 4 et x constitmmt, sit ubique idem atqu 
Px vel Pa fuerit functio ipsarum a et x millius dimensio 
observavi [§ 24], quoties in P litterac a ct x eundem tantum 1 
dimensionuni numermn, toties Q ab integrationc ipsius Pdx 
oum tain eximia consequantur snbsidia ad aoquationes modi 
maxime iuvabit investigate, mini forte aliae deutur huh 
ipsius J\ quae iisdem praerogativis gaudeant. Has igitur a 
constitni, quo siimtl methodus tales funotiones inveniendi u 

6. Si P est functio ipsarum a ot x dimensionum - 
ipsarum a et oj nullius dimensionis, ostendi fore 

Px -b Qa — 0 sen Q — — • 

(X 


\-l I V 


dz — Pdx 


P X (l (t 
a 


unobrom V tubs esse clcboblt Iimctio ipsarum a eb ;r, lit dx -- pci 

tiplioatiun cvadat intcgrabilc. Hie antom per intcgrabilc non a 
lligo, quod intcgrafcione ad quantitatem algobruieam, aed etiam 
quadraturam qnameunque redneitur. Si igitiir gencraliter invener 

ntitatom, in quam dx — ~J' dnetum fit intognibiio, ea orit qmioaifcua 

Px 

ns P t eius proprietatis, nt sit Q — — ~. 


7. .Kit autem dx — intcgrabilc, si nniltiplicatur povintcgmle 

~ | c, dcsigmuito c quantitatem constantcm quamcuncpie nb a 

ilcntcm. Quocirca, si /-\■ cj ricnotct [imctionem qnaincimqno 1 ) i 

c, fiet quoqne dx —■ ~~ integrubiio, si liiultiplicetur per ~ / -j- c). 

ir cum flit maxime gcacralis, erit 


P = - 


a 



Px 

a 


vero /(”■[■ cj functio quaccmiquo ipsarum a ct a: nullius dimensi 

anobrem quoties Pa fucrit functio luilliua dimonaionis ipsarum a 1 
Px 

?a crifc Q -—, ideoquo aefpiatio modularis 


dz 


- Pdx — 


Pxda 

a 


1) Hie Eulbrus por olumidoros /(j + c), / ^ functiones ipdius — -|- c vol ~ tlenolnf 
a por chuvftctorcs /. y , *f>: (a ny) fimofcionos ipsorum y, x + ny donotaL Vido Coi 
10111 28G hums vohiminm, § 21, 28, 38, 41. II 


In qua aequatione cum <lz — Ada sit integrabile, debebit Pdx 

esse integrabile. Hoc autern per praecedcntem opomtiono: 

P i / (f -f c). Turn igitur erit 
a \ a I 


Q---- A — 





Simili ratione intolligitur, si fuerit 



denotantc X functionem ipsius x tantum, fore 


ubi ut auto / (" + c ) expriinit functionem quamcimque ipsarum 
dimensionis. 


itPx 


9. Sit Q — --, ubi n indicet mmierum quemeunquo; ci 

Cl 


dz ■■= Pdx 


nPxda 


Debebit ergo P tabs esse quantifcos, quae dx —- —si in id 
reddat integrabile. Fit autom dx — integrabile, si ducatur 

lb 

enim oritjt. Quaro generaliter crit 


telligitur otiam, si fuerit 


ro quoquc generalins 



'>i ut an to ct iu postcrnm semper / dcnotafc funetionem quamcunque qi 
•atis soqncutis. At A ost functio quaecunque ipsius a, ct X functio qi 
nqvio ipsius x tnntum. 


10. Quo igitur dignosci qucat, an datus quispiam valor ipsius 1 

i_ 

rmula invonta contincatur, poni dcbcbit a — b n , quo facto videndmn 
i Pb fiat functio ipsarum b et x nullius dimensionis, vcl an prodeat ag 
turn cx functiono quadam ipsius x tantum et tali functione. Quod si 
cJiendctur, habebit P proprictatein requisition eritquc Q aequale 3 

si funct.ioni in- - ductile una cum functions quacunque ipsius A. 

ivcrauiu autcm notanduni cst qimntitatem P functione ipsius x ut X , ( 
nctionc ipsius a ut A posse augeri. Nam si fuerit 

dz = Pdx -f Qda 

quatio modularis, talis quoque crit acquatio 

dz -- Pdx -\- Xdx -|- Qda + Ada. 

isito onim du loco dz — Xdx — Ada habebitur du ----- Pdx -)• Qda, q 
m prioro prorsus cougruit. Hanc ob rem snperflmim foret in posterior 
dorem ipsius Q aasumtum functionem A ipsius a adiiccre. Quare h 
►parontom gencralitatem negligemus. 


11. Sit mine Q ~ PE donotante E fimetionem quamcmique ipsiui 
;it itaquo 

dz = Pdx -f- PE da 



In qiui acquationc cum dz — Ad a sit integmbile, dobobit Pdx 
cpse integMbile. Hoc autem per praecedcntem opcvatio 
P - i / (f — c). Turn igitur erit 



Simili ratione intelligituv, si fuerit 


P ■ 



denotante X functionem ipsius x tantuin, fore 


Q = A 



ubi ut ante / (- -f c] exprimit functionem quameunquo ipsavn 
diraensionis. 


vPx. 


9. Sit Q —- —ubiw indicet numerum quomcunqiio; 


dz - Pdx — 


nPxda 


Dcbebit ergo P tabs cssc quantitas, quae dx — si in 

reddut iiitcgrabile. Fitautcm dx ----- 1 integrabile, si duoati 

(l 

cniiu erit Quare genemlitcr erit 

(i 


flr ' 1 * \(r / 


illigitur otiain, Ri fucrit 


quoquo gcneraliim 


p - x + *t& + 4 


^ " ! ,4/c = 4 


ut unto ct in postcrmn semper / dcuotat funetiouem qumnouuquc q 
tis scquentis. At A cst fimctio quaccmiquo ipsius a, ct X fnnctio q 
quo ipsius x tantum. 


10. Quo igitur (iigno.sci queat, an dn-tus quispiam valor ipsius . 

q 

tuila iuventa coiitiucatur, poni dobobit a — b n , quo facto vidcndiun 
Pb fiat fimotio ipsanim b ct x lnilliua dinicnsioma, vcl an prcxloat a£ 
im cx functiono qiiadam ipsius x tantinn ct fcaii fimctionc. Quod s: 
londctuv, liabobit P proprictatom roquisitam oritquo Q acqnalo 

fuuotioui in ■■■-'- ductao nna cum fimctionc quacunquo ipsius A. 

k'crsmu autoui nolandum ost quantUatcm J 3 fimctionc ipsius x ut X, 
^tiono ipsius a ut A posso augcri. Nam si fucrit 

dz = Pdx -|- Qda 

untio modwlaris, tabs quoquo orifc aoquatio 

dz Pdx -|- Xdx ~\~ Qda Ada. 

ito onim du loco dz — Xdx ■ ■- Ada luibobitur du -- Pdx -|- Qda, < 
i prioro prorsus congruit. TTanc ob rom supovfiuum forot in postcrui 
rcm ipsius Q assumtum functioncui A ipsius a adiicero. Quaro 
arontcm gcncralitatcni ncgligemus. 

11. Sit nunc Q ~ PE denotantc E functionom quamcmiqu© ip>sii 
b itaquo 


dz — Pdx -(- PE da 


Sive si ponatur \Eda ~ .4 fucritquo P ■= / (a* ^1), erit 


<?-- 


(M 

tin 


I (* 


A). 


Num tiutoni datus ipsiu.s P valor in hac formula routine 
mvestigmiclum: ponatur x •= y - - A ot quaeratur, au pro . 
functio ipaiusa et constantium, nt P fiat functio soliu.s y ct 
modulus a non auvplius iugrcriiatur. 


12. Ponamus case Q --- PY, ubi Y sit functio qi 
modulum a non involvens. Quo posito crit 


dz Pdx -f PYda 


ot P talia functio, quae efliciat dx -\- Yda integrabile. Posil 

Cdx 


rax . , , 

2 : :L ’) y “ r a ” ^ rt » 

rdv 

ai ponatur j r= X, Quamobrem crit 

P = J, f (X a). 

Quoties ergo P huiusmodi habnorit valorem, erit semper 


13. Sit nunc goncralius positum Q PE Y, crit 

dz ■— Pdx -|- PE Yda, 

ubi at unto E denotat functionorn ipsius a, Y vero ipsiiu 
ai fucrit P — y-, formuhi.ni istam clifferentialem cffici in 


emm 


dx 


z = -y- -f* I Eda, sou 2 — A r -1- A 


dx 


posito I — X. Qnamobrem erit 


cusibus (ief, 

(h- I (X l A). 

irliniLiir in bin fornndiy eliam logaritlimici ipsarum A ot X valores, 
X ■- IT ot ,1 = ~ 


P 


dr , T < 

Vih: I F et (l ‘ ' 


— dF T 
Fda ‘ F ‘ 


erspieitur igituv omnes has formulas locum habere, si acquatio 
uorit vol 

dz — (l X j (X A ) vel dz — — / ^ . 

acquatio pi-oposita ad has formas poterit reduei, substituendis 
itiono qmtcuncpio ipaius a et A pro fuuctkmo quacimque ipsius a, 
nlio rnodularis poterit exhihori: crit cuim pi'iore easn 

dz - dX/(X -|- ^1) -i- dAf(X -f A), 
ro vcro easu 


_dX f X d A 
' "X ’A 'A 



idem in his universalibus exeniplis facile peispicitur, in spcoialiovibus 
> dif'ficilius. Quooirea maximum positum orit subsidimn in redu- 
nis partienlanbus ad has gouerules formas, id quod, si quiclem tabs 
ri potest, non cliffioultev pracstatur. 


ponnlur# ~ PH, desigmuite U functionem quameunque ipsarum 
dz ~ Pdx -}- PRda. 

ndum mine valorem ipsius P, sinnatnr formula dx + Rda, sen 
r-|- Rda = 0 consideretnr et quaeratur, quomodo huleterramatao 
invioem possint separari, sen quod idem cst, per qmtnmam qnan- 



Q RSjT. Hate opcratio latissime patet ct omnes casns complec 
Q cognitum et a 2 non pendcntcm habet valorem. 


10. Progrcdiamur autom ultovius et in cos ipsius P valorem 
in quibus Q non solum a P sed etiam a \Pdx sen a z pendet. Pc 
prinio 

n z Px 


dcnotante n nmncruni queincunqnc. Erit ergo 


sen 


t n j , nzda Pxda 

dz -- Pax -- 

a a 


, nzda r, , Pxda 

dz -— Pdx - 

a a 


MnltipUcctur ntrinquo pci' —, quo prodoat hace aeqnatio 

dz nzda __ Pdx Pxda 
a” ~~ 7i 7rrr ' ' ~aF ~ " “a ,rrr » 


in qua prins membrnm est integrabile. Dcbobifc ergo elitim inti 
alterum membrnm 

Pdx Pxda 


ex quo idoucus ipsius P valor cst quncrendus. Evenit hoc, si P 
enim integrate -• -|- c. Quaro crit universaliter 

(l 


P =s a n 



id quod contingit, si est functio ipsarum a et x nullins dimen 
funetio ipsarum a et x dimensionuni n — 1. Hoc igitur cusu est 


nz -- Px -}- Qa , 
ut in superiore dissertatione ostendimus [p. 46], 


plC 


dz - n ~ = Pdx -j- Pli Yd a 


dz nzda Pdx PE Yd a 

a” 7r"+ v "~a*~ <t ; ‘ * 

■rein P ita debct accommodari, ut 

dx -|- EYdtt 
a" 

• • Cl** 

iidtiplicutum cvadat integrabile. Kit hoc autem, si P -- -p> I 110 <5n,3ii 

cst | ~y -\~ j Eda sou X -\~ A posito j —■ = X et j Eda — A. 
ebobit case 

,,r» ,1 y 

P = -£Y-I(X + A), 

5 casibus erit 


1 a logarithmis pcndeant, prodibit P Indus valoris 


mdcbit 


a"dX X 
Xdx i A ’ 



a n dA j X 
Ida * A 


Si ponatnr Q = Fz- 1- FEY, ot F ot E functioned sint ipsins ct, 
psins x , turn ovit 

dz — Fzda — Pdx -j- PEYda, 

\Fda ■—IB , ita nt B sit functio ipsius a, ot dividatuv per B , habebitiu 
dz zdB Pdx . PEYda 

H W T "• B 
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Cum igitur pries mombrmn sit intcgrabilc, ct alterum tab 


hoc, si P^ y , tumque erit integrate 


J -y- -}- Eda sou X 4- A. 


Quoeii'ca erit ipaius P valor quaesitns 


BdX 


dx 


-j{X \-A), 


Q vero erit 


z (1 B . BdA i t -\r . . x 

Bda ' ~Ja i + A) ■ 


Perspicitur quorpie, si fuerit 

BdX . 
Xdx * A 


„ BdX.X , ^ »dB BdA.X 

fore Q^Bdi-Adth- 


19. Latisaime patobit solutio, si ponatnr 

Q = Fz -b PR 

et R fuerit funotio ipsamm a ct a;, lirit cnim 

dz —Fzda = Pdx -f Plida. 
Posito f Fda — 111 dividatur per B, habobitur 


dz zdB P,, . T, 7 » 

= 15 (dx + Rda). 


B B z B 

Sit ium S fuuetio offieiens dx Rda integrabile sitquo 

$(Sdx -b SJida) = T. 


zdB 


Quo invento orit P = BSfT, huic rosponclet Q — -\- J 


20. Possunt pvacterea ptimes huinsmodi valores ipsius 
modo multo latius extondi, ut, si ponatnr 


'cnitur. Quamobrcm his oxpeditis pcrgo ad cos casus investigandos, in qi 
fuatio modularis priini gradus difforentialis non dntur, sod qui tame 
piationem moclularem diflbrcntio-clifTerentialom perdueuntur. 


21. Si igitnr Q neqne algebraico per a ot x neque per z potest exprii 
r efltigaiidi sunt casus, quibus differcntialc ipsius Q potcrit exhibori. Est a 


;o 


_ dz — Pdx 
(l a 5 


dQ = d 


dz — Pdx 
da 


nu'o si differentiate ipsius Q, vcl por sola a ot x vol per haoe ot Q vel c 
iuI per 2 potorit oxprimi, habobitur acquatio mocluhiris, quao orit dill 
is seonndi gradus. Ostensnra autem est superioro dissertation© [p. 31 
mtur 

dP = Ldx -b Mela, 
e 

dQ = Mdx iVtfa, 


ut haco dift’erentialia conimnnem littoram M involvaut. Quia autem ox 
3tiain M datur, nil aliud requirifcnr, nisi ut N determinotur. Quamobrt 
i inqnircmus easus, quibns N vcl algcbraice, vel per Q, vol per Q etz ox] 
;est. Turn cnim habobitur aequatio modularis 

Mdx -b Nda - d • > 


iito in N loeo Q eius valoro —• 


22. Ex praecedentibus satis intolligitur, si N per sola a et x detenrim 


F + ^/(X +A) 

contiueatur. Quod si fuerit compertuiu ct X ct A et V definitac, 

/] g_ 

Vdx + dX/(X -|- A) -f Ida f tlA f{X A) = d ■ —- 

acquatio uiecUdaris desiderata. Notandum cat in postorum 
T~/ [X 4- -4) poni posse aggregatum ox qnotvis luiiusmodi for 

“/(X + J 4) + ( j|/(y + £)+ote. 

At loco — I (X -|- A) time poni debobit 

+ + S /' r + *> + otc - 


Hoc igitur monito in postemm tan turn uniea formula ^ 
respondent© j (X + A) utemur. 


23. Pendeat N sinuil ctiain a Q sit quo 

N = & -b £><?, 


nbi 73 sit f audio ipsius a, et 77 i'nnotio ipsavum a et x ex eonditu 
tibus dotorminanda. Erit igitur 

dQ — DQda = il/djc -f Rda, 


sit 


Dda 


dll 
a ' 


et dividatur utrinque per Id, prodibit 

dQ QdlJ Mdx -j- Rda 

~H W W 


chi oiheionduni. rict igitnr per pracoodentcm metiiodum 

M = T-1 < X + / (A' + *4). 

in excmplo quopiam proposito cx P reporiatur M talis vnloris, crit 

N = ^K X ■^> + zr£.< d *-™*> 

loco D ct -L--—- loco Q. Atqne hinc in promptu orit ucqmitio 


i N non a Q hoc! a z pendcat, ita ut sit 

TV - R -\-Cz , 

C functioncm ipsius a quamcunquo, eril 

clQ — Czda — Mdx + Rda. 
at 

dz —Qda = Pdx, 

mins midtiphnn 

Fdz ~QFda --- PFdx, 

F fimotione ipsins a, quo facto orietnr accpiatio 
dQ —QFda q- Fdz — Czda - (71/ -f- PF) dx -f Rda. 


Fda 


dB , Cda 

If ct ~F 


dG 

O'* 


n dB A ,, tf/JdG 
* * ot 6 “ ® 


n itaquo cat ciQ— integrabile reddi, si dividatur per B seu 

ur per -g, 7^2 — Czda antom fit integrabile, simuitiplicotiir per^■ 
> idem factor sumniam borum differentialiuni reddat integrabileni) 


o FG = B sen — = B, unde fiot G - Hanc ob rom altonim 

,/j a (l 

embrum per B divisuin est integrabile officienduiu scilicet 

(M -|- PF)dx + Rda 

B 


tut 


Ct 


M H- PF = 


^*f(X +A) = M + 


PdB 
Bda ' 


Jnvestignri igitur clebot proposito cxemplo, an loco A, B ct X ta 
iuveniri queant, quae exliibeant fomiulam 


aequuJom ipsi 
Hiaque iuventis erit 




M + 


PdB 
Bda * 


N = ~! (X +A) + f 3dG 


BGda* 


oxistente G — 


B-d a 
dB 


, qui valor in acquatione 


Mdx -f~ Nda — d • 


dz — Pdx 
da 


subalitntus (labit acquationem modularem. 


25. Sit nunc generalissimo 

N = It -f- DQ C Z) 


teneutibus It, D ot G iisdem quibus auto valoribus. Erib orge 
cIQ —DQda —Czda — Mdx -f- Rda ; 
addatur ad hano acquatio 

Fdz —FQda = PFdx, 

quo habeatur 

dQ — DQda—FQda -\-Fdz—Czda — (M -f ■ PF)dx 
Positis anteni ut ante 


, dU j-tj dB 
Dda = -jj- } Fda = -g. 


et 


Cda 

~JT 


ilG 

G * 



n\ <\sL inl.egmhile, fict ergo facto HB = E 


bid, 


,{ ~ ; •'! oL M -\-pf = ^-/{X+A). 


in cuHii proposito A, X, hi et F, si fieri potest, ita debent definiri, ut 
I /f) aeqnaio fiat ipsi M -\~PF. Hocquo invento erit 


iV 


bid A 
da 


f (X A) 


{dz ~ Pdx) + 


FzdG 

Gda' 


initio modularis roperitur. 


kt si mupiidom difTerontialifl secuudi gmdus aequatio modularis eb- 
ad dilToroutialia tertii gradus erit proeedendum. Fiet ergo 


N = 


llz — Ptlx 

till 


bid x 


da 


li poaito (IN — sdx -f -tdn erit 

•llz — Pllx\ 


sdx -J- Ida = d 


' ./llz — P(lx\ 

— 35 —) 


Mdx 


da 


cm -s' ex M, emu sit sda differentiale ipsius M, quod prodit, si x pona- 
MiH. Quumohrcm / lantmn dohobit investigari. Sit ergo 


t = R + BN + DQ -\rCz 
dN — FNda — DQda — Gzda = sdx -}~ Rda. 


addantm- horuni multipla ad illam acqmttionem, ut prodeat It 


dN — 1CNda — FN da -(- FdQ — DQda — OQda -f Odz - 
(a MF -l- PG)dx -\-Rda. 


Sit 


„ , , ttj df Dda -f -Gda da , Cdu <lh 
Eda -| Fda - ± -*fe t =- y 


fiatqne 


/’ P £/ 

j — Fg =Gh. 


Quo facto aequationis inventae prius mcmbrum fit iutegrabilo 
bane ob rein et 

(s ~ A?F -\- PCf)dx -f- ltd a 


l 


effieiendum cst iutegrabilo. Poncndnm igitnr est 


n-l^flx+A) 


ct 


« + MF + PG = !-— I (X + A). 


In aequatione cvgo proposita, quia s et M ex P d antin', debont 
ex hae aequatione determimn’i. Quo facto sumatur^ -- y ct h 


Qdh 

hda 


et 


D = 


Fdg 

gda 


a et E = U— F- 

fda 


Atqne cx }?is cognita crit aequatio 

t=*R+EN +DQ+Cz , 

cx qua aequatio modularis facile conflatin'. Simili modo cx 
quomodo pro altioribus dift’crentialiuin gradibus operatio dob 
ad aequationcs modidares pevveniatur. 


27. In compendium nunc, quae hactcnus tradidimns, 
quo facilius quaovis aequatio proposita rednei queat, turn qu 




dP = Mila, (IM - pda, dp = r</e etc. 


Q 


dz—Pdx , T f/(^ — 
f/« 1 da 


(IN — -ndx . dq—-rdx , 
q — — — et S — etc., 

1 da da 


I of, dq etc. sunt difforontmlia ipsorum Q, N et q, (jime ex valoribim 

dz — Pdx dQ — illdx , da — rdx 

—--et — 

da da da. 


r positis a, x et z variabilihus. Trane igitnr ob rem eognitac orunt 
c. ex solo P, ex his voro lmbebuntnr Q, N , q etc. Sint practcrca 
, E, F etc. finietiones ipsinsa et eonslantiimi, et X, .Vote, fnnetionos 
n involventcs a. 


[is pmeniissis si fuent P talis funetio ipsius .v et a, nt ISP eom- 
u* [§ 18] in liae forma 

IIX + A) 

n Imiusmoili formiihmim aggregato, semper dnri poterit aoepuitio 
rtifferentialis prinii grntlus. Namquo orit 

P d A A x - 2 ~~ + Q d a d X 

IS Pd A dx = zdlSdX -{- BQdtcdX. 
atio ob datum Q cat uiodulaiis respondons aequatiemi propositan. 

3indo si P talis sit fnnetio ipsarum a et x, nt 

BP + CM 

)ri possit [§ 24] 

^l(X + A) 


I'iULKRi Opora omnia J22 CormnontnUones analyticao 


BPdAdx -I- CMdAdx --- zdBdX 4- BQdadX -}- QdCdX 4 


Quae cst aequatio modularis quaesita, et involvit differentials st 
quia cam littera N ingroditur, quae per dQ idcoque per ddz, 
detorminatur. 


30. Ab ni fucrit 
acqimliH liuie formulae 


vcl aggregate) quoteunque huiusmodi formularum, aequatio i 
diffcrcntialis Lertii gradus, prodibit cnim ista aequatio 

BPdAdx 4 CMdAdx + DpdAdx == zdBdX -|- BQdadX -! 
-I- CNdadX NdDdX 4 DqdadX. 

Quomadmodmu ex ante traditis eolligcrc licet, si modo quantitate 
pendentes ad 1 ms formulas aecommodanbur. 


BP 4 CM -}• Dp 


a '- 1 - A) 


31. »Simili modo ad altiora dift'orentialia progressua fnei 
Nam si 

BP -1- CM 4 Dp 4 Er 

acquetur formulae 

g/(A' + ^) 

vol talinm plurium formularum aggregate, orietur aequatio modi 

B PdAdx 4 CMdAdx -4 DpdAdx 4- ErdAdx = zdBdX 
4 QdCdX 4 CNdadX 4- NdDdX 4 DqdadX 4 gd-EdX 4 

quae erit differentialis quarti gmdus. Atquo hoc modo quousqn 
operationes facile eontinuantiir ex sola allatavum inspectiono. 


,-'“t.“vuwmm, uiiiuuum; i , ail Ul [Ills eA.}JUSlMS gUllCll 

.mliueatur ot in quonnni gonorc. Etiam si enim generalcs ipsins P valores, 
x Cormulis obtinentnr, nihil diffienttatis in sc habere vidoan 

inion oxemplis parlicularihus propositis aeeommodatio sacpissimc erit d 
Ilima, Cuius rci ratio nequaquam mclliodo traditae est tribueuda, sod inq 
ici.ao funetionwm cognitioni, quae aclinic habctiir. Quamobrcm non sol 
i hoc ncgotio, seel in pluriinis etiam atiis casibus maxime utile foret, si fu 
onnm doctrina niagis porliccrctur et excolcrctur. 


Quantum quidetn mihi hac de re meditari licuit, eximiuni snbsidi 
Lveni, si P slutim ml huiusmodi formani -—/ (X + A) vel huinsmodi forint 

nn aggregation rcducatur, id quod soquenti modo faoillinic prnestal 
•ima aocpmlio proposita non constituatur inter z et x, sod inter z et y, its 
iquatio ad moclularem perduconda sit dz = Tdy, existentc T functh 
■sins y et moduli a. Turn accipiatur pro x talis t'unetio ipsannu a et y, q 
anymntet T in functioneni ipsaruin a et x contentam in formula / {X + 
d pIuribuH hnic siinilibus oaruinqiie niultiplis, in quibus X est funetio ips 
tantinn, et A ipsiuso. Hoc igitur facto prodent acqnatio dz = Sdxj {X -\- 
)i JS sit quautitas tain simplex quani fieri potest. Quarc P erit Sf(X |- 
coquc cum ilf, p etc. coniuncta fucilius cum gcneralibus formulis oomparat 
ivonta autom iioo modo uequationo modidari, valor ipsius x in a ct y assu 
s ubique looo x , loco dx autom differentiale lmius valoris positis a e 
i-riabilibus substituatur. Quo facto lial)ebitur acquatio modularis in 
y ot z, quae quaorobatur. 


34. Ad plcniorom quidetn methodi hactcnns traditae cognition 
axiinam lncem afferront cxempla et problemata, quorum solutio ist 
3tliodum requirit. Seel quia ipsorum problcniatum dignitas peculiar 
ictationoin postulat, in aliud tempus 1 ), ne hoc tomporo minis sim longus, e 
(foro. 


1) Vidn L. Eurmiti Comim-tilnlionom o2: Solutio prablanation reclificationcm ellipsis requi 
in, Comment, aond. sc. Poliop. 8 (1730), 1741, p. 80. Vido quocjnc notani p. 10 lmius voliun 
moti Coniinnntalionn.s ll, 31, 70, 274 ot InslUuliones calculi inteyralis, vol. II, § 101H— U 
19—1078. fjEONUAUDi Kui.mi Opera omnia, soi-ios I, vol. 20, 22, 12. H. 1 


INVHSTJCiATTO I’.INAKCM (TRY, 
QUARUM ARCUS JjJiDJjJM AIM!JSWAI3 KM 
SUMMAM ALUMBRAK'AM COxN'HTI 


ComuuMiluti'* -IS iiulifis Mmchtiuji-imiani 
CoiiirnonliM'ii m*n<loiniuo scM'iitinnim Peliopolitmiiw' 8 (1730), I 


1. Problcma, cuius solutionom liac dissertation© i 
Hoquctitcs eontincl conditiones. RequiniiHui’ in oo 1. dime 
quarum II. lioutrn sit rootifioabilis, quae lamen ita debci 
ut duo arcus III. cideni abscissae rcspondentes IV. su 
algobraieain. Harum quatnor conditionum quacnncjuc o 
solutii admochim facile, omnibus a-utcni satisfacore inaxii 
Prinui quidcm comlitiono omissa, si admiltantur cnn 
reliquis conditionibus facile satisfied Si seeimda oinittal 
cnrvae algebraieao ot reelifieabilcs problomuti satisfaeii 
neglccta difficilior est solutio, sed tamon ex iis, quao Celeb 
et Pkrnoulltus 1 2 ) dc roduotione quadtulimirum ud voeti 
ntgobraicarnm dcclenmt, solutio facile deduoilur. Quarta 
oiuittatiu’, nc quidcm problcma crit, cum otimes curv 
rcotificabiles reliquis conditionibus satisfaciant. 


1) Tao. Heji-masn* (1U7S—1733), Solatia propria duonini problcmutu 
lirndit. 17l!) Mena. Aug. « sc propositorum, Actu onul. 1723, p. 171. 

2) Iou. ]3KKN0CLr.i (1007- -17-18), Constructio jncilia curouc rcceasm 
per rcclijicotioncw ntrvuc algebra kac, Acta onul. 100-1, p. .394. Theorem 
linai) ion curmnon inseroiens. Acln eriul. 1098, p. 402. Melhodus invenictuli c 
non guadrabilcs, hubenles lamen nitmr.rum determination spntiorum absolute 
Suppl. t-. VIII, 172-1, p. 380. Methodits r.ommoda et nalurulis reduccndi ipiudrt. 
vis gradu8 ad hngUudines curmrum algebraicarum. Aota ci-ud. 1724, p. 3fifi 
at 2-tU, t. II, p. 315 ot 082. 


2. Ad genemlcin huius problomatis solutionem ufcor fonmilis, ( 
Mi Vii-i Colob. dcdcnmt pro curvis vel reetilicabilibus, vel qmmnn rcotifie 
data quadratura pondot. Mis cnim forirmlis ef/ioi potest, ut curvue 
gebraiono, ut Hint non rectifieabiles, atque ut urcuum suinma sit rcctifiealj 
oustmbo vero etiam, quomodo abscissae aequalcs reddi possint. Quo fi 
iitiihus couditiouibuH erit satisfaetuin, atque problcma gcucraliter solut 
m Iftto onim istao formulae patent, ut, nisi pmeter necessitate!!! rcstri 
Ibibcutur, onines oimiino eurvas problemati satisfaeientes oxhiberc debe; 

**• b>esignatis igitur curvis quaesitis per litteras A ct B, erit ox 
rmulis') 


in 

Curva A 


in Curva B 

abscissa 

(dl ,2 —d(P)* 
dQddP — dPddQ 

abscissa 

Cl 

(f/p a — dq 1 ) 2 
dqddp—dpddq 

applicata P 

dQ{<U* — dQ*) 

1 d Q d dP — d Pd d Q 

applicata 

| dqitl^—dtp) 

1 dqddp — dpddq 

ai’cus Q 

dP(dP- — d(p) 

1 dQddP — dPddQ J 

arcus 

„ , dp(dp 2 ~-dq n -) 

* ' dqddp — dpddq 


s fonmilis iam obtinctur, quod alias uiaximam parcret diffieultatcm, 
ibac curvao sint algobraicae, si modo P ponatur quantitas algebraic 
:iiulo rootilieabiles non ormit, si Q ot q quantitates transccndcntes iuvolvi 
rtio iircuum smmna erit roetilicabifis, si Q -\- q fuorit quantitas algebra 
amsi Q ot q scorsim tales non sint. Cum auteni his comlitionibus fu 
dafaotum, abscissae inter sc aequalcs sunt efficiendae. 

4. Efneianius primo abscissas inter sc aequalcs oritque 

1 3 

(d/ K — d Q *)* _ {dpt—dg-y 

dQddP — dPdd.Q dqddp — dpddq ‘ 

t ad hoc praestandiun dQ — JtdP ot dq — rdp. Quo posito habebi 

3_ 3 

(1 — R 2 y*dP (l — ?‘ a ) 3 c/?j 
~—dR ~ —dv 


1) Confer CmnimnUntionoin 2-10 lmiu-s voluminiK § 70, Solulio I, p. 280. 

2) p, dq, dQ quoquo poniuitur qunntiCiitc’.s nlgobniieuo. 


H. ] 

H. 


quod difforontiale, quia P debet esse quautitas algobraica, cs 
reddendum. Sunt autein R et r quantitates algebmicao, ob on 
algebraicas, quaro et 

_a 

L 1 

3 


exit quantitas algebraica. Posito igitur brevitatis gratia 

3 


= t, orit (IP = Tdp, sen P - Tp — JpdO 

(1 — i? a ) T Ur 


Quo orgo P sit quantitas algebraica, fauio fpdT 

(IN t n TdN 

V = W ot P “ Hr ~ 


N, eritque 
N. 


6. Hac igitur ratione iam assucuti surmis valorcs algebraioc 
quibus substitutis utriusque curvao abscissae fiunt nequales. Prut 
ipsao onuit aigebraioae, si modo R, r et N fucriut talcs. Scd quo an 
fiat qnoque algebraica, Q ot q ita detorminari debeufc, ut Q q 
algobraica. Est vero 


Q + q ~ J RdP 

Ponatur igitur 
eritque 


f \rdp ~ RP + rp — \PdR — jpr 

J PdR -f $pdr = M, 

p - — ? ,( b' 


atquo 


Q + q= RP + rp — M. 


6. Cum autein iam supra inventum sit 


nlur hi valorcs in aequationc 


j prodibit 


PdR -}- pdr (1M. 


TdNtUl , dNdr 

—dr -mx + st" 


= (IM . 


r> M cat quantitas nlgebraioa, oportct ut hie ipsius dM valor possit 
Integrationo autem institute prodit 


TNdR Nth 
" dT ' + dT 


'N{dM -h c l- 


Ttl.li , dr \ 

dT + a ' dfr 


) hoc integrate -- u t ideoquo debot esse 


N = -— 


d u 


, rj . , Tdlt . } Ur 
dll + d ■ - (77 r -!- d ■ ; (T 


, r et u quantitates qiiaecunque algebraicac aeeipi potorunt. 


iintis igitur pro It, r et u fnnetionibus quibnscmique. indetcrminatac^, 
uoqito T in z, cum ait 

m _ (J _-ryfdX 

1 3 

(I — R*)*dr 

postrema aequationo reperiotur quoque N in z. Inventa autem N 


,, TNdR , Ndr 

u = -dr- + HT— u - 


modo dabuntur P et p per z ox aequationibua 


labebitur 


r> TdN ST , dN 

p= -dr— Netp = -3T 


Q’t <1 ~ RP + rp — M. 


is igitnr deterniinationibiis consecnti. sumiis priino, ut eurvarum 
bscissao sint aoquales, seemido ut utraque curva sit algebraica, et 
renmn sinnina sit rectificabilis. Quaro videamus, an quoquo eon- 



et q proveninnt, cavcudum tnutmu cat, no Hat inlo$ 
dq ■.= rdp, orit 


atque 


I ' , PdrdN 

q = — ( prfr - rp — j 


4? = up - ^ 


0. Quo autnm apparent, quomorto ovitari possit 
pvolilema ctiaiu quinta adiecta coiulitionc sol van' 

curvn ntmqnc non solum sit irroctiticabilis, sort otiam ut i 
a data pcndoat quadratum, puta a \Zdz. Ad hoe igitur 

I ~ uc * J ^duei. Est voi'o 


t'MN _ N(lr _ r dr _ Ndr C (ltt 

J dT--'dT ' 

posito loco N cius valorc § G invento. 

10. Ponatur brovitatis gratia 


d • 


dr 

d'i' 


. i , . Ur 

dll + d ■ - w + d ■ rfT 


= 5, 


quae ergo quantitas cx solis r et R cat eomposita. Quarc 
('drdN Ndr C r. •, Ndi 


Vial, igitur 


lU’tuj* war f Cl , i\ar ei l 

J dT ^\IT~ "J Sd% +J 

JttdjS ~ jZdz, 

Zdz 


uncle lepeiitur 


icle cum eadom quadratura infitiilis modis possit oxhibori, non solin 
tvario.s ipsavum li ct r valorcs warictas infinita obtiiietur, scd ctiar 
micros ipsius n valorcs; quibus taincn omnibus eflicitur, ufc curv 
aitarum omnium reotificalio a qundmtnm proposit-a fZdz pendent 1 ). 

JI. line igituv ralioue iimmnorabilibus modis solvi problcnm non s< 
ritio proposucrum, scd nrliccta insuper comiitiono peiiclcntiao roctifica 
r aruiu invcnieiulavum a data quadmturn. I’roblema igitur lino 
turn ita est propononduni. ])uas invonire cutviis idgcbraicas, qn 
usque rcotdioatio a data pendent quadra turn, duorum autoin aromnn c 
:issao icspomlentium suinina sit rectifieabilis. 


12. Tpsfte autem eiirvae quaesitae dctovnimabimtur ox assumtif 
lis li ct r valoiibus algebraicis atquc ox u propositain quadraturmn i 
mlc. Ex bis cnini roperiuntur P ct -p, quibus invontis orit curvao A 

3 

abscissa — —— ot applicata — P -\- — ~fjf~ ' • 


:i‘ius vero ouvvac /i 

3 

abscissa — - 

3 acqualis crit illius abscissae; at 

applicata crit = p -[- —~ • 


l) Ci. C’oimnontutioiiom 24f> huius voluminis. Vido quo<|»io Coimnoiilntiono.s (122, (I5( 
782, 817. Specimen singulare aimlyseoa injinitonou indetenninatne. Nova acta acad. sc. Pci 
p. 47. he formulis differentitdibus, quae, per duos pluresvc quantitates ilulas mulliplituiiat 
abiles. iVouo acia acad. sc. Pe'.rop. 7, 1703, j». 3. Sohdio ■problemutis ad unalysin inf in 
■rininntontm rejetr-mli. AIdnoircs (Ic I'ucad. des sc. de St. Pdlcrsb. 11, 1830, p. 02. Dc it 
i algebraicis, quarwn longiludo itidejinila urcui dtipUco uequutur. Mimoires dc I'acad. des 
Hcrsb. 11, 18110, p. 00. he hints curvis algebraicis eadem rectifications yundentibns. Memo 
. dcs sc. dc St. J’dersb. 1 1, 1830, p. 102. Dc lincis curvis, quorum reclificatio -per datum qundn 
iratnr. Opera poslumu l, lS(i2,p. 439. Lhoniiahvi Nui.kui Opera omnia, sorioa I, vol. 23 ot, 21. 


i.NJiAlim Kkm-jui Opom omnia I 22 Commontnlionoo uimlylicno 


ot curvao B avcun cidem abscissae vosponrtens evit 


<lp( [ — P) 
— dr 


-+• b d v- 


Pendebit autem tain [BdP qiiain [rd-p a jZdz; nihilo tn 

[HdP -f [nip 

algcbmice potent exhiberi. 


13. Douiqne ex ipsa solutiono satis intelligitur vnc 1 
opera solvi posse probloma* si non areuum siinuua, se< 
dobeat cssc algcbraica, vol ctiam snmma sen differentia qi 
ptorum honim areuum. Quamobrom supcrfluiun foret 
attingcre. Ad institution quidein plenius persoquondu 
cxempla quaedaui ovolverent-ur, sed cum ad prolixiss 
pcrvonienduni, ca potins omitto aliisquc investigauda relii 



)E CO N ST IvUCTI ON.15 A.HQ LI AT I ON CM 
TICS TRACTOINII ALIISQUE /AI) MET11 ODUM 
GENTI CM IN VEINS AM. I’ECTINUNTI BUS 


(,'oininoiiOiLio nl imlitiis E»i:!in<o3;MiANr 
monlnrii itutuluminu Kciontimum PoU'cipolUinmo 8 (17110), 17-11, |i. <»0—8T> 


u tractorio curvae liucao dosoribnntur, duni filum datao longitu- 
termiuo pondus anncxmn liabons, nltoro termini) in data linca 
vc ourva protrahitur; atque ca linca curva, quam pondus inotu suo 



actoria vocatur. Ut si (Fig. 1) filum BA in A ponderc onustura 
n linea data BN protrahatur, linea AM, in qua alter terminus A 
erit curva traefcoria. Huius curvae ista nota est proprietas, quod 
no positum sit in tangento curvae trnctoriae; scilicet quando filum 
J M et hoc modo punctum M curvae tractoriac gencrat, crit recta 


ciu va BN pro tractoria A M aequalm potest mvomrt. 


2. Ratio autcm Indus descriptions e\ miv.hanUm 
motus natura pomlct. Movctur euim corpus semper in m 
protrahitur, si qnifloin quicscit; utque hoe ensu dimdio li)i, 
est tangens curvao a corporc doscriptno. At si corpus jam 
directio a direelione fili discrepant. Q.uam quo motiiH i 
positioucm fili incidat, oporlot ut moltis oorpori iam im pros: 
pereat. Ad hoc ergo obtiucndmn roqidritur, ut Imm d< 
super piano horizoiitafi ct satis aspcro, illud quidem, no ’ 
tioiicm irumntet, hoc vcro ut fricfciono onmis molim inn: 
Praeterea fiiiun tardissinie protralii delict, quo olTeotus lri< 
et corpus nihil de pristino motn rolinont. 

3. Si igitur hoc modo curva traotoria A ill deserilmt 
proprietafccru, ut ex quovis pmiclo /)/ duota luugous /!/, 
curvam BN sit datao magnituclinis. ICx quo pcrlaciliH ori 
curva tractoria AI\I invoniendi curvam UN, cuius ilia ost 
fili longitudine. At cx data curva UN imumiomliilos oriri 
longitudino fili immututa, proul initio positio fili HA ad 
incliiiata. Longe autom difficilius est per calculuin ox data 
tractoriam AM qiwun ox tractoria A M data ourvain H /V. 

4. Obsemivi antem gcomciricani oonstruotionem true 
pendore a rcsolutiono acqiralionis 

c/s -I- xtidz : Adz, 

denotante Z functioncm quameunquo ipsiiiN z. Qimre 
constructu sit valdc difiicilis, tjuippo multo ptmomlior (pm. 

da -|- xftdz z ,,l dz, 

quae u Com. Kiccati 1 ) quomlum emt propositn, ojim consti 
motus attontiononi meretiir. Quae couslructio cum sit pi 
simplex etfacilis, opomo prctinm oril aoqmilionis lmu f Uffio 
ad motnm tractorium reduxisso. 


1) Vide nntmo j>. yj. 


A P x ot PM = //, sitt^uo dy — pdx\ 
nom fiii voro A H vcl MN ])onu = b. I I is [msitis erit 1 ) 
1/(1 +VV)- > MN (b) : PQ(l - x). 


|/(l -|- p-p ): p — M N ( b ): QN - ■ PM (it — .?/). 


ur fit 


V(\ -|- pv) 


— I - - - x ct —- 




|/(1 H- pp) 


^u — y, 


his porro pi — px u - - y. Hanc postremam Aoquationom cUU’oron* 
do pdx loco dy, quo facto prodit 


pdl -\- ldp — xdp — du 


x = l -h 

ox prima acquationc 


pdl 

dp 


d u 
dp * 




inotur ista aequatio 


vV -f -VP)' 


du = pdt -|— rr\ i} —\» 


iao tantum insimt variabilcs p ot l, quia u per l datin'. 


Cst autoin p cotangcns anguli MNQ posito simi toto -- 1, quaro 
latio opo motus tractorii rcaolvitur, per ilium onim innotosoel angulus 
sqno conscqnontcr cotangeiis, cui aoqualis est p. Ad irratioiiaJitatom 
Ilcndam pono 

1/(1 -|- pp) ^ p A fj son q = 1/(3 -h W) — Pi 

mi j/(l -|- pp) est cosecuns anguli MNQ ot p oius cotaugons, orit 
snta trigononictrica q tangens somissis anguLi MNQ. Per luinc voro 
onoin est 


/ (6) significal 6 usso longiliiclinem linoao J\IN. 


H. U. 


atquo 


^ = ~ d 4‘ 

1 1 VI 


Hinc ergo erit ~ ~ , Mejuo .superior ucqmilio ti 


2 qdu dl ■— ijcfdl — 2 /jf/iy. 


7. Ad lianc aoquatiouem ulteriws roduccndam polio 
'Ibqdr-\- 2brdq ■= rdt — rqqdl; 


in qua !. ot r ft so mntuo pendent, quia l esl AQ, ob bh 


qr — h sou q -- » 


2 bds =-* rdl — 

r 


Sit nuno 


—- =■ 2 bdz ob nil 2 b7dz, 


rr = 7j ot r — j/Z. 


Pmoterca cat 


dl 2 = 4A a /r/»* ob l -= 2h\dz\/7. 


Por z igitur curva BN ita dobonniuabnr, nb sib 


AQ 2b[dz\/7 ot QN - 


Quia orgo curva BN datur, dubibur simni 7 per z. Kaotis 
tntiouibus habebitur 

ds I- ssdz = r 7dz. 


8. Proposita ergo aoquatione 


ds -b ssdz ~ 7dz 


viUo!' ipaiim ,, X K,v 2 wqnenli mode, potent ddiniri. Ooiistnmtnr nui 
lniin.sHiodi, ut amnia 

uh^isMii AQ '■lh\dz\/Z sit npplicalu QN ^ h lZ. 

'I’mn (ilo lon^itudinin Hoemulum onrvum BN protmeto rlescribatur ti 
AM, Dtiinclo dm-atm 1 tautens M /V, qu/io otiani ipso /ilo cxhibcbitiu 
U'seotquo ungulus /)/ NQ % onins dimidii langcns sit q. J-J 0 c facto orit 

H -- (( v — q\/Z. 


0. Coordiiiutao autem A B ot PM ourvao tractoriao itaschabcbu 


ot 


,1 /' ,■ ! -A..... - f. 2b <! 

VA \ VV) I -I -tfq 


V n . r!) 

c(i -| VP) l-f -77 


Quia antem ost 

t ‘2 bjdz}/Z ot u atquo q ■— * 


onl 1 ) 


3 

yyp 


(Ox his imn almo imscimtnr ooustmctiones acqnatiotiis 


dft -|- ssdz ~ Zdz. 


Per molnm onim tvactorium inuoteseunt coordinutac x ot ?/ curvac AM, 
cx bis ceit 2 ) 


vcl 


.5 - W 


X) 


u -I- b — y 


vel 


„ _ ZZib — uA- n) 

s - 


I) Editio pi‘inc! 0 ]>s: 

x = 2bft£zy'Z~~l£ cfc 


h . he — bX 

y = * lz + -+n- 


2) bJcUtio pi-iiicops: 


Z{t — x) 

' 2byZ~ t + * 


vcl 


X(b — i* + y) ' 
b + n — y 


CorroxU 


Conesit 





10 Aequatio vero mtei * ™ y 
invenitur. Bat enim ex aequatioiubns supra mven 


t — x 


/(l +'pv) 


# - 


Y(d 


ot 


. _ = nj J__ 

u — y-r yfTf pp) J V(o 


Ouare A in aequatione data inter i ot u loco t o\ 
m'odibit aequatio inter a- et y pro traetorm AM 
Llis priini giaduB, si aequatio inter t et« fuer.t 
tione, quae plernmque fit maxime intrroata mlu 
AM attinet! potorit eoncludi. Ommum auteur 1 
lutio pendobit a resolution hmus 


11. 81 ergo proponatur haeo aequatio 

da -f s*dz = a*& n d 


quae cat ea ipsa quam 


Com. Riooam reaolvoudai 


% = a* 2 J an et J dz\/% = 


atqne 


2£ = 2 2ft -I- 


Hine erit 


Quia autem cat 


et u = bla 

n + 1 


2abz n ' vl 
l = T+i 


erit 


U ^ll^L-\-(n + 1)*» sen Zz 
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Quo valor© in aequatione altera u - bla -|-■ 
pro lubitu auetis vel diminutis habebitur is 


jt aequutio inter t ct u , cl indicat, curvam BN esse logarithmioam, cuin 
gens constans est = -~ t -. 

. Pro hoc ergo casu conslruatm- (Fig. 2) lognrithmica ON ad asym 
4B, cuius subtaugens sit = -~-r. Prodncatur quaccnnqnc appJicab 
lao pro axe habeatur, et motu tractorio fiium longjtudmi.s b altei'i 



in logaritinniea protrahatnr, describatquo alter terJninus tractoriair 
omittantuv cx punctis M ot N perpendicula M P et NQ, erit 1 ) 

VZ'PQ az"-PQ 

S ~~ b + QiV — PM ~ b + QN — PM 

t= y ( »+jMQ. 

v 2ab 


iciilfo princopa: 

2 b \ Z — PQ 


a*z s “-PQ 
'2abz"— PQ 


sumto Z = 


,,+ / 2 (n + l)AQ 
ab 


Con oxit H. D. 
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possunt construi, dunuuodo sit taugens MN sen iilum 
logaritlimicae ut n -f 1 ad n. 


1H. Hequento prnetorea modo aequ&tio 

ds f ssdz =- a 2 z* n dz 

potest construi. Super axe construatur curva paraboloide 
QL — Zt hac aequationc oxpressa 

* " 2ab 

Deinde filo longitudims b super logarithmica DN , ut ui 
describatur tractorui CM. Turn in paraboloide sumatur 
eaque prodncatiiv, donee logarithmicam secet in N. Ex N 
loiigitudinis 6 ad trnctorinm, et ex M demittatur pcrpcndi< 
faetis orit 1 ) 

{n d- • PQ _ 

~2b-QL(b +QiV — PM)' 

Vci etiam posita taugento climidii anguli M NQ = q, crit 2 ) 

„ _ (a H- ^ )AQq 
2b-QL 


14. Cum mothodus, qua in roductiono aequatioi 
dcscriptionem tractoriac sum usu3, maximum habeat utili 
problematum geiieralimrijquaead motUodum tangontimn i 
hie nonnulla huiusmodi problemata adiungam eorum 
modum ostendam. Cuius roi ratio quo facilius pcrcipiatin 
est, quam variis modis natura cniusquo enrvao possit dot 
sint illi modi, ex quibns facillinie diiudieari possit, an 
algobraica, an transcondcns. 


I) Edttio ptinceps: 


• PQ _ 
&J*(4(n+ 1 )AQ.QL~PQQW) 

2<» -f i )AQg 
8 - bUZ — 


2) Eclitio princops: 


phcntam, qnippc cx qua quaelibct curvac puncta fncillimc possunt invc 
; huiusmodi ncquaiionc spoutc scquitur, ulrimi curva sib algcbraica an sc 
tn si acquatio est algcbraica, cnrvn quoquc talis consctur, sin vcro ncqu 
mit transcendens, curva quoquc transcendens habclur. Eadcm voro < 
:sio dcduci potest cx acquatioiic inter alias rectus lineas, qnae cm 
turam expri mat, si inodo positlo eavnm roctarmn non ab ipsa curva pond 
1 vcl ad datum punctum vcl datum Jincam referatur. 

10. At si positio enrnm linoarum, inter quas acquatio ourvae mitu 
primit, sine curvao ipsius cognitionc dofmiri non potest, ox ca acquati 
urn singula ourvae pmiota immediate inveniri non possunt. Ex lmiusn 
oque aoqnatiouc, otsi est algcbraica, tamcn non scquitur cnrvam esse a 
licam, sed aaepo muxime erit transccudens. Qimmobrcm turn ad const] 
iicm turn ad cognitionoin curvao huiusmedi acquatio in aliam est tn 
itanda, quae sit inter linens, quarnm positio a curva non pendeat. 

17. Optimum igitur ad coguosccndain ct construcndam ourvam re 
un erit acqualioncm, si fucrit inter linens, qnaruni positio ab ipsa cu 
adcat, transnuilure in ueqiuitioneni consuclam inter ubseissam ot applicat 
hoc nutem negotio smnma cura est adhibenda, no in prolixissimos calci 
rcsolutu ditficillimas nequationcs incidamus. Facillhna onim videlur 
msmutnlio in aoquationem inter abscission ct applicntam, sed hoc m 
:rmnquo in inextrieabiles tricas dolabimur; id quod unico exempio ostem 
Ticiet. 

18. Expnnmtiu' (Eig. 3) curvac AM natura aequatione inter norma 
curvani MN et portionem axis AN; quavum MN vocotur u ot AiV 
quo acquatio curvao naturani oxprimens Jiaee simplex admodum w 2 = 

nunc ponatnr abscissa A P = x ot applicata PM~y, atquc cui 
montum, quod est ]/{dx 2 + dif) — ds, orit 

MX = *=*£<* AN =t = x + *g. 

iare si hi valores in acquationo substituantur, habebitur qnidem } 
luatio 
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inter x ct y, ex qua ncquo cuiwiruuwu uuivciu cvypai^, 
algebraica an sccus. 



19. In hoc quidcm casu acquatio invonta 

ifds 2 = axdx* -|- (iydxd}jt 

quia difl'crentialia duns tantum habent dimensioned, in aeqmitio 
dimensionis niutari potest, prodibit onim post to dx 2 -\- dy 2 loco ds* < 
radice quadrata hacc acquatio 

2 ydy = a (lx ± dx \/{n a -\~ 4. ax - 4 ?/ 2 ), 

cx qua autem non tam facile natnra eurvao coguoseitnr. Kx quo int 
mngis compositam ucquutioncm inter t ct u assumsissomus, turn 
ad aequationem ditt'erentialcm imius dimensionis perveniri potuist 
tamen a Cel. Bernoullto in Act. Lips. ostensum cst 1 ), quotics deli 
algebraica inter l et it, toties qitoquo aequationom inter x ot y foro al 

20. llano ob rem alia via cst proccdcndum, si ox acquationo 
aequationem inter .r ct y eruerc velimus, atquo hoc observavi coir 
effici posse eadem motbodo, qua auto constructionem acquatiouis 

ds -|~ «s sdz = Zdz 

ad motum tractorium redaxt. Hac enim methodo statiru appare! 


t) Vido loir. Errnoui.ui Lecliones mathematicuc de methodo integrulium aliisquo 
vsumlll. Alarchionu Uo&pitalii.'LQctw 13. Operaomnia, t. Ill, p. 431. 


. Rotincanms igitm* onndcm camun silquo nequalio inter A N — t c 
s u qmiocunqno; nmneant ofcinm 


A P -■ x, PM — y ot [/{dx l |- fly 2 ) =- ds, 


t a: 


iv dy pdx-, orit 


ydjj 

dx 


et % 


yds 

dx 


l = X -I- VV ot U = ?/)/(1 -|- pp) sou y .-= -(j-l-pj. 

sntiotm* haoe acqnalio, Imbcbitur 

, , du undv 

(ly — p dx = . — r —.- —:r , 

1,(1+prt 0 ■ PPV 
puitio aulom (liflurouliata dat 

(It ~ dx ppdx - |- ydp 
pdx loco dy, ox qua obtinotur 

dr __ y fl v. . 

I -I- VP I -I- VV * 

or p rnultiplienta locoquo y oins vnlore Kulmtitulo dat 

pax — ;! , 

1 vv (I-l VP )' 1 


im ilia eoniuncta pvodit 


pdl 


y{\ 


- , = du. 


5. Ex hue acquationo invonta statiin obtinotur 1 ) 


P y(di 2 '~(lu i ) ct 17 ^ v7>) ~~ ytfP—tWy 


Ponoudo <11 « 0 son t = u conslunti, prodilmnt oirouli. 


11. D. 



(U 1 ^ at 

Quamobrcm si aequatio inter i ct u Xnerit nlgebraioa, aequatio ini 
quoqtie crib algcbraica, ex eaqtic constvnctio eurvao quaesitac facile fl 
a qua quadratnra pendot aequatio inter / ct u, ab eadem qnadratun 
aequatio inter x ct y , et conseqnentcr quoque construetio ipsius curv 


23. Tn easu speoiali, quem an to considcrabamus, erat u 2 -- a 


. M a . . , 2 lulu 

l -- et dl —- 

a a 


atqu© 


j /{dl 2 --dn*) = • V(^w a ~a 2 ). 

ft 


His igitui* substitute proveniot 


y — 2 \/ (4 % 2 — a 2 ) atqno x — - — 0 . 


Haec a atom dat 


4 u s = 4 ax d- 2 a 2 ; 


qui ipsius 4 ?i 2 valor in ilia aoquatione substitutus dat banc inter x e 
tionem algcbrnicam 


2 y — j/(4 -|- rm) hoc ost y 2 = -|- t » 


quae ost aequatio pro parabola abscissis in tixc ex foco sumti.s. 


24. Si (Fig. 4) curvae AM taugens MT ad axem PA usquop: 
atqno cx A ad axem perpcndicularis A V crigatur, detnr aequatio in 
A V, qua curvae natura exprimitur; oportcatque iuvenire aequatio 
abscissam A P ct application PM t seu construcrc curvam, qrnic om 
per punota T ct V ductas tangat. Positis 

A T — £, A V = u ct A P ~ x, PM ~ y 

erit 



i ponitur rclatio inter i ct u, quae sit quaecnuque. 



Hit nuuc. dy ■- pdx, crit 


l ^ J — x 
V 


(it H --- 1J ■ — p X. 


)ro posterior aequatio (HITorcntiata posito pdx loco dy rial 

— dn 

dp 

res vero in priorc acquationo loco x el y subslituti dant t = 
Erit orgo 


dn = xdp ct 


u 

V 


SCI 



udt 


if 


_ tldu _ utdu 

,t; — udl — Idu ° y — u ' uc if —tdu ' 

Drum patet, qtiolies aequatio inter l et u fuerit algebraica, totics curvair 
oque fore algobraicam, propter acquatioucm inter x ct y algebraicant 


Mancnte acquationo inter AT, l et AV, « quacunqite, si loco rec 
super axe AT verticibus T infinitao parabolae TVM doaeribantu 
eta V transeimtes, invenienda proponitm* curva AM, quae ab hii 
's omnibus tangatur. Positis 

AP ~ x et PM — y et dy — pdx, 


Quia pcrro parabola TV M tangorc dobet curvam A M, 
tangeutem in puncto M atque ideoqucqno subtangcntci: 
subiangens parabolae in M --= 2 PT ~ 21 -j- 2 x, qua* 

ydx __ y 
dy ' p 

subtangenfci curvae quacsitae AM> unde oritur 

y — 2 pi -1- 2 px. 


27. Harum dnarum aeqmitionum si prior per 


prodit y = - — t quo valoro in altera acquationc subslit 


x ~ 


4 -p*t 


Differentiatin' mine ulraque aequatio; evit 


, , udu u 2 dl u*dp 

d„=pdx=- T - I - i - ¥jjri 


et 


j udu u' l dl u 2 dp j 


Ex quibus aeqnationibus dx eliminato prodit 


udu 


u 2 dt 


Hinc ergo erit 


-fit + v dt = rpp seu ^ = lit ~ 


t _ 'l Udu _ w 2 

udt — 2tdu G y y{u 2 dl — 2 ti 

Ex quo perspicitur curvam A M toties esse algebra 
inter t et u tabs fuerlb. 


23. Duo haco posteriori problemata alio quide 
pessunt quaerendo punctuui,queduaccurvae proxima 
erit eontactus curvae quaesitae AM. Semper autem 


iu uu aeqiitiuionem uigermueani inier x ot. 1 / per piures uuiereni/uue 
lOiiOH perveniri qucnt. 


. Si (Fig. 5) inliniUe rectnc 7?JV intm anguhmi rectum A quonic 
no, f\ierint, cliftpositiie, ita tit. carom pomitio oxpvirualuv acquution 



iqno inter AN, t ot All, 11, invenienda proponatur curva UM, qua 
has recta,s ad angulos rectos traiieiat. Fositis 

A V — x, PM — y ot dy — p dx 


]’N = = py, 


N in enrvain oat normals; ideoque i = x -|- py; doiude eat 

dy : dx = p: 1 = /: a. 


*vit 


t . , idx 

l — pu son v ~ ot dy = —. 
1 ' U 1 u 


un voro aoquatioucm est 


11 x 

yr=u —-T-; 
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in qua aequatione dime iusuiit, variables x et /, quia u per t 


;}0. Aequatio postrcuui redneta in imne abit 

. i'tdt + udu dt\ tudu 

dx + x \lilTir--t ]“« + ««’ 

qnao per imiltiplicata fit integmbilia; orit autem 

l /’ udu 
x V[tt H- ««)",! V(U -\- uu) 

cjiie eognito habebitm* simui 

u (‘ udu 

^ ~~ n y(tt -f k«)J \/{tt + un) ' 

Quote ergo 

udu 

\/((t -|- nu) 

integrationem adinittit, toties curva B M evit algobraiea 1 
construetio pendet a quadrntura 

/* udu 

J \'{U + MM) ' 

31. Consideremus huins probleinatis casum, quo HN 
magnitudinia nmuet; sen quo 

V(U + uu) a f vcl u — \/ (ft 3 — P), 

Erit ergo 

/* udu ___—tt 

J -f uu) ~ ~2a~ * 

nbi comtantein non adiioio, ne ad inaxime eompositas ae 
Hoc invento erit 

_ l'i 

X=Z T^ att l UC t =r- —f 2 ft 3 X, 
l) Duttimodo inlogmlo sit iilgobraicuuu 



// = 


u(l — x) 

l 


y ■ '■ a — I /(d‘ — \Vi a'x*), 

V'±a l x 


meudis qnadvalis transit in hanc 

‘.l ax 2 


; -----a-- a- -~r, 

yA ax 2 


mcndis cubis in sequcntem: 
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(a 2 — x 2 - - y' 2 )* — a 2 x\ 


t pro linen sexti ordinia. 


.Dantuv nutom pvaete)' bane curva-m infinitao aliao quaestioni acqti 

'elites, quae inveniontur, si nd intogiulo ipsius u 7t) ( l uan ^^ 

iquo nonstans addatur. Maximo autem noquatio intor x ofc y crit coir 
iroptcrcn ciuod ox aoquatiombua indotenninata l cliuiirmri dobot, qtin 
>uor dimcnsioiics nscondit. Interim tamon oonstrnctio erit faoilis. 



>SimiH inodo problcma solvi potest, si loco roctavuin puncta Ji et i 
iium eurvao quaecnnque per haec puncta ducantur, quae a quaesita a 


Infinitns vero has ellipses ad angulos rectos traiiciat ourva M M, q 
Poimntur 

AP ~ x ct PM — y atquo dy = pdx, 


erit ex mitma ellipsis 


u .... . . _ n 2 x A 

y - ( \/{ll -- aw), sou y z u 2 - 2 -. 


34. Ad ellipsiii in pnneto M ducatur nornialis AIT; erit 
ditioneiu probleimttis simul tangens curvao quaesitao Hill. Qu 
MT est nonnalis in ellipsiu, erit 


j),p _ idx 

1 ~ l 2 • 


At qmitenua M T est tangens curvue BM, erit 


pn' _ _ V 

dy ~ v' 


Quocirca habebitur ista aequatio 


cuins differentialis est 


pn fi a: 

V -= -p-; 


dy =. pdx = 4 . l V}&£n , fxdp 2 p fPxdt 

I , 2 r .. T ' ,, — - 


OX qua fit 


pdx - a 1 !! x i <l P_±— 2 ■piAxdl 

t{l 2 — u z ) 1 


Prior vero aeqnatio clifferentiata dat 


ydy - == mlu - *2*1 __ i *’**«» 

11 l z U~ + ~7.'f~ 


*(PPd-l) 


tics vcro aoquationos coniunctac y eliniiuata daut 

.,4 . . 

tt -(- ppuu * 

ins x 2 valor si in ilia acqnationc substituulur, proveuiot 

VP -h 1) {%ptdu + tudp — 2 p-udt) — p{tl — uu) (qPudu -|- Idl ). 


r 


ista aoquutio 


V -- 


qU 
u u * 


tudq (tt-- nu)(q 2 i 3 du -\- iVdi) 
q <f V -\- id 


* aeqnationis uonstructiono vcl soparationo ipsius q ab n ot l pcmle 
<otio eurvao qnaositao. 


. Ilaboal oxoiuj)li causa A U ad AS mtionoin datum, sou sink orniic 
i inter so similes, crit u — nl; atquo gonorulis aoquatio ubibit in ban 

dq _ (I — 71 n)(q z dt -f 7l z dt) 
q qH -\~ n A t * 

variabilcs t et q separari possunt, prodibit nam'quo 

(1 — 7in)dl ( q 2 -\- n A )dq _ 7i 2 dq (1 — 7i 2 )qdq 

1 <7(7 3 -j- w- a ) ~ q q 2 -|- » a * 

itegrata dat 

( 7 ^ 1 rn‘))'"“‘ '■= C( i“' 80,1 1 = u 'i'~ n ' l/ («’ + “">• 

' g0 

u — naq l ~ H% \/(<f -|- n2 ) ct x = naq 1 -’ 1 * ot y =-. qx. 


; ot y orgo clicitur ista acquatio 


pro curvis paranoueis; quuu uuugtuiu vi.m 
lnililms iaui pridcm sunt detecta. 

37. Quando in astronomia physica ox data vi contvi 
mbmtur, qnmn corpus pvoiectum describit, porvenitm* statin 
inter distantiam corporis a centvo vmnm et perpondicub 
tangentem cuvvae demissuin. Difficulter autom cx tali act 
potest, ut-riun curva dcseripta sit algchraica an tmnscenclen 
est aequationem inter ooordinatas orthogonales simplioi: 
Methodo vero nostra hactenus nsitata haec qnaeslio faoilo e> 


38. Sit (Fig. 3) coiitrum virium A ct eurva a corpora■ 
BM l ); poimtur distantia AM = t et in tangentem MV ox 
pcmliculum AT = u, sitque curvae natnm aeqnnlione into 
In axe per A pro libitu clucto sit 

abscissa A P — x t applioata PM -- y, ct dy ------ 

erit 

t — \/{x 2 -f if) et u = ~r-- h ~ -. 

y J ' r(i ~i~ vv) 

Place posterior aequatio vero difterentiata dat 

^i/d-i- pj») + = —*#. 

unde erit 

x - ~' llu 'C d- yp ) _ jni _ _ — p duyj i pp) 

dp b(l -f VP) J ’ dp . 


39. Substituantur hi ipsorum x et y valores in acquat 
quo facto Imbebitur 

dp 2 ’ 

unde oritur 

-Jl- 4-_*L_ 0 

i + pv y{it~uu) " 

Deuotet 



n a) 


]} U null solot CSSU C.urVHC, punctilio. 


ite A arc inn cuius tangons esfc quaiititas adiunctn. Quocirca evil 


V 


u tom sit 


b-q 
1 bq 


(3t }/(\ -j- pp) 


VO + +qq) 

1 -|- bq 


du _ — )'(lt --uu) _--(1 -}■ bq) 1 V{lt — uu) 

dp I -H PV ~ (1 I- bb)(l + qq) 


(1 -\-bq)\/{tl — uu)—(b — q)ii 

F[r-j:^T(T-h"^j 


(b — g) V{l l — uu ) - h (i + hq)u 

W+Wfi + w) 


. Quotics ergo aequatio inter i et u cst algebraica simulqno ita coir 
nt ( — - —-denotot arcum circuit ouius tangens algobmieo note* 

•i, totios eurva a corpora dcscripta orit algobraioa, eiusque aequati 
jordinatas ortliogonalCvS algobvaica por invontas formulas iuvciutni\ 


. .Si dotur rolatio inter radium osculi MO ot partem oius MN sc 
em aequationo quacunque, acquatio inter coordiuatas AP , PM lit! 
; potent invoniri, ox qua stalini apparent qnibns casibns curva fit 
i,ica. Sit ueinpe MN — t ot MO — u dataquo sit aoquatio quaecunqi 
et u; ponatur 

AP = x, PM = y afcqno dy — qnlx. 


•go oloinontnm curvae 


= dx ]/(l -|- p 2 ) ot ddy — dpdx 


dx constant©. Ex liis igitur erit 

MN =s t = y ]/ (1 -f- pp) ot MO ~ u 


5 

— <Ja:(L 4- PP) 2 
dp 



prior dift'erentiata dal 


Ay = V dx = *l±ft!L-$L *£. 

(1 -f !>/))* 

His orgo aequationibns coniimctis habebitnr 

pudp •-= ptdp — dt — pp(It. 


42. Aeqiiafcio hacc inventa, quia u per i tlari poniti 
bilimn separafcioncm, abit onitn in luuic 

pdp _ dt 

1 -|- p'p “ T~ u ’ 

cuius integralis cst 

M/U +pp) 

Sit 


crit 




Hina orgo porro esfc 
icleoquo 


)/(l + pp) ct g/= 


rfy — ~ ? K ^ “ i/ (77 — 1); 


•77 


__ f* qdl — tdq 

x ~ J wVWT—'i) * 

Ex quo pcrspicifcur, nt curva A M fiat algebraica, duo requii 

r dt 
J t — u 

logarithms possit exhiberi, atqne turn, ut 

qdi—tdq 

(t 

integrationem admiltat 1 ). 


qqy'iqq—l) 


1) Noeosso ost ihsupnr intcgralo algobrnico oxprimi posse. Quod non fit 
ulur, u = — t, t a q*. Cf. notniri p. 98. 


q :•= a m ~ 1 p- w atqno ?/ — 


mi tern porro 


4ii Jm fli 

dy —■ = pd.r — dx\/ (« a "‘“ a — 1 ), 


o fit 


/.„ _ mishit _ _ |*_wi aM - a «f< _ 

,t:,: aUlUC ,r ~ J ««•” p ( a a.*-X“'* 


:juo porspicitureurvam fore algebmicam, si haec formula fuorit integral 
autcm ovenit, quoties vel j- fncrit numonis impur aflirmativia 
in. 


vol - numorus pur affirrnativus sou*) m -,r*--r- r flcnotai 

2 % ’ 1 - m 1 7 2« -f- 1 


leruni integrum aflirmativum*). Otisns autcm quo n — 1 dab l « a 
- 0 sou i =: u = constants, ox quo cognoseitur curvam esse eirciilum. 


44. Data sit nime aoquatio qnaecimquo inter arcum AM ot ra( 
ili MO, ox qua dotorminari debeab aoquatio inter coorclinatiLs AP ot 
)d unfcoquam quomodo invoniendnni sit osteiulum, obsorvari com 
c ourvus oxprimondi rationom per nequationoin inter areum ot rat 
ili maxima ad ourvus eognoseendas esso accoinodatam. Aoquatio c 
r coordinatas ortliogonales, vel inter radium ot porpondieulnn 
jjentem tain varias ot diversns formas snmevicUs aliis axibus alii 
rissarum initiis induoro potost, ut, ad quanmum curvam portir 
nivis curva sit notissinm, saopo difficultor porspici possit. Aoqi 
3, quae intor curvam et radium oscnli oxhibotuv pro divorsis tan 


l) ICdilio pi'inoups: u =-• m t. 


(,'oiTPxil. 11 


2) I'Milio pi'iur.npHi in 
n. 


2 i - 1 - 1 
2 i -f- 2 


21 .l i 

Si m —■ o~ — 7"o' formula oh l inlngrnlnliH, .swl non osl 
* % 'J* c> 

if 


2 i -U I 21 

;i) Ii'onmila orit intugnibilin ciiiotion vol fuorit in — -.—, vol in — , dojiotunto 

X U V 1 

un inlognim nivo positivnm sivu negativum; w<l inlogmlo ont algobmiimm ou ooiutitiono n 
;rnm poHitivimi. (Jf. notnm p. 44. II 


oniiahdi Kui.hki Opom amnia 122 Coirnnont&lionod analytical) 


M 


at iitrum curva c-ssct algobraica an transccndens non tarn facile n 
veto inoommodo sequenti modo occuiTCfcfcur. 


4f>. >Sit arcus AM — s et radius osctili MO - r dataqi 
qitaecunque inter s ot r. Ponuntnr AP - x, PM - y sitq 
bisque positis erit 

ds — dx \/ (pp -[■ 1) ct r — — 

Ex ilia vero acquationc esfc 

, _ its 

( ' c ~~ ¥Tpp + M * 

cx hac autem 

dx = —S‘h> . 

(P7H- 1)“ 

Qnainobrem proveniet lmcc aequatio 

ds (pp -f I) = — rdp sen ^ - . 

r 1 r 1 -\- pp 

Cds 

Denotet j - aromn circuli cuius fcangens sit q posito radio — 1: 


undo fit 


At - b — A l • q = At ■ p ; 

l -l- bq L ' ■' '''< J 1 *' “ l + b q 


P=£F& ct V{VP + 


Ex his oritur 


dx 


(I -f bg) (l8 
V(L -h hb) (L 4- qq) 


ot dy 


(b — q) th 

TTr+Tbj'frT^ 


; (L $ 

~ denotet aromn circuli, cuius tai 
por q possit exhiberi, atquo doinde 


l) At.b (.hmojniUo uroum cuius timgens nst b. 


iticmem admittat, fore curvam ulgcbraieam. 


» i» ds 

>. automabsolute potest intogmri, fieri quoipie potest, ut curv. 
pbraica: ut sit 


J 


r 


=- v, 


i lit 1 ) 


. 1 : 


A l - p = b —- v et p — t ■ A (b — v). 

J (Is cos. A (b — ?>) et \f •— J7?tf sin. A (b — v) 


;s orgo imec integmlia ita possunt oxliibcri, lit nonnisi sin. A {b — v) o 
(b - v) contineant, tobies ob 2 ) 


1 = □ sin. A (b — v) □ cos. A (b — ?.’) 

jio algebraiea inter $ et y obtinotur. Ut si fuerit r a, orit 

x — a sin. A (6 — ?>) et ;/ a cos. A {b — v) 
ic 

~2 _ 1~ '4 =- 1 hou ?/ a — a* — a* 2 , 
a 3 a* 1 


jio pro circuit) cuius nidius ost -- a. 


com. A (ft — J») ol. Bin. A (b — v ) idom Hignifleiint. quod eon (ft — i>) olnin (ft — v). II. D. 
(J »io. A (ft — v) ol □ cos. A (6 — u) idom Higiiifletuil. quod kiii 3 (ft — y) ol-cos 3 (ft — t>). II. D. 


DE INTEGRATION® AEQUAT] 

difperentialium: altiorum < 


Commentate 62 indicia En^bobmian* 
Miscoiinnea Berolinomiti 7, 1743, p. 193—242 


1. Quanquam atl resolvendas aequationes difW 
P “ adt,,C sunt mothcdi Ze Z 

v p i"s°,";“ r "T ”™ iS*,:" 


» Confer Commentationem 10 i„,i us v ol „ rainis . 



dus contiueatur, in qua differotitudc dx assunitum sit constant*, v 
)eat a)tom variabilis y oiun suis dHYorentiulibus dy, ddy , d 3 y otc. in sin 
minis unieani dimensionom, ita lit aoquatio, cuiiisoiinqiio dcmiun sit gri 
ucntem indua-t formam: 


0 = Ay 



Cddy ])d 3 y . Md^jj /<V/° y 
"'ll. i:*J ’’ dx*' ' l ~ ‘ d? (hr 0t0, 


qua littorao A, B, C, /> etc. signifioont quantitates vol mnstanlos 
3rtun vuriabilom x utounque involvontcs. Maiiifostmn autom est, lianc a( 
*iom latissime patero, non solum onim ob eocfiioientes indctermii 
B , C\ l) otc., quos simul fnnctioncs qimscunquo ipsius x assuniiimis, inn 
genemlis, sod ofciam aoqimtiones diiTorontmlcs cuiusemiquo grad us 
uplcctitnr. llano igitur tioquationoni, quibus casibus intogrationoin 
-tat, in hue dissortationo ovolvain. 


,‘l. Prinunn (juidom porspiouum e.st, noquntionom inlegruloni oompl 
oter quantitates oonstantos in ipsa noijimUono dilYorontiali cimlnnta 
ms constantes arbitrarias in ho complooti oportoro, quoti fuerit gi 
[iiatio clifforentialm proposita. Q.uodsi onim ponamua oain aoquati< 
a dilVoroiitialom giudus n, ita uL ultimas illius torniinns sit 

Nd u y 
th ’ 

nuani intogrationoin oa rodueoLur ad gradum n ■ 1, per dims ini 
los suoooRsivo institutes nd gradiun u --- 2, per tres ad gradual n — .*1 ( 
to. Ex quo intclligitur, domum post n integrationes ad aequationom 
lem torminis finitis oxpressam pervoniri. Quoniaui voro pot 1 imamquai 
sgrationom ana constans arbitraria in integrate ingreditur, nuinifcstun 
Dgralo ooinplotuin n constantcs arbitrnrins eomplceti oportete. 


4. Aoquatio igitur intogritlis oomplefcu. tot oonstantos arbitrarias 
upleetitur, quot oxponens n continobit imitates; lmoeqno aoquatio infcej 
[no late patoroconsonda cst, utqnc ipsa aoquatio diiroroiitialis gradus n :: 
Ins valor finitus pro y assure tua aoquatioui difforontiali satisfaccrc quca 
i contiiicatur in ncquationo intogmli eomplota. Qnodsiautoin inistaai 
io integral! eomplota una plurosvo iilarum constantium arbitrariarun 


in se eoniplcctitur. Probe igitur discerni opor tot aeqiuU 
eonipletam a partienlim; atqnc si acqimtioni diffcrontiuli } 
velimus, acquationem integralcm completain iiiveniri oport 


o. Art cognosccndinn autem, iitrum aequatio iiito‘ 
completa, ncc lie, criterinm ox nllatis facile colligitur. Primi 
tioni propositae diffcrentiali satisfucevo dobct, quod lit, di 
tionc ucquat-io identica vcsultat; alioquin onim ilia acqiuit 
iutegralis. Praetcrou vein nccesse est, ut aequatio iutegi 
quantitates eonstantes arbitrarias, quoti fuevit grartus ae(| 
proposita. Si eniui pauciores in ea insint eonstantes, turn ! 
data non erit completa, sed tantum particulars. in omunoi 
stantium arbitrariaruni probe cavcndum est, no por nun 
Htteraruni falltumir, ncquo pro diversis quaiititatilnis bubo 
in viceui detenninantur. 

6. Quo rtiscrimcn inter acquationes integrates oomplo 
clanus intelligalur, iuvabit rein exemplo illustrasso. Sit igi; 
aequatio differentials 

and}/ -f yydx — {aa -f xx) dx; 

eui satisfacere patet liune valorem y — x, quippo qui su 
acquatiouem identioam. Est igitur y x aequatio infccgmli 
plcta, cum ea neque constautem <t, quae in acquationo differ! 
practerea aliaiu const-antcm avbitrariam continoat, (pionia 
differentials primi gradns postulat. Vehomentor igitur fa 
aequationem y = x pro integral] completa links 

aady + yydx =.- {aa -f- xx) dx 
veiulitare vollot; aequatio enim integralis completa out 


«« + 6/ c aa dx 


7. iSimili mndo vidennts huic actuation! difTorcntio-difToroiitiali 


V : = 




i lx 


and d)f 


faeoro lmnc ucqimtionom finitani y = .r; proenJ aiitom abcst, quon 
mlogralis completu omnoinque vim aoquationis din'eroiitio-clilferon 
.mint, quoniam acqimtio intogralia complcta praetor oonstantem a 
ititatos arbitrarias eontinoredebot. Videmus vero otiam bane aequati* 
satiafaeoeo, q\uio autem, quia unieam eonatantom n conlinet, tan 
o oat particular^. Aeqimtio autem intcgralis complcta cist 

, fe " d.r 
V =■* nx • I- bxj — 

) pmotor eonstanto.in a dims coiitincfc con*tanten arbitvarias b ot ? ( 
ira roi postulat. 


8. Cum untcin oinnes uoqimtionos integrities purticulnres in com 
inoantur, patot ex pluribns intcgralilms partioularibns omnplotiim 
i; atque adoo ox intngrulilms partioularibns integrate oompletuni 
tnr. Saopomimoro quidom aequo difficile cat ox cognitis aliquot into 
purlioulanbus integrate complotuin vol saltern intogralo lathis pi 
10 idem ox ipsa aequationo dilTorentiali |>or integmtionoin eolligor- 
aequatio, quam tractaro susoopimns 1 ), 

.. , tidy Gdrift , GfPy . 

0 = ^ + -S- + l?-+ •"+ oto - 

;st conqmrata, ut cognitis valoribns pavtieularibiis ipsius y duobus ] 
r o ox iis {aoilo valor lathis patons illos nempo valorcs in sc complo 
is 7/ fornmri qnoat. lioequo paoto cx sufficionti nninoro valorum pa: 
un pro y invontorum valor completes, sou acqimtio intogralis com 
linnari potorit. 


I) Vido opiHluIinn nb b’ui.nao ml I. IJkunoui.i.t If>. SI. J7.'10 noriptnm (». Still indicia Jin 
i), Bill. math. (1:1, ljl(). r >, .17/88. Vidn ((lioipin Coimm>jjtalionoin 188 Indus voluminis ot „ 
•// c uih-tdi inlcijniUcs vol. ti, § 77/5—778, 842—H-IO, 11 P7-1 187. LfftmtAum tiut.mil Optra 
I, vol. 20 ot 12. I 


lum valor ap loco y suhsUtutus candom expressionom o 
hoc-quo moclo una constant* arbitraria a in noquat-ionctr 
larem ?/ = p introduce potest. Sin autom practerea i 
satisfaciat prcpositae, turn pari moclo qnoqno sutisfuciefc % 
cluobus valoribus pnrticularibus y = ap et y — fiq 
patons 

;// ^ a p -(- P q. 

.Si enim oxprcssio 


Ay -h 


Bihj Cddy 
dx dx n - ' 


My 

dx* 


otc. 


niliilo aoqnalis rctlclitur, posito tam ap qnam fiq loot 
oaudcm expressionom niliilo aequalem fieri debevo, si loee 


10. Simili moclo si p, </, r, ,s etc. fnorint eiusmodi f 
singnlrtc seorsim loco tj substitutao oxpressionem 


, , My 

A y + -d 


, Otldy . 


etc. 


ovancscoutom officiant, turn ctiaui hio valor 

a p -{- fi q -f- y r -{- <5 s -|- etc. 

loco y Bubstitntus eanclcm oxpressionem nihilo aequaloi 
p, q, r, s otc. fnorint valoros partieularos ipsius y, qui ipsi 
sita convcuiunt, turn ex iis colligitnr iste valor longe lat 

y — a p -\- fi q -h y r 4- <35 + etc. 

aequationi propositae pariter satisfaciens. Hieque valo: 
si tot offnorint constantes arbitrariao a, /S, y, 6 etc., quoti 
differentialis proposita. Facilem igitur nacti sumus 
valoribus pavticularibus ipsius y eius valorem compli 
omnes oninino valoros ipsius y aequationi satisfaoiente 
sicque liabebitur aoquatio integral is in terminis finitis c< 


is propositac 


0 = ^1 ?/ -j- 


lidy 

dx 


Gihly D(Py 
"fix*' + ~d^~ 


Nd n y 

dx" 


roduoitur, lit valoros parlicularos invcstigcmus, qui pro y sitbst 
lationom idcnticaiu rcddant. Tot autcm oiusmodi valoribus particula 
opus, quoad iis praoscripto modo eolbgcndis tot constautcs arbitt' 
crint, qnot oxponona maxinms n continot imitates. Quaro si sinj 
mtioucH partioularcs nnain sccitm gerant eoiislaiitcin arbitrariam, oins 
.lalioncs muncro n rcqninuitur ad acquatiouetn intogrulom oompl 
jtitucndam. Sin autcm quacdain harmn aoqnntionum pnrtionlariuin p 
constautcs aiTiitniriasimpliccnt, turn co pauciovibusopusorit aoquatioi 
dcularibus ad ccmiplotam ox iiy colligondnin. 


12. .Donotont iani oiuncy littcrao A, B, C, D otc. quantitates consta 
ut inlegmri doboat hacc acquatio diiforentiulis gmduy n 

n - a « i ] l d i i 0,1 ({ y i_ J)d3,J i i Nd " v 
2/1 dx ' f ‘ “fcj* ■‘"•••-f- (lx n • 


Miiani // cum suis din’erontialibus ubiquo unioum dinionsionoiu con 
mdum niothodum moam inTomo T IL Ooinmontarionim Acadeniiao T 
tanao 1 ) tnulitani haco acquatio difforontinlis uno gnulu doprimoti 
am us 

y civdr* 


o singula dilTorcntialiu ipsius y crunt 


~ = ef* ,,lx p 


ddy 

dx* 


__ ( ,f))llx 


i dp 

VP + - di 


dx 3 ' 1 dx ^ dx‘) 


'l?l = e „w, 

dx' 


„»* L-W )d 2! i A v dll v i 

v h dx 1 (/a- 2 i 



otc., 


valoros si in proposita substitnantur, oa dividi potcrit per e Sil,lx , i 
lancbit aoquatio difforonlialis gradus n — 1. 


1) Vulo )). 1.1 Julius voluminiH. 
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IS 


I 


orietuv scquens aequatio algebraica: 


0 = A + Bp -+- Cp°- -|- Dp 3 -+- ftp* + 


ex qua st valor aliquis pro p eruatur, sitnul habcbit 
particular^ y ■= e 7iX , acquationi differential! propositae : 
ergo etiam uti vidimus haec aequatio y -- ae px , quol 
constant ac radix Iwiius acquatiotiia algobraicao 

0 s-= A Bp -\~ Cp* 4 - Dp* -h .... 

14. Perduximiis ergo invcntionem valorum par 
bilt // nd resolutionom acquationis algebraicae n dim* 
matnus banc 

0 -= A + Bz -f Cz 2 f Dz* + .... -|- 

hutusque aequationis singulac radicos sou divisores d; 
particulares ipsius y. enivn fucrit pz — q divisor isti 

oritur z — - l -, evit 
V 

y — ; 

qui valor particulars imam contitiet constautem arbil 
ilia aequatio algebraica a diincnaionnm contincat n rad 
quoque orientur % valores particulares pro y\ qui : 
valorem uuivcrsalcin pro y; liicquc simul Grit valor 
eontincat const-antes arbitrarias; quod est criterium 
eompletac. 

15. Si orgo aequationis isttus algobraicao??. dimoi 
fucrint rentes, turn prodibit valor com plot us pro y ii 
pressns, critquo aggregation % fonmtlamm cxponoi 

hoequo adeo casu integrate completum per soi 
quadmtnram hyperbolae exprimi potorit. Quodsi a 
illius aequationis algebraicae fuerint imagiuariae, turn : 


.wvu u-vijiucuiuni?' oiuu iuw;i <u. ij^utujo, unm uimi v.»n j 

nubts exponentiates acqimlos intnierus oonstntitium arbitrannrum 
Air alque oh bane causam integrate invent.uni non nmpUus crit- oomph 


lb. Utriquo incommode inedolam afforcinns, si ncxuui inter n 
iciu rlifYorentialeni proposita-m 


< i Mv 


Cdd<j 
dx 2 


lhl»y 

dx* 


AW*// 

dr"' 


no inter aeqiuitionem ulgebruieam fonuatam 

0 ^ A -I- Bz -|- Cz l 4 f)z* +_ |- Nz* 


mtius coutoniplcmur. Quoiuadmodum cnini ex hao ilia oritur, si lr 

atur //, loot* 2 vero ct gonornliter loco z k seribatur , ita simili 

nvctorihns singulis ncquntionis nlgolmiteao fommbuutiir aequntiones 
dales, quae noeessurio in aequationc difforentiuli proposita conltncb 
no ox quibiis proinrie valorcs pnrlto.tdares pro #/ roperientur. »Sic si p 
q- -- pz fuerit divisor aequattonis nlgobntioao, ox hoe por legem 
ir haee aocpmtio difforontialis 


o intograta flat 


ydy 

* V ~ "rfF 


0, 


25 

fj = a c JJ , 


o cst oa ipsa, quam ox eodoin faetoro pz — - q oliouimns. 


17. Hino intolligitur, si luiboatur divisor quiounquo aoquationis 
ibraicao, pnta p -\- qz rzz, turn aeqitationom ox hoc divisore oriu 


VV I 


qdy rddy __ n 
dx h llx* ~ 


3 valorom pro ?/, qui otiam satisfaeit aequationi differential! propc 
hoc ergo illam difficultatcm tolloro pofcorimus, quao looum habet, si aer 
ibraica liabeat duos plurcsve faotoros aoqitales. Sit igitur (p — qz ) 2 d 



ex ^ teWt haeo 


aot 


Ponamns 


ppy — ^M*hL _i_ qgddy __ 
dx ' 1 ° ~ 


dx* 


0. 


vx 

y = e q u, 


factaqua ...bstitutiono habebim™ M% = 0 , hinoque « 


faotore quadrate (p - qz y 01 . itm ., 


a - 


sequens valor 


V = e® (a + p X ) t 


^ dUM ° 0nSta,ltes "Wteadaa compleotitur. 


n hab ^ divisorem oubioum 


aequatione di fferentiaU proposita oonti ™ ^ 


quae posito 


dx 2 


eta 3 


= 0, 


y ~ e* u 

tiunsmutabitur in hano: #« = 0 - und. „ •* 

ae * isL vi XtiolTis" + ' 

px 

2/ = fi fl (« + 0 a; -j_ y a?;B ) > 

imili modo si aequatio algebraioa 

, . ° = A + B* + C* + Dlf+ ' +Nz 

babeat divisoram biquadratum (p- a .V * 

particulars satisfaeiens P ? ^ 9 tum ex 00 nasoe 


y e * (« + Px + yxx + d*s). 

que generaliter si divisor sit (p — qz \ b erif , . 

p, U ^ ’ ent val °i' mde ortus 

., . V==eHa+pX + V x:e +&x* + .... +KX *-i) 

ita ut is k oonstantes iinaginarias involvat. 


0 = A -p Hz -|- Oz 2 fJz 3 -|-.-|- N z 11 

iduoantur valoros pro ?/, qui acquationi propositae 


0 



Odd 11 
'tlx 2 


l)d 3 y 

dx? 


Nd"y 

~fx" 


iunt|, hoc diihium ox Datum rci facilo t-olli potent. Wit divisor u 
eompositus 

p -|- qz -\- rzz -\- fiz 3 -|- ole. 


o formotiiv aoquatio 


0 . 


rdihj 

~dx*~ 


,Vf/ a )/ 

~dx* 


etc. 


•atohit valorem complctum ipsius y pro hue noqiiatioiio prodiro, 
ulorcs ipsius y, quos divisores simplifies aoqnatiouis 

0 — p -|- qz -|- rzz |- xz 2 -\- etc;. 


bant, in imam smmtiam eolligantur; at divisores simplieos iuiius noqu; 
nml sunt divisores simplieos illiiis 

0 = A + JJz -|- 6V -|- Dz* -|-_-|- jVz» ; 


oh rom valor ipsius y ox illo faotoro ooiupostto ortus, simul cst vale 
ms noqnutionis propositao dift'orentialis 


0 Ay 1- 


Bdy 

dx 


Cddy Dd’hj 
dx 2 die*' 


Nd H y 
dx" ' 


Envontis autom valorihus ipsius ?/, qni ox aliquot clivisorihus sin 
in tor so aoqualibuB ncquationis 


0 = A + Bz -j- Cz l H- D* -|- .... -H Nz* 


, altera difficultas solvendn. rostat, si liaoo aoquatio haboat radicc 
das. Constat autom, si quaepiam aoquatio habcat radices imaginartw 
iimerum som|)or csso parom; atquo ogo alibi ostondi has radices irmi 
porpotno binis ooniungoitclis in ctusmodi paria disposed posso, quarur 






ginarior,,m 


V qz - f- rzz 

v ^^zz^T:;^!r habeant 


q 

2 Ypr < *• 


* 4 

Posito ergo sinu toto = 1 e rit ? . 

fietque 1 ) 2Vpr cosinus ouiuspiam anguli 

Q=2\/ pt . oosiA-p, 

contiiieant, erit ^'^Positorum, qui divisores 


V 2zy pr-cos A-tp + rzZt 


21- Sit igitur aequationis 

aiusmodi divisor 0 = A + Sz + Cz* -f e to. 

P-**VpfmA- 9 + fzz . 


r i " ^ -tt- *P i'ZZ’ 

Uta ^ 2/- At ex hoc 


° w ~^ £lcoa ^-v+ r ~^, 

dx i 


atl qi,Ml inte g»ndam pomt m 

y = g/* oou..^ 

posito brevitatis gratia / = j/2 fietque 

Ml u. ,, fsin ^ • vY + ddu = 0 

ultipheetur per 2 d% et integretur, erit 

-*) Vido nofcam l n 107 i,. • 

P- hmua voluminlg. 


ii a 


itegvata dal 


Idx sill A - ip ■- 


fx sin A -q> -j- p t~ A .silt* - 


i aciqtuitionc fit 

n — a sin A ■ ( fx sin A • cp A- P)- 

neuter habetur 

y a c'' ■' ' r sin A * (f $ sin A • i/> 1 fi), 

valor conveniens ipsuis // pro aequationo propositn. 


I. Eadem vel aoquivalons oxprcssio pro y colligitur 
jibus etsi imaginariis nequatiouis 

0 y - 2 z \/ pr • cos A • cp rzz. 

wsito / - \/ l> - a bit in ham; 


0 •= // - 2 fz cos A • 9 ) + zz, 


•adices sunt 


z - f cos A ■ cp : 1.. / \/ - 1 • sin A ■ cp. 

>ro y resultant valoros 

(,t< I'Ort .1 • <J l /c 1 • Hill .1 • 7' gfx «'«iM ,1 • </> — /J V — 1 • Bill .S • '/•’ 

i coniuiictis fit 

ff — •'I <l-T _|_ (J e ~MV-l-sln 

item oxpoiioiitialibus in vSeries convorsis prodibit 


y ..f,!- r i-ob .1 • <p 


1/ i n\/l /¥{ain /( • rp) 4 

\ (?/ I" V) (1 - j . 2 1 1 • 2 • H ■ 4 

1/ t\s /■% (t * a i d x s (s\n A • <p) 3 

| (ij - 0) \/— 1 • I/* sin A ■ <p -j— 2 -.-ij,— 


cx fuetoribi 


-b etc.) 
~b cto. j 


ergo 


?/ -|- 0 = a ot (r/ — 0 ) V — 1 - — p 


quae cxpvessio ad priorcm facile rochieitnr. 


211. Vlinc adipiscimur moduni invonicndi v 
phiresve huiusmocli divisoves composite fucrint in: 

(// — 2 jz cos A • tp -h zz)‘ 

divisor aequationis algebraicae; quotiiain is reduciti 

(z — / cos A ■ (p — / [/ — 1 • sin A ■ cp) 2 (z — / cos A 

erifc per prnecedontia valor ipsius y hinc orhinclus: 

y = fi'- ru,s A ■ -I el" A ■ <(- ^ _p _J_ e /r c» A - f- 

Cum autern sit 

c +/xv--} • slrt'» • V ^ _j_ g-/J- \'-l • Bin 

— a • cos A ■ fx sin A - cp -\- ft sin A ■ j 
hinc colligitur fore 

V — c ,ZU! * A -v [(a -f- px) cos A ■ jx sin A • cp -)- (y -|- 

24. Quod si autem cubus aliavo potestas ipsius 

// — 2 jz cos A • rp -f zi 
fuorit divisor aequutioiiis algebraicae 

0 - A -f Bz -]- Czz -f Dz* +. 

turn ex potestatibus iisclem faotonun simplicium iin 
y oruantur secundum § 18 ot in imam summam con 
titates expoucutiales imaginnriae in sinus et co? 
convevti poasimt ope Indus lonmiatis 

e +/xv-l- sin . 1 - 7 fjfck _j, ■ »‘n/l 

= ax A cos A - / x sin A ■ cp + fix* sin A • 


Sic si 


HI — 2 jz cos A • cp A- 22) 



y ” e . ' \\ 0 L i- fix yx- - 1 - 6.T*) cos A • Jx sin A ■ rp 

'h ?/ ;ya "I" 0^) siu ^ * jx sin A * <^>]. 

25, Kxpressioncs istac pIuribiiH moclU immutnri possmit, proni 
mtos aliis atquo aliia modis expriniantnr. Comuiodissiina antoni vi 
co transmutatio, qua valorcs ipsi vib y ad fonnam § 21 inventain rodnci 
l, luicc forma 

fix’ 1 cos /l ■ fx sin A • rp, -|- rx k sin /I • /re sin A • rp , 

mnatiir 

fi A sin A • p, ot v — A cos A • p , 
iisinutabitur in liano 


Aa:* sin A ■ (I x sin A • (p -|- p). 
lamobrcm ox factoro indefinili oxponentiH 

(If — 2 jz com A ■ ip -|- zz) ,: 

■mnbitnr soquens valor ipsius ij\ 

y = e ' xvm A " r (a sin A • (jx sin A ■ ip -|- 5f) -\- fix sin A • (fx An A • rp -f- £ 
I- yx l sin A • (jx sin A • (p -|- <£) -|-. nx k - x sin A • (fx sin A • <p -f- 

eque pacto ox omnibus divisoribus, ulemique fucrint compamti, vt 
Acs pro variabili // invcniunlur. 

20. Qnod iain ad eonslautos arbitrarias, quao in valorcs ipsius i 
>do invoniondos ingrodiuiitur, aUinct, patet priino ox factoribus sinipli 
mac / — z oriri valorcs ipsius y imicam eonstantem arbilmruun continc 
ndo valor ipsius y , qui oritur ex factoro (/ — z) k , continot k const 
)itrarias. Porro ex factoro composite 

// — 2 jz cos A • (p -\- zz 

xlit valor ipsius y duas constantcs nrbitrarias oompleetcns; atquo ox 1: 
»di faotoi'um potestato quacunquo 

(// — 2 jz cos A • rp -|- zz) u 


noNKAUDi lOULnui (lpoift oinniu 122 (.’omimintiitiorios annlytiono 


ivjrmiU/LU vU'ivJi ipruua y, jii ijuu ^ f,. uuii.'jtaiiu.-fl iu umiu mu i 

constanliuin arbitruriaruiu acqualis sit nunicro diiuciu 
Iiacc variabilis in divisore obtinct, ex quo valor ipsius y < 


27. Quodsi ergo acqnatio algcbraica, qiuun ex a 
proposita formavimus, 

0 = .‘1 4- Bz -f- Cz l -\~ />2 3 -f- Ez x -J- . . . . 


in factorcs suos sivo simplices stvc compositos rcales siv 
states simplicium compositorumvo, resolvatur atquc 
singulis valorcs convcnientcs ipsius y forincntur, turn hi 
iunctim considcrati tot oontinobunt eoitstantes arbitrari 
n insmit miitatcs. Ornnes igitur isti valorcs in nnain ; 
solum valorem praebebunt pro y, qui aequationi propos 




DtPu 

Ih* 


satisfaciat, verum etiam isto ipsius y crit valor complotii! 
valorcs buic aoquationi conveniontes in so complectc 
acqnatio ista differential is perfeoto integratin' in tcrmii 
grale nnquam alias praotcr hyperbolae nlquo cireuli qua 


PROBLEMA I 


28. Si proposita fuorit acqnatio difforcntialis grac 


0 « Ay -h - 


Bdy Gdihj . Zh/ 3 ?/ 


dx 


h dx 2 r (W 1 


in qua olementum dx positum est oonstans, ac littera> 
denotant coefficientes const-antes quoscuiiquo: inveni 
intcgralc in terminis finitis realibus. 


Solutio 

Scnbatni' 1 loco y, z loco z z loco et gcr 
hiiicquc fovmctnr sequens acqnatio algobraica n dimonsic 
0 = A H- Bz -j- Gz 2 -|- Dz? .+ 





iipor bini factores imaginarii umnn factorem composilum realen 
niunt. Ex singulis divisoribus deinecps fovmciitur soqucnti modo 
liioularcs pro y. Ex Jactoro scilicet quolibot simplici, qui alios non lia-1 
pudos, Indus formuc / —2 oritur isle valor 

y — ac'- r . 

duobns uulom plnribusvo factoribng ncqualilms coniunctim sumtis > 
ins y doterminari debent. Nompo ox factoro (/ — z ) a oritur 

y ■— (a fix) c i c ; 

faotoro (/ — z) 3 oritur 

U — (« -I- px -I - yxx) <?'*; 

pic gcucnilitcr ox faotoro (/ — z) k doducitur 

y = d* (a |~ px -|- yxx -|-.-|- xx k ~ l ). 

uni ad fucfcores compositos attinot, si ilia acquutio algobraioa Juibci 
•cm 

II .2 fz 00 s A • -|- zz t 

i sui shnilem inter roKqnos non haboat, orit valor ex 00 oriundus 

y e! s ww A " r a sin A ■ (fx sin A ■ </> -|- 91). 

uoqnatio algobraioa duos huiusmodi factorcs haboat aoqualcs, ita 
dsibilis per 

(// — 2 fz cos A ■ (p -|- zz) 2 , 
m ox divisore quadrato oritur soquens valor 

a(l tXVM.t.f 9 i,j j\ . (I $ gjjj j[ , y _|_ SJ() gjjj yj . ^ 

n uulom Indus faotoris potestas quaecunquo pnta 

(// — 2 fz 00 s A • (p zz) k 

orit divisor aoquationis algobraicao, turn ox 00 rcsultat soqncns valor 

= a d xnnA,, i ai n A. ( j fx sin A ■ <p -|- 91) 4- pxe UrmA " r ’ sin A • (f x siu A • r 
yx l t ,rvm •' ' r sin A • (fx sin A ■ (p -1- © ~\~ <5:r 3 co3 jl ' r sin A • (fx sin A • r 
+.-|- pix k ~ l e ,crosA ' (r sin A • (fx sin A • <p + $). 



atquc is ipse, qui proditurus essct, si acquatio diJl’crentialif 
n vicibus iutcgvarctur. Q. fi. I. 


Excmplum 1 

20. Ituius acquationis diffcrontinlis sccund 


0 


bdy 

= a,J + -ai + 


eddy 

~di* 


intcgralc in venire. 

Positis uti praeccpimus 1 pro y, z pro ot zz } 
acquatio 

0 ~ a -|- bz -)- czz; 


quuc vcl ambasradices habebit realcs, vel imaginavias; prim 
posterius si bb < 4 ac. Sit igitur primo hb > 4 ac, ac dime 

— b±V[bb — 4nc) 

2 - 2c 

hoequo casu crit intcgralc quacsituvn 


- bz + 1\0h - 4 ac) -t>z--x\'ibb- Irte) 

y = ae ~ e " -f fie ~ T? 


Casus hie scorsim cst perpendendus, quo bb — 4 ac, turn oi 

a -f- 2 z j/ ac -{- czz 

qundratum nompc 

(|/«4- 3|/c) 2 > 

quod eompavatmn cum forma (/ —zf dat 

/ 


ex quo intcgralc crit 


y (« d- fix) e 






bb < 4 ac, atque aoquntio 

0 -- a -\- bz -}- czz 

obit radices rcalos, coinjiamta ergo ouin forma 
If — 2 jz cos A • <p - 2 2 


it 


b 

c 


2 / oos A ■ <p et = //; 


I = \/ - ct COS A • (p 
0 


— b 

2 \'a C 


. |/(-f ac — bb) 

HID A • (p = —-7.--;- 

' 2 )/ti 0 


oritur intogralo 


•5V • j ivV(-\ac, — bb) 
V = »'H A • (——27— - 



i'lxcmplum 2 

IfuiuH aoquationis d ifforontialis tortii gruclus 

A 3 «»</</*/ , 2« 3 rf 3 v 

° = »- -rfi*-+ 

Ue invoniro. 

hue ucquationo ergo oritur ista algebraical 
0 = I.—?} 2a*Z\ 

jolvitur in hos fuctoros 

{\-}-2az), (1 —az)\ 


ctor 1 -|- 2az cum forma / — z comparafrus dat 


posterior lac tor (l — « s)* 5 coinparan clobet cum (/ — s) 2 , ex i 


biucquo nnacitur 

x 

y [ft -f y-r) e\ 

Acquationis ergo propositac intogvalc completion erit 


- r i 

y ■■= «c 2 " -I- (/? -f- y.v) e~ n . 


Exemplum 3 

31. i-Juius acquationis tliffevcntiaHs tertii gr 


integrate invcniic. 


0 -- y — 


'lx 3 '' 


Aeqnatio algobraica ox Imo uoquatiouo orta erit 


0 I —•«***, 

quae resolvilur in lios factores: 

(1 — az) » (I -f az 4~ a?zz) 
ita ut eius divisoros sint hi 

1 , 1.2 

- 2 et--- zz , 

a a a ft ’ 

quorum isle in aiuipHces rcalcs rcsolvi nequit. Illo igitur cliv 
integmli 

alter veio divisor 

cum forma 


y ■-■= ae.", 


— -1- - + 22 
a a a 1 


// — 2 jz cos A • cp -f- zz 


it iiat 


i — 1 . • i * /3 

oos .‘1 • ip - s) - ot sm A ‘<p — — ; 
ex iato divisoro reaullal 

y ■--= fie' 11 sin A •[*/£ -i- &). 
uatioins ergo proposiluc iutogralo completion orit 

y ae" -|- fit? 1 * sin A 9t). 

Kxcmpluin ‘1 

152. Huius acquabionis di f f eron lialis qutivli g nidus 

3grale invenire. 

Tflx hue aoquationc fovmabilur isla uoqunlio nlgobmicn 

0 — l - -ids 1 , 

j duos liabot diviaorea simptieos rcales 

J , 1 . 

- z el •■ + 2 , 

a a 

pii duo imaginarii eontinontni’ in hoc composite) 


-1- zz. 

a a 


diviaoros siinpJiccs pro intcgmJi daub 


y = ae ri -|- fit " . 


a a 


- ZZ 


iaor autom 


compaiutna dat 


// — 2 jz cos A-(p 4- 
2 

/ = - ot cos A ' (p = 0 , 
sin ^4 ■ ~ 

g/s cos A . 

exponentem = 0 abit in unitatem, eritque 


hincque 
Terminus ergo exponential^ 
ob 


y = v 

Integrals ergo completum erit: 


y = ae° + p e “ + y sin A .(^ + ^_ 


Exomplum 5 

33 . Huius aequationis differential™ quart! g 

0 = y + tfy 

integrale invenire. 


ReS ° lyi el ' g0 ° P01 ' tebit aequationem algebraiea, 


=,r„*rtr. - 


1 + az y 2 + aazz et 1 —- az j/ 2 + 
qui divisi per aa, nt cum forma 


aaz: 


ff — 2 fz cos A-(p+zz 


compamri qneant, dabunt 


/C° s 


ilovum pro utnupic. 

/ sin A • (p = 

' ' a V'i 

ms oritur intogiule completion lioqualionis propositnc 

V -= ac " vi »<« A ■ („"i + ®) + si « A ' (,,-f/a H* ®)- 


Exomplum <1 

Huius noqnatioius dif fcron tialin 


. ddy . tPy 

0 = V -I- 1* ■!- 


dhj 

dx* 


soptimi 

d*y , tFy 
tlx 5 ‘ " h </:«’ 


gradns 


ilo oomplotum in venire. 

*oitur Iiinc i.stn noquatio algobmica soptimi ordinis 

0 — I -|- 22 -|- 2 -|- 2* z b -1- Z' , 


solvitur in soquontos fuctoros ronlcs tain nimpliccs cjunni composites 

(1 -|- 2) , (1 -|' 2 d- %Z) , (1 — Z -|- ZZY. 

primus cum forma / — z compnrntus dat / — — I, Iiincqiic oritu 

y = aer x . 

intern alter I -|- 2 -|~ 22 oomparatus cum 

If — 2/2 cos A • rp 22 


/ — 1 ot cos A • (p = 


1 

2 * 


. , v* 

sin • rp •- -g - , 


itin Eu 1 .Oppra omnia I 2‘2 C;nnmo»li\lii>noa analytical) 


ot inlcgrale bine natum 


y = Pe*'amA-(^ + gj). 


IVrtins factor (I — z -f zzf comjmrari debet cum forma 

(// —2 fz COS A ■ 93 -f- 22 ) 3 , 


mule fit 


/ — 1, cos ^4 • 9? = I et sin ^4 • w — JLj! 


J'A- co igitur prodit integrals 


* = rc a sin A • pf? + @) + <5*/ sin 4 


(luamobien, aequationis differentialis propositae Integra 


V = ac-» + f)e> sin 4 ^ + gj) 

+ ^ sin 4 • (?f. + @ ) + sjn A . pp 

"* ‘ lli0 SC1,tCm °“ es “Wtrariae continental-. 2 


Exemplum 7 

3 "' HniUS aeqnationis differential^ oetavi gl . 


«*■ <*«* + ^ 
,nt# « M,c “»Plet.m Inrenl,.. ' * 

Apqnatio a.gcbraioa oetavi gradus, quam resolvi oporto 

°-. s -3^ + 4^_ 4£) + 3£ ,_ 

. 

0 1 3z + 4zz- 4z 3 + 32 4_, s 


rato lit 


/ - - 1 ot cos A • cp = 0 , 
iin A * (p = 1; idcoquo rcsultat 

y = ,5 sin A • (x -(- 9(). 

■mo porro per 1 4 22 institnta romnnot aoqualio 

i — :iz 4 - as* — 3 3 = o =-■ ( 1 . — s) 3 ; 
m ergo (/ — 2 ) 3 fit / - I, atquo intogralo Uiac oriundum est 
y — {t‘ (x 4 i)xx) e r . 

pumter completion intogralo aequationis propositao cat 
y — a -|- ft: t: 4 yxa: -|- dsin A • (.i: -|- 91) 4 (k £;i: a'. 


ICxomphnn 8 

lluirtH noquationis difforontiulis indofiniti graclua 


0 = d *J 

dx n 


rale invouire. 


csultat ista aequatio algobraioa 


z n — O, 


unn ohuios radices sint ncqnales, ca comparnvi debet cinn factoro (/ — 
> k n ot / -= 0, ox quo etatim prodit intogralo quaositum 


y ■— a 4 fix 4- yx % <5:i: a -|-.-|- vx n ~ l . 

cro idom intogralo facile invonitm* iutegrationom n vioiLms suocoaai 
endo. Prium enhn intogrationo, oritur 

_ <l n ~ t y * 


da?'- 1 * 


licotur per dx ct intogrotur sooundo, oril 


ax + P t= 35 ^' 


Atque ita porro, si integratio n vieibns repetatnr, prodibit 11 
tium expressiombus id ipsum integrate, quod per nostnun regi 

.‘t7. Huius mettiodi beneficio possunt etiam phiriinae al 
differentiates gradus indefiniti integrari, quae quidem ad ae 
luaicas dedncunt, qnarum factores reales sive simpliees sivc 
(‘xinben possunt, Cum nutem liuius loci non sit modum tn 
hmusmodi aequationum indefiniti dimensionum numeri in 
eiusmodi acquationes differentiates insuper tractabimus, qnao 
algebraicaa pcrdncnnt, quarnm factores iam aliunde sunt com 
acquationes autem sunt 




liaviini enim expressions factores reales tarn simpliees qua 
nonua.es onmes exhibit* sunt a Viris de Anal/si me ri 

tanquam cognitos in «*—• 


gradus n 


problema II 

38. Si propose fuerit ista aeqnatio diflerontialis gl , 

0 = ,,_^ 

J d x n > 


Solutio 


Posito uti praescripsimus 1 l O0 o 
idgebrniea 


V et *■ loco 0 habebitu 


--- 0=1 — z n> 

Hoobr Cotes p082—i7i/n * 

U) - AMi ““ “ Mozvbb , IMt _ I7Mj . 



ii, mjuu ^wniain.iiuui m iiiiu 1 Ul I i i lUlllll 


1 -i « *- /, Jt , 

I — 2 z cos A •-- 22 

n 

Tcdonotat scmieireiimferenliam eirculi, cuius ruclins = 1); qui cum dn 
ominli gonorali 

// - 2 jz cos A • (p |- zz 

paratus dal- 

, . . 2kn 

/ - • 1 ct (p —-, 

' *n 

it hie divisor dot valorem infccgmlcm 


1! k» 

.t rm .1 • - . 

i j - - uc ” sin A • (x sin A 

\ 



)dsi iam loco 2k successive omnes million pan’s oxpoiientom n no: 
Jntes suhstitiumtur, prodibunl omnes possibilcs valores, qui pro ij 
iti satisfacimit. Contiiictur vei'o ctiam in Into goncrali forma valor i 
[iii oritur ox faetoro simplici 1 — 2 , qui cst // = ac. T ; posito cnim k = 


, 2 kn , . i 2 kn 

cos A •-— 1 ot sin A •- 

n n 


0 


iquo y ac c , oh sin A ■ conalantom in a eomplcxum. Simili mode 
linncrus par, valor ipsius y ex faetoro 1 -\- z oriinidus, qni osfc y = a c 
oro gonorali rosulfcat facto 2 k — n, fit enim turn 

, 2 k7l r .2 kn 

cos A •--s — J ct sin A ■-= 0, 

n h 

at valor ox faetoro goncrali ovinndns y a a~ x . Integralc ergo eompl 
nebitur, si in forma gonorali 

,2 k.t f, , - 

x onR ,i • —— . / . 2 hn . flf \ 

y = ae sm A • ^x sm A • —-|- 91 j 

jossivo loco 2 k omnos numc.ri pares a 0 nsquo ad n substituantur ! 
res in unam snmmam coniiciantur. Prodibit ergo intcgralo quacsiti 
iplctnm 


Hill Si • X Hill SI •-1 

\ n 


J CuS ,1 • • •• j 

-f- oe " sm A • I.t sm A 


R 

X I'OH .1 • — — . i . , R -T 

+ ee ” sin si • (x sm A • -- 4 
l n ' 


quae membra cousquo debent contimmri, quoad n c 
haheantnr, vel quod eodein I'edit, quoad eoefficions ij 
evaclat. Fiet autem, si >? ait mimerus iinpar, ultiimim me 


, O' l).-f 

* Curt .1 • • —- 


xnjrt.i.— . / . _ nj, 

-- ve " sm A ■ [x sm A • -- - 

\ n 


at/ si n sit numcriis par, erit ultimum mcmbrmn -- v c~ x 


-- fie 


11 sin A ■ ix sin A ■ — n 


Pro quovis ergo valore ipsius n integndo completiun 

Q. IS. 1. 


39. Quo ist-n- integralia clarius ob oculos pomintnr, 
ipsius n ab imitate incipicnclo integralia aoqiiatioms 


n d" y 

0 = y ~~ rf.r" 


exhibeamus: 


I. Ruins aequationis 0 = y —~ integrate cst: 


y ~ a e J 


11 Hnius acquationis 0 = y — integrate cst: 


y — a e x -f- /? e ~ x 


tfi 

Huins aequationis 0 -■= ?/ — intcgralo cst: 

y = ae r -1- /fsiii A • (a; -[- 95) -|- ytr 

rfC, 

Hums aequationis 0 ■■■= ?/— -r-;g intcgralo cst: 


X. C(H .1 • • ■ IT 


y a c x -f- fie ' D sin A • (:e sin A • • • n -\- 95 


x ci»h .t •. n , / . . ‘I . rt> 

■> n mu A • (a* sm A ' ■ n -\~ S 


^0 ,, 

Ruins aequationis 0 = y — ^ intcgralo cst: 

XtHiH/l • ' IT . / . .| 

y = etc* -)- /Jc ■ sm A • I re sin /I * -n -\- §5) 
-|- ye ^ sin A • ^.r sin A • ^ n -|- 6^ -|- dfi~* 

Huins ucqnatiouis 0 y — intcgralo cst: 

x rtw .1 • — :t I 2 

y = a c r -J- fie 7 sin /l • (a* sm A ■ y tt -\- 95! 
ye* tm A 7 sin A • f^x sin A • y n -|- 

(5c C ° 7 sin A ' sin A • y n -|- ©j 


(JR w ^ 

Hums aoqiuitionis 0 = y —intcgralo cst: 

= ae x -|- fie* 1 ** A 4 sin A • (x sin A • i tc -|- 35) -|- y sin /t • (a; -|- 


■Hi. Si proposita ftiorit ista acquatio clifTcrenthvlis gmdim i 


m 


»-»+& 


po.sito elenieuto dc coiistante, eius intcgralc iiivenirc. 


Solutio 


Posito secundum regulam 1 pro y ct z" pro prodibit 1 


algcbraiea 0 -- 1 -f z", quae si n fucrit numonis impur, divisoroi 
roaleni habct 1 -f 2 , cx quo oritur y — ac~ x . Rcliqui divisoroa aim 
sunt imaginavii; liorum voro bini continenlur in hoe faotoro trin 


1 O , 2 jfc — 1 

1 — 2z cos A ■ - n -- zz, 


haecipic expressio omncs prorsus divisorcs fonnao 1 -| z " sugg 
2 ^ - I omues uumeri imparcs ipso n non muioros .successive sn 
Collata antc'ni lmc formula 


i o < 2 k — 1 

1—22 COS A '- 7T. - - 22 

n 


cum factorc generali 


fit 


If — 2 fz cos A ■ (p -{- zz 


i i 'lk~\ 

/ = 1 ct 


bmc ergo ennscitur sequcns pro // valor generalia 

o t _ \ 

* ms .1- - / <) ». , 

V 1= ae " sin A ■ (x sin A • --- -- n -|- 31). 

Atque in hoc valorc generali etiam centinotur valor ipsius y ov 

l> 101 1 + *' f l ^ lidem » ^eritmimorus impar, oviunclus; prodit cr 
y ' ac *i si hat 2 k — 1 = n, turn enim fit 


cos A ■ 7i ~ cos A • n — — 1 


— 1 HiujfiOHSive omuca nmneri iuipuros l, 5, 7 etc., qui quidom ox- 
n non .sunt maioros, flubslitimnlur istique valorcs oimeti in imam 
m oolligauliir. i’rodibit ergo hoc mode) integralo qimesitutn eleompiolun: 


.?/- 


r m.H . . , 

ac " sm A • a* sin A • 7 i. - 

n 


.1 rus .1 • — ;f / 

Be n Hiu .'I • x yin A • n - 
1 \ % 


I fOH ,-| • — :( 

ye n Hin 


71 “I 


in A • / a; sin A • '* 

\ w 

X niH A • .1 j 7 

op. “ sin A ■ a* sm A • n 4 
\ n 1 


-at) 

- s' 

- £)) -[- rUi., 


nenibra oousqno oontiunnri dobout, quoad oonstmilos arbitrnriai 
ingrossao; quod oveniot, si ox serio fmetionuin 


1 3 r> 7 


» » 


n it n u 


oto. 


unitatcni non supomutos oapiantur. b'iot nutom, si n sit munonis par. 
uni nltimum 


a — i 

x ci)3 .1 --;r 


VC 


,l sin A • (x sin A ■ — 7i -j- »). 


mmiorus impar, mentbrum ultiminn orit: 

v er x , 


imi m vero 


/ic 


, n- 2 

X ('08 A •-7T 


il sin A • (x sin A •-|- 5K) , 


ullo nogotio integrate complctnm quovis casu asaignatnr. Q. IC. I. 

ttnr Km-fiii Ojjom omnia I 22 ComrnoiHalionos nnalytiono 18 


^ * ' • i .. ***~ v '0 w I'v.uviutj opiva 

I. Hums aequationis 0 ij -|- d £ integrate cat: 

y — a er T 

U. Huius aequationis 0 -- ;/ + integmle est: 

V = a sin A • {x -f- St) 

III. Hnins aequationis 0 — y -f- integmle est: 

3-t'Ofl .| - ;i / 1 

y = « e ' sin .4 • j.r Sin /I • tt -f- St) + fj e - c 

TV. Huius licqnationis 0 =: ?/ -|- ^ integmle est: 

* -■> • ■< , i \ 

V = 4 sm /(• sin /l • ijr 1- St) 

•j 

- T COS .1 • - It / ■> \ 

4- pe sin A • (a* sin A • -|. 

V. Huius aequationis 0 =-, y + integrate est: 

X Cl>9 A ■ l - IJ j 1 . 

y = ae sin A • (s sin /l . ^ 4- St 

a 

. * cog ,-i • - .t / .» 

+ pe r ‘ sin A ■ (a: sin A ■ -~n -h S3) + yer x 

VI. Huius aequationis 0 = y + integrale est: 

!/ = ae sin A ■ (x sin A • - n -j- jj) + /) sin A ■ {x + 

x cos A • /< / - , 

4- ye. sin A • \x sin A • 71 4- 


y — a e 

‘ Sill A • 

sm A 

• 7 n + s 4) 

„ x con A • 

-1 |8b 

:i 

7 sin A ■ 

sin A 

' ^ n -|- &) 

i ran .1 • 

-I- ya 

r> 

7 sin A ■ sin A 

' ^ 7T -1- <£) -|' (5 C“ c 

no.quationis 0 - 

■ ij -|- ^ iutogmlo 

cst: 

.r ruA .5 . 

y • - a a 

i 

‘ 8,1 sin A • 

(:« sin A 

' 8 ” + 

x I'llH .1 • 

-f Pc 

fl sin A ■ 

(a; sin A 

1 

1 

K 

- K 


-I- y?- 


sin A ■ f.r sin A ■ ' oi • (£ 
8 


.t n»» A • h / / , 

de * sin ^1 % (a: sm /! • s j z JDJ 


LMIO B LJ5M A .1 V 

Si proposita ftiorit aoquatio difiorontiaiis grudus 2 n lmoo: 


a _ ... , MuPy d^y 
K J l_ iix* dx*» 


clomonto dx constants, ohis integral© inveuiro, oxistonte hh > I. 


Solutio 


d n u il in 

secundum rcgulam poinimus I pro y, z u pro -jin I )ro ~n, 


isfca aoquatio algobraica 

0 =:= 1 + 2 hz n + z* H , 


da:' 


b hh > 1 in hos duos factoros rcsolvitur: 

[ a» + h V — 1) j [ a" -\-h-V — 1) ]• 


ennit quantitates affirmativao, Sit ergo 

h -f- \/ (hh — 1) =■■ <i n et k — j/ (hh — l) — />", 

ita ut sit ab --- 1. Habobimus igitur istani aequationcm in duos 
resolutam: 

0 (s’ 1 -|- a' 1 ) (z H -1- b") 

atque prions factoris singuli factores trinomiales rcnlcs eoutin 
forma: 

o , 2 k — l 

aa — 2 az cos A •- n -r zz 

n 

postcrioris voro in hac: 


2k 


bb — 2 bz cob A •- zi f zz. 

n 


Omnesquo factores habobnntur, si in utraquo forma sueccssi\ 
ponantur omnes numeri impares 1,3,6, 7 etc., qui oxponon 
maioves. Integral© ergo qnaesitum ex his factoribus ita foimmbit 


az cos A • 1> / | \ 

y — Ae " sm A ■ fa:c sm A • • n -j- ) 


^ az cos A • -• o / 0 ^ 

-b fie 11 sin A • (aa: sin A • - n 4- $3 

\. a 


az cos A • ■ - n ( 5 

-\- Ce ** sin A • tax am A • - n -j- (5 

\ ?£ 


_ ax cos A • - t / 7 _ \ 

+ De ” sm A • (ax am A • - n -b £)) -| 


bz cos A • -- * / \ 

-b ae u sin A ■ f bx sin A • • n A- ft 


bz cos A • —-jt ( 3 

+ fie n sin A • I bx sin A • - k -f- f> 

\ ^ 


bx cos A • — .1 i g . 

4 -ye " sm A ■ (6a; sin A • - k -b C) b 


n 2 hd n y , (£**>/ 

. 7(^- 

■ consUinlc ot cxibUmiIc hh > .1, cius inlegralo inveniro. 

ftolitfcio 

mdum regulam supra datum orielnr hie soquons aoqiiatio algebrnica 
0 ~ l - - 2 A a;” £ B "; 

low duos faetores males prinuim icBolvitur: 

0 | z" - - A -|- |/ (/;,/(. — 1) | ] z tl — k — (/ (kk - - I) ]. 

cm h donotot quaulihitom positivum, ponatur 

h -|- (/ {hh - I) ---• a n ut h --- \/ [hh I) - 6", 
ab I; hinequo oriotur iata uoqimtio: 

() ( z n — a") {z n — b H ). 

adoris z n — a" mimes fnolnron triuomialos roiiles continentuv in 
ia 

* 2 k , 

a a — 2 az oos A • — n - zz; 

n 1 ’ 

is voro z n — b n in hue forma 

6// — 'Ibz oos A ■ n -l- zz: 

it * 

cfaetores luibobuntur, si in i?Iraquoforma loco 2 k auceossive ponanfcur 
jniori pares 0, 2, 4, 6 etc. numcro n non inaioros. l£x his itaquo fac- 
gnitis infcogralo quacsitnin colligitnr fore: 


.f Ce sin A • am n • n n 

-f Dc n sin A ■ (a.v sin A • w n 

hi ros A ■ .1 . . /, . . 2 

-1-a^M-0e " sill /I • Iwa? sill A • R 

ftr con <1 • - :t . /, . * ‘I 

-|- ye u sin A • Jew am A • 37 

11 ,, 

Aj: <v>s .1 • ;f . I . , . () 

( 3 c " sin A • tut* sin A • tt 

Q. K I. 


PR0BLT3MA VI 

44. Si propositu fuorit aequatio diffcrcntinlis grad 

0- n + lt l 'l-.- ( L 2 lV 

x J r rfo 2 ’ 1 

sunito ctcmcuto rfx constitute, eius integrate invoniro. 


Solutio 

Aequatio algebraica, quae secundum praoeeptu hino 

0=1-1- 2 hz n — k 2 ’ 1 

in hos duos factores reales primuin roaolvitur: 

0 = l k + V {hh 4- 1) — 2 “ ] [ — ft -|- y {kk . 
l'iat, id quod ob h quantitatem positivam semper fieri po 

V {hh 4- 1) 4- h = a* et ]/ (hh +l)-j 

ita lit fit aft = 1; hinequo naacetur ista aequatio: 

0 = (a 11 ~~z n ) ( b n 4- 2»). 



>ris vero in hac: 


bh — 2 bz cos A ■ —-- 7i I- zz, 

■n 


uo faatovas hnbebimtur, si in priori loco 2 k omnes unincri pan 
beta., in posteriori vero luco 2 Ic — 1 omnes impnros 1,‘i, 5, 7 ot 
in n uoii oxcedentes successive subsMtuautur, lOx his ergo factoribi 
i integrale quaesitum coliigitnr: 


a < ms A ■ — .i 


V 


d- «r. 


Ur ms ,1 . ii 


, hr ms A • x 

I- pc 


sin 

A • 

(fl X 

sin 

A • 

sin 

A • 

[fix 

siu 

A • 

sin 

A • 

[ax 

sin 

A • 

sin 

A • 

(bx 

sin 

A 

sin 

A ■ 

(/,, 

sin 

A * 

sin 

A • 

(bx 

sin 

A ■ 


Q. M. 1. 


PKOBLEMA VII 

. Hi proposita faeril acqnatio di/TcrentialiH grachis indofiniti 2 n iiaec: 

. 2 hd n y d Zn y 

0 “®— 

positmn cst olomontum dx constans, eins integrale inveniro. 

Solufcio 

r subslitutionom per vcgulam supra datam faoiondam nascitm* hine is 
io aigobraioa ordinis 2 n: 


II | -h -I- 1 /(hh -I- 1) 


~ II 


| f A Y V 1 h 


nli h positivmn ponalnr 

| ' [hh -i 1) -h h ^ a” et |/ {hh -|- t) - h 
itu ut sit ah — 1. Afquc sequeus habcbitur ucqmitio rosoi 

0 - («" + z") (b n — z u ) t 

cuius priori* fnctoris a" 4- omues factor's ti’iiioniialc'." 
forma; 

2 /■ _[ 

au — 2 az cos A ■ -- n -| zz 

n 


posteriori* vero in lmc: 

bb — 2 bz cos >)•—?!-]- 22 ; 

n ‘ ’ 


nmricstpie fuotores lmbcbiintiir, si in ilia forma ponauti 
numeri imp,nos 1, ;i, 5, 7 etc. lueo 2 h - [, in Ime vnro lot 
pares 0 , 2, 4, (i etc. numero n non maiovcs. Ex his itaqim 
iutogralc (pmcsitum et completion: 


ill n,8 A 

Ae 

"'"sin A * 

(ax sia A • - 1 
V n 

+ Xe’ MA ' 

‘A 

• • - :( 

" sin A • i 

1 • , ‘I 

sin .<4 • 

1 n 

+ c" mA - 

6 

" sin A * i 

(ax sin A • 

V n 

, , - tar co8.1 . 

+ cie^ -i- fie 

2 

” ^ sin A • | 

(bx sin A • 

\ ii 

bx cos A 

+ ye 

A 

(bx sin A • * 
\ n 

, . Ox cos A 

-f be 

0 

* sin A ■ 

(bx sin A ■ 11 
\ n 


Q. K 1. 



Aequutio ulgobraica, ordiuia 2 n, quae bine oritur* est 

0 — 1 -|- 2 hz n -f z*", 

cuius factored triuomiulos miles omnes invouiondos oapiatur in oi 
us radius - I, arcus oj, cuius cosmos sit -- h, ita nl sit h ■■= cos/1 • oj, 
3 iuvonto uuusqmsqiie factor triuomiulia continebitur in hac forma: 

1 — 2 2 cos A •-- zz 

n 

jslituoudo loco h oimios uumcrcs impares 1, b, 7> ..(2 n — l), 
nun fnctovum nmnorus futuvus sit n t uli uumorus dimeusiomun roi 
his igitur faotovibus cognitis ropoviotur soomulum prnccopta data inL 
ftositum acquafiouis propositnc: 



iraorus scilioot mombrorum lioo integral© constituontium ost n, in 
moms consfcantimn arbitrariarum ingredient! uin ost 2 n, uti grad us 
itialium aequntionis propositue roquivit. Q. E. T. 


uuNUAuni Kur.ioiu Opova omnia 1 22 Oommontationon nnulyjiouo 
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PROBLEMA IX 


47. Existeute iternm hh < 1, si proposita fuerit haeo aoqi 
rentialis grades iudefmiti 2n: 

n^„ 2Mn V , & n y 

^ dx n ' dx 2n 

amnto eleiuento dx constante, eiua integrate oompletum invenire. 


Solutio 


Aequatio algebraica, quae seoundum praeoepta tradita hino dec 
0 = 1 — 2 hz» -f z 2n , 


cuius siuguli factores trinomiales realea, quorum numerus ost n, a 
ui hae forma general] i 


1—2 2 003 


8i loco k successive omnes numeri pares 2, 4, 6, 8 etc. usque ad 2 « 

„t *TZ T 0tafc WC aUtem Uti Mto “ Ur0Um * ouli > 

1’ T ° b * < 1 sem P er poteat, ita ut sit A = 00 s A-a 

autem factcnbus omnibus aequationis 


o = 1 — 2 hz n + Z 2n , 

aequationis differential* propoaitae integrale oompletum erit: 


2 n-u 


XCQ 3 A 


" sin A ■ [x sin A ■ + a \ 

4 n—a ' 


y = ae 

+ P e " sin 4 . ^ sin 4 • + 

, SCOBJ.llLZii . 

y e B sin A • sin A ■ 


6 n — 


71 — Q) 


+ <5e 


2 C03 A 


Ba¬ 


il 


-C 


+ etc. 

i cos A > ^ nn ~ M 


+ ve 

Tugrediuntur enira in hano 


sin A ■ ^ s i n j . ^jt — co ^ 

fi—a 

^ ^ ^ 3in A • ~ nm ~~ 01 _j_ ^ 


expreasionem 2 n constante* arbitrary. 


0 = v , *£v , ¥!H 

J y * dx» dx*" 


differentiate dx poaitum esl coustuns, eius mtogralo invenire. 

Solutio 

.qnatio algebraica quao hinc formatin' eat: 

0 — ! :L 2z n -|- Z s ' 1 — (1 :L z’ 1 )*. 


nm sit quadratum omnes oins fnotores onmt quadrati; pro signo ei 
ri hacc forma 


i n . 2& — 1 , \a 

1 — 2 z cos A •- n \ zz 


n 


continet factores; pro signo inforiori autoni hooo forma 


, , 2 k , \ 8 

l — 2 z oos A • — 7i - - zz . 
a 


factovibus oognitis roporiotur pro signo inforiori sou aequationis 


I ^ 

u “* u dx* 1 dx au 


.le oompletnm: 


V = 


. j: cos A • — n . . / . .2 

Ae c Be " am ^4 • f a? sm A • • rc 4- 85 

v 


* COB A ‘ — ft , / .4 

-|- Ge “ sm A * fa sin ^4 • ■- n -|- <£ 


oto. 


xcoa A • n , . j . .2 

-|- axe x -J- pxe ’* sin A • [x sin A • -n 4- p 

\ w 


* cob A • — /r . / , 4 

4* yxc " sm A • # sm A • rc 4- C 

v a 


-p eto. 


integrate crit 


y m** A ' "’’sin ^ ■ (•' l * sin ^ ‘ n 71 ^ 


4 Be 


z ™ 3 A " sin A ■ f x sin A • ^ ?i 4 9 


/ <.m .4 • ‘ •> . , / . i a 

-(• Cc u am A • U sin A • u ji 4 ^ 


etc. 


I C0& i , . / . J t I 

4- axe H am A ■ (x sm A • „ n 4 


j ros . / . . .} . 

+ fixe " sin A • fa sm A • 4 


ilu8.l" H 


4 yxe n sin A -\x sin A • n 4 
4 etc. 


Q. E. 1. 


40. Ex his ulhitis exemptis iam alnmdo porspicii 
onme.s aequationes differentiates ouiuscunque gradus, 
tineantuv in hao forma 


0 = ^4 


My 

+ 


Cddy Dd?}/ , Bdty 
~dx r + W* + lx*~ 


4 


denotantibus litteris A, B , C, D eto. coefficioutes eonstan 
iutegralia completa inveniri oportoat. Unica liimirum c 
resolutione ncquatiouum ulgebraicatum in factoros vcalcs 
trinonjiftles; qnam antem in hoc negotio, quippe ab algobr 
tnuqmun datmu assumere possutnus. At vero haeo eaden 
potest quoque in aequationibus huiusmodi, quarum term 
grediuntuv, dummodo aequationuni algebraioamm, qu 
omnes assignari queant radices. Hnnc igituv nsum unico ox 


ivaom.KjviA .xi 


Si propoHita fueril isla aoquatin dilfeiontiuliH in infinitum oxeumms: 


0-?/•-; 


fit ly 


2 d. i; a 


<iy 

24 f/.x- 4 


d*j/ 

720 rfe* 


•ioaa'o </> 


oto. 


iTevcntiale f/;»; pcmitum eat oou.slmis, eiim intogralo uomplctuiu invemm 


Solutio 

(V' 7/ 

ito I pro //, ofc z k pro difTeroutiali (uiiuHvia grarius , oriotur infii 

(I/’kC 

m infinitum excumnia 


. | . e* * A, . 

J :r: 1 .T'. 2 _l ' i •"2~7 j • -f ‘ f "2 '• a-i •>» •'(•»Ta"': 0l0 ' 


venit conn line 


0 - COB A ' z. 


go nequntioniH radieoH Hunt mimes urous eirculi radii • I, quonnr 
vauoHcunt. Quoeirca oilmen posHibiluH valores ipsiuB z oruut aequontcH: 


I " 

t- V) » 


J: 


r> tc 


. L - ^ » 




. 0 71 . 

.L „• clo. 


ir vadicilaiH ac proiudo diviaorilms HimplicibiiH noquationiH illiuf 
qui oinuoH mint rcalcs, uoquationis differential is pvopositae intogruU 
m ori t: 

iijb --:ir :t nx :i.t r> nx —h.t» 

/y--ac a -\-(ie ~ + fir. a -f- a -\-yc 2 -|-Ce 11 

V six _2 ■>r 

-|- de “ -I- be a -\- oto. in infinitum. 


uih quisquo torminua soorsiui smmtiiB vol phives iiinuti dabuut into- 
•ticidaro acquatioiiLs difl’crentialis propositao. Q. J£. I. 


la liiliiim anqimlionum nsnnipla in /nfllilutionnm ailritli intcyratis vol. 71, § 1107- - 1202 
, oonfoi- qiiofpio nutain p. 202 ut pmcfnlioni* p. IX. fmoNihiitDJ Kui.hin Opera omnia, Ki'ridH J 

II. D. 





DE CONSTRUCTION! AEQUAT] 


Commentatio 70 indiois ENuainoHMiANx 
Commenlarii academiae scientiarum Potropolitanae 0 ( 1737 ), 

1- Quoties in resolution problematum ad aeon, 

nZZ^’ r a inquirendum an Mae aequa 
admittanti perfect,same enim problama resolvi oensendu 

si:? 1 *-* 

queant. Hauo ob ram “• !, qU " Um se P a ™tio no, 

simulqae separatic mria^ffium difeentia1 ^ P 
tio aequatioiiis inv^gtt ^ ^ P* ^ 

separationem variabiHum nonadm plures aequat 
diflerentialea seoundi gradus m,™ “ nstruxi > sed 
redl, °i potemnt. Initio quidem seri T ^ diferent 

--— ^ “ Senebus “finite in quas t 

1) Vido i) ’» «- - 


[msivi, qua ad oasciem oonstructiones portmgere possern. In quo or 
yotio opovam non inutilitev collocavi; incidi euim in mothodnm acquath 
■dularos erucudi, quarmu opo ad eonstruotiones diffieillimaruin aequatioi 
, paratui*. Methodmn quidom hano fusius iam expcsui 1 ), sed illius a 
mium in construondis aequutionibus iilo tempore monstrare non vaca 
,erim tamon nupervime dedi specimen illannn aequatiomnu 2 ), quae opo n 
itiouis ellipsis constvui )) 0 ssunt. Mime vevo, quo nsus Indus metliodi pie 
’spiciutur, casus uonmtllos porvolvmn speoiales, ex quibus plurinm 
puitionum eonstruotiones oonsoquuntur. Principia autem ex dissoi’tat 
infnritis eurvis eiusdem gouoris 1 ), quam pvaecedeute anno praelegi, pot 

3. Cum igituv Lotum nogotimn ad inventiononi acquatiomun nn 
ium rccidat, sit z -- \Pdx, et /■* fnnctio quaeeimque ex x et a uliisquo i 
utibus oonflata, iu qua quidem ijitogrationc ipsina Pdx solum x lit varia 
otetiir. Quaoritur autoni, si integrate $ Pdx diJterentiotur ponondo praot 
am a vuriabilo, ipialc difi'evontiute sit pvoditurum. Invcniri igitm: d 
piatio diil'ermifialis vol primi, si liori potest, vol altioris cuiusdiim gva 
qua a aequo insit tanquam variabilis ue x vel 2 . Huiusuiocli orgo aoqui 
am cum Neumanno inodidavcm vocavi, tvea oontinebit variables 2 , x < 
ae autem in acqimtiouom duavuni variabiliiun abibit, si vol ipsi z vol x d( 

atus vol ab a pcndona valor tvibiiatuv. Tabs voro aequatio quamcm 
buerit formam, et cuiusoumpio sit grudus diftevontialis, semper opo ao< 
uis 2 -- j Pdx eonstrui potent 3 ). Nam si pro dato qnoquo ipsius a va 
*dx oxhibeatur, quod per qiiadratuvus liori potest, ot 2 vel x illi valori a! 
0 acqualc capiatur, doterminabitur altera ipsarum z vel x per a , chn 
io quontitas imiotescit. Quocirca hue ratiouo pro dato alterius indetorrriin 
lore alterius quantitas poterit reperivi, in quo ipsa acquationis cuiv 
istvuotio oousistit. 

4. Aequatio autom modidaris orit vel diflerentialis primi grad us 
uuuli vol tertii vol altioris ciiiusdam, pvout fnnctio P fuerit compai 
I quod dignoscendiun et ipsani aequationem modulavem invenioncl 

1) L. Eumihi (Jomuumtutiono.s 41 i.-l, 46 liuius voluminis, p. 30 ul p. 67. H. 

2) L. liluj.icm OonmKinluUo 62 voluniinis 120. Vido notam p. 10. H. 

3) CT. Inntitulioncs calculi inlearalift vol. If, § 1017—1068; vido quoque notam ]>. 37. t-A'OA’j 

win Opera omnia, aorios I, vol. 12, p. 221—246. ti. 


per tin clividatui'j quod pvoclit ponatur li. Porro simili me 
ct per da dividondo oriotur nova quantity >S', ex tincqiu 
Onmes ergo line quantitates*?, It, S, T <»tc. ox data fimotio 
His iam invontis positoque a iteruvn constitute, si fuevi 

SQdx a\Pilx K , 

ubi a utennque datum esse potest per a etconstantes, K vor< 
qnameunque ex a, x et oonatautibus conllatam; turn acq 
(liffeieiitialis primi gradus, quae ex ilia obtinetur, si loco 

z ct ~ 7 —- loco /Qi/a:. Erit ergo ucrpiatio modnlaris hi 


dz 


Pd: v ir 

- — az h K. 


Hftoe vevo qiumtitas K, quin quantitate constitute qimcum 
niinni, ita est nccipienda, ut evanescat posito x ~0, si qui 
Pdx ita accipi deboat, ut evanescat posito x --0; quod 
petuo est observftudum. Loco K ergo semper scribi potei 
quautitas, quae prodit, si in K ponatur x - 0. 


5. Si \Qdx non pendoat a $Pdx, ideoqne aequatio h 

\Qdx — a \Pdx -\- K 

inveniri neqneat, videnclum est, mun sit 

jttdx --■= afQdx -h pjPdx 4- K, 

ubi iterurn a et fi per a et constautcs, K vero per .r, a et oor 
Si talis fonnac aequatio potent formari, turn aequatio m( 
tialis seeundi gradus rcporietnrqno per has formulas 



ouio IWMIIIIII,'! UUIU UA IJUUU rtUMO: 


d I -— Rdx 

SSdx = - A-- <1* - L - 


j7VZ.tr aequatur differential! huius qunntitutia ipso Sdx niinuto ct p 
iso. Hoeqwc modo ultcrins eat progrcdiondum, si aoqmitio modulai 
ercntialia altiorum graduate ascendat. 


0 . His praomissis praecoptia considorabo lianc ucqualionem special 

z - Sc“'Xdv, 

X funetioneni quamomiquc ipsius x cl eonstnntinm ab a 11011 pendc 
lificot. Atque primo quidom iuvestigabo, qmdoni valorem X Jiaboro dc 
icquatio modidavis Hat tanturn diA'crontialis primi grudtts, aimulquo ( 
di acquutionos ope formulae 

z jc rlx Xdx 

strui posamt. Kst voro a nmnonis, coins logarithms cst nnitas, ntque 
1c ipsius e' ,J Xdx ita sumi pono, nt cvauescat posito x -- 0. Cum igit 
= p, ux X, ct X ah a non pendent, evil e u c X'xda eius dill'ovcntialo posito a 
ite, ideoque 

Q = e nx Xx. 

o ergo acquatio inodidavis sit difforontialia prhni grades, oportot sit 

J 'fl (lx Xxdx — aje nx X dx -1- K — C. 

amufl K — e" x Xp ct suimmtnr difforontialia posito a constanle, liabe 
c, nx Xxdx — ae ,tr Xdx -|- e nx Xdp -|- e nx pdX -[■- c! rx aXpdx 


C'om?xil. 1 -i 
20 


Xxdx ~ aXdx -f Xdp -\- pdX -|- a A pax. 

le oritur 

d X x dx — a dx — d p — a p dx 
_ X ~p ’ 

1) l-Mitio prinoops: JV 'Xd.v loco Je n,r .Va:r/.i’. 
oniiakdi I’.ur.i’.ni Opoi'fi omnia 122 Conwu'iiOUiimon imnlyUeao 


at a iitrimquc ah a pendens offici potest. 


7. [nventis autem bine idoncis valoribns pro X r 
dz — e ,r Xdx = azda -f (c' t r Xp — 0) 
I’onamus primo esse p constans = »i, ertt 

dX xd.v—{a-\-mn)dx 


X 


m 


iiutqne 


a -\- mu b sen a - b -- ma, 
ita ut b et m ah a non pendcant; erit 


(IX xdx — bdx , ,r x 2 — 2b: 

X = —« — cl ,A =—Sir 


attpie 


.r'-’lbr 


X = e 


ennstans vero (' ciit -- m. Qnaniobreuj ex aequationo 

, r» - 2 br -f 2maf 

z — j e am dx 
oritur ista ncqnutio motlularis 

- 2 bx | Zmax 

dz ■-(b — ma) zda — mda + e 2m ( 

liaee oygo aoquatiu, cuicnnqne funetioni ipsins a cpmnt : 
ut diiiie tniituni variabiles z et a supersint, semper 
quidem aliunde iam patet, quia altera variabilis 2 unici 
At si ipsi = dates per a ot constants valor tribuatur, li 
vnriiibiles a ct .u tantum, quae consnoto more minus brut 
tamen hoe mode constvni potent: pro quovi.s ipsins a vi: 
eiiius applicata abscissae respoudens sit 

t' -ibx -f 2ma x 

— e aw 

»n Imcquc rurva sumatur area aequalis etdem ipsins 
ucqmihs, evil abscissa hoc modo detcvminata vems vi 


v = P -f- yx> 


dX _ xdx — • adx — ydx — (ladx — yctxdx 
X 

re.ssio, quo a ox or excodat, ponatnr 

d X j x d x — <jd x 

X mx -\- n * 

m <X n non involvant a, oril 

n _ _ V. _ _ M_ 

I -|- ma ’ ^ [ 4- ma 


xiir 


f/ — m - — ntr 

j MU 


ntquo 


a -I- nix 

P-TfTna- 


IX = (- — llL±«.‘l l ( mx -|- n) 

m m 2 ' ' 


i-L — / >i — Q in 

at,quo X — e m (mx I- n) "** 


a t y 'X: M * ' ,u " 0 ,lt 

1< -- e Vl {mx -|- n) : (/ -|- ma). 


in* -• /n — 0 in 



/ H- 


/ = 0, quod aino cletmnonlo univorsalitiitis fieri potest, erit 

- a 

z = (" c ,lx (mx -h n) m dx ; 


ions oriolur aoquatio modularis 

-_o 

(j — m — nn) zda ^e ax (mx -|- n ) m (inadx -|- nda -|- mxda) n 


ma 


m a 


»»- o 

m da 
ma 


omoclocunquo z per a ita ul ait 




luibebitm* constnictio limns aequaXionia 

Ada — e‘ lI (?nx f- n) m (•madx -|- nda |- 
quae quidcm faeta aubatitutiono x =■■ facile se} 


9. Cnni igittie hae aequationcs, quae cx aequution 
rcntialibus primi gradus clieiuntur, receptaa regain? 
supercnt, progrediencltim eat ad aeqmitiones modulate 
gradus. Rotinebo vero pviorem fornmin z — jc’^Xdx ct i 
functioncm ipsius x esso oportent A', quo aequntio iru 
diffevcntialia asccndat. Erit vero 

P X, Q = e nx Xx et R = e ii l 

quare pono 

fe nx Xx 2 dx = a\e nx Xxdx -f p$e“ x Xdx - 

Suniatur 

K=r. e ax Xp, 

habebitur sumtia differcntialibus 

Xx*dx — aXxdx -J~ fiXdx f Xdp -j- pdX 

unde fit 

dX _ x 2 dx — axUx — fidx — dp — a- 
__ _ : 

Ponatur 

* a 

orit 

dX _— dp j a{y-\-t) — a) xdx — a(yd - 

x~ - ~ f W'^Wi : 

Hit 

ay d- ad — aa = f sou a — y + 6 — - et 

it 

exislentibus y, 6 et j, g quantitatibus ab a non pendci 


d X __ 
~X ~ 



aiqne 


10 . Ponatnr 


y) - - y * f, 


■V-0- ?' 


X---.c(x — y) ?-* (x — d) *~ Y ~ 


£/.“!L“ y ±J ^ ot df — g — d -|- y 

y - . ,5 


nit 

liino orit 


d — y ~~ !l > 

I X -|- // -|- 2 ot <j = y/i -|- <5A--H y -I- <5. 

X = c (X - y)» (;e - <5)/‘, a = y |- <5 — - +-^+“ 


2 t 


ft-, J!/f_+«Ji)L±i..ya, 


itquo 


__ cc" 1 (a: — y)* 11 (re — 6)J‘-' 1 


>1 


C ^ o t — y> A 11 {— d)i l ' l 
a 

ijuooimi Jict 

z ~ J>/ £ * (a; — y) x (x — <ty*cdx, 
]uac clabit soquentem ocquafciononi modularem 


d ( (iz : <^ 5: ..f'l* = ^(x y y {x _ <5) i‘cxdx 

{X -|- ft -|- 2) dz 


(y -|. (5) dZ ~ 

_ -|- a __ L±a_+ ^ ^ (a,. _ r ) a ( 5 ),. c ri x 

+ ^±*i±2i± a l Z A" y fl ge<0 

i_ — y)*' 1 ' 1 (.r — 3)^ vl e.d a (—y)*' 11 (— S)t ti l cda 

a a 

i>ivo quod oodem rodit 

z Jc a;c (ex -|- >/) A (£x -\- 0)* l dx 


I) Cf. Insliiulitmi’3 calculi inleymlia vol. II, § 103(3—1030. Vido nolam p. 151. 


e « ( „ + (/) > ( f ; 

- (j + ? + --„—) ( rfz - c " (** + >iV (f* + o 




, . . A , . ?r Vhl 0 ,li 1 

+ e«* (ex 1- ^ 1 (f.T -I- — L — ( ~—. 


in qua litterao £, A, /i denotnnt quantitates constitutes 


li. Tribimtur ipsi x valor vol constant vcl aba quoin 
ct sum to da constant© loco omnium tomiinorum, inquibusi 
Ada denotante A fmictioncm resultantem ipsius a ct coat 
abibit acquatio moduliwis in sequcntem aoqoatiouem dun 
* et a involvcntem: 


dd z 
da ^ 

seu 


positis 


et 


-g~ +(b+t)** + (f + 

’■ + 5=6, A + ^+2 = c. l° c ~t 

-J) 0(AjM) _ _ 

- e i- ^ -9- 


Haoc ergo aequatio differciitio-dilFcrentialis opc acquatic 

z ~ $e ax (sx d- rj) x (£x -(- 0)i l dx 

potent eonstnti. Simili modo si ipsi 2 tribuatur valor v 
pendens, aequatio modularis abibit in aequationcm diffo 
inter x et a multo magis implicatam, cuina nihilomimv 
exhihcri. 


12. Quo autem obtineamus aeqnationes differentiales 
hoc modo construi queant, oportet, nt acquationcs ita eri 


I HO i 11. i v^o IIUU^HU will miriuiicli Mill LUJ U 1111 VUlUliUn, 

i'undumeiitivlem magis eompo.silam hanc 


iinoiimu cigu aeq 


s = %Se“'(y + e.r ) A (0 -f- teYtlx -|- FJV' «*( if — ex ) x {0 — C-^d 

ubi E, F, f.< f, ?/, 0, X, ft .sini quantitates constantes ab a non pendent 
vovo wt unto 

* c = A-| -/« -|- 2, /• ■; 

(it 

„_>?(/< h- i) , oa+ i) 
v - F -i- ^ -•» 


inveniotur ox hue aequationc sequent modnlnris: 

( l nht - - ■ A’e'^0 1 / Cx)i t (h- - - Fe~ " l ()j — hx) a (0 -- £. 

V ” ~ . f?« ) 

■— K( ,nx {y -|- c;r) A (0 Canada?--- Fe- nx (rj — «a?) A (0— £x)i'xdx 
- (&-b "■)((/?— Ee" x (y -I - -1- £x)i l dx -■ - Fe mm,ix (tf —- t:r) A (fl— 

_ f i I sA (•-/_;>- ‘I 0 

V «/ ' ' fif« 

(j; - £;i;) A 1 1 (0 — £a:)e 11 (./s? — Z' 1 ) ?/ A f 1 0/' f O/rt 

(C<( 


13. Quo mine tulis valor pro a: snbstihuondiiH invcnialnr, 
termini praetor oos in qnibus inest z cviuieacant, facio E -- F = 1, q 
mis ultimas ovunescut. Deinde pono 


n 

c 


— V 


g — 0 sen h = 0, atquo faeio x — ^ 


lit am bo tormini pcnultimi ovaneacant, ad quod quidoni requiritur 
ot /t -f- 1 Hint muneri affivmativi. Quia itaquo x constantom Imbet 
omnos termini in qnibus inest dx evanescent. Fiat brevitatis gratia 


s = — 1, f ~ I, et 7) — 0 = A, 
orit 


6 = 0, c = X -|- ft + 2, f — — /i 2 ot (/ --js Xh — fj,h — h[X 



in qua si sumatur x — h ct a lanquam vaviabilis trnetetnv, 
aeijuatio inter z et a, si <Ui constans ponfttur: 

s + ¥+(' + ;)»"‘-“' 


quae in acquationem dift’erentiftlem primi grad ns trims? 
z — e !tJa , prodibit enim 


dt + thla + ~ + (l + ~jda = 0. 


Ponfttur 

ta e = y sou t~a~ c y 9 

liabebitur 

(>!l + ~ + ^-hga^)da ==0. 

Fiat porro 

a l ~ c = u> 

erit 

da du 

a c l—o 

ideoque 

j yHu f - , n — - 

d >j +, _ c + ~ + j—" 1 “ du 

aeu 



-2 X -2 /i -4 —2 

U + /H- l)(l)j = y 2 du--'hHt *+/*“ du 4- A(A — /i)u~ 

Ponatur 

A -f fi = m, A — ^ = n , 

hnbcbifcur ista aequatio 


(m 4- l)dy = y*du — 
rpme constvm potest ex aequationo 


-2 an-: i 

W+I dtt 4- »» m rf. 


«» + >! 


— z) » (Jt + z) 2 (ia;-|- -|- x ) s (/ t ._ 


Nan, si postintegratfcmem ita instil,,tam, ut posito « = 0 , ova 
X = h Ut pro a 8,1 Hstituatiir u™, Imbcbitur funetio ipsina u 


i viw iiM viuui ijjMun y/ in hlmj uin-iunu 111 vuntil. ulhhu uiu vunj cat 

vi- n numeros affirmatives ossc dchere. 


.L. jfi )f 

14. Si tarn —~ - epuun —— ; fnorint mtmeri integri affirmiilivi, tnn 

ins z per integrationom potorit exhibori oh proinde valor ipsius V 
lignari. His igitiir ensibua acquutio proposita 

- 2 m - 4 - 2 nt-n 

(m-|- 1)r/?y = y 2 du — h 2 u mv 'du-\-nhu " ,+1 du 

>rc oonaiioto potorit intograri cinnqne integrals oxhibori. Ponatur oi 

m — i ■ | - fc, eh n ~ i - - k 

notantibus i et k nmneris intogris affirmatives, ot luihclrimus bane 
noni 

■•Afc- .l -ZJ - fc_fc - a 

(1 -|- i -|- k)dy — yM% — h 2 u f 1 * |1 du -|- (* — h)hu i vk '- 1 du; 

le non solum modo .supm oxposito conshnti, sod otinm consnoto inor 
•i et intograri potorit. Nam in ueqtmtiono 

2 - - x) l (h -1- .r ) k dx -|- je/ ‘ (x (h -|- 'xY(h — u) k dx 

st integrationom, quae actn succedot, ifca mstitntam, ut posito 

— i 

nncscat z, pouatnv :r, — h et pro a substituutuv hie valor u uki 
jto z aoqmibituv fimetioni euidam ipsius ?t, qmu> sit V; invimto voro 

„ _ - (i - t + 1 ) dV 
J VUu 

fiat insupor k — i, prodibit acqmitio a Com. Riooato quondam pr< 

-4 t- i 

(1 -1-2 i)dy = y*du — h*u 2i t l d% , 


ins ndeo construefcio 1 ) universalis ost oxhibita. 


!) Si Hal. i ■- h, <|imnqunin i non integrum Hit., huoo constmoLto in construct ionom < 
iotnim II ot 31 ImiiiH voluminis roiiloscot. Of. fonnulnm ip.siuH ^ snpimua upriptiuu cum 
in in Cimnnuulutiono 31, § 17, ImiiiH voluminia p. 34-, Horibilnr. 
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DE ARQUATTONIBUH DIFFERENT 
AE (JEETDS TANTUM CASIBt'S INTI 

ADM1TTUNT 


Common tiitio Ofi indicia Il.nhsthokmiani 
C'oimncntnrii academiuo sm’iUifimm Rolropolilimno 10 (17.18), 


1. Cum ad acquationcs dift’orentialcs, quae gcnoraliter 
mctliodis adlnic imitates pcvvenitur, non parum angmor 
oenscnda est, si casus saltern partieulares assignentuv 
locum invcniat. Dum enim integratio casuum ab integrati 
tionis non pondot, co mngis erit abscondita atque inventu 
per gcnevalioves integnmdi metliodos pcrfiei potevit. Tali 
complurcs nitnos a Comitjs Riccato 1 ) est producto, atque n 
gcomotris mnltum agitata, ex qua satis perspiccre licet, qi 
integrates per alias inethodos traetarentur, nisi rodi 
casuum ad simplioiores uti vellcmus. Casus scilicet isti • 
invonti, ut idonca facta substitution© casus simplicissimu: 
promtu est, in alium transmutetur eadem forma general 
denno in alium ct ita porro in infinitum, quo facto lion 
integratio cx simplicissimo coiisequitnr. 

2. Pvoponam hie autem aliam methodum latius 
solum iu aequatione ilia Riooatiana, sed etiam in plui 
integrationcm paritcr respuentibus, casus integrates erui 


l) Vide nolnin 1 p. 17 liuius voluminis. 


’limn ji i vk t* i uv 11 in v in unjucuimuuHn va[M iiiiviivui, >.u ll ivMIli vJIUK’l 

piatio })]miniis modis per seriom integrari possit, dif(icilUmmn plcnim 
in oiusmodi seriom iucicloro, quae ecrlis ensibus iibrimipatur; ita ucqua 
n illam Kiccatjanam per vnrias substitulionos in alimn formam tmnsnni 
irtot, autoquam integratio per seriem oiiismodi absolvi quoat, qnac ensi 
egrnbilibus ubrunipatur. 

.’b Tnlis autoin praepumtio, quao ad seriem idonemn manuducat, 
'do fieri ncquit, nisi ut aoquatio proposita in ueqmitiouom dilTcrcjiliu 
nncli vol nltioris cuiusdmu gradus tmtisimdotnr, in (pia altera vnvial 
ique imam tnntmn obtinoat diinciisiotttun; buinsmodi (mini ac(pi«tio fu 
commode per .seriom integrari potest. At line solum non stiffieifc nd pic 
nil nostrum; series onim practorca bare ita delict case coin panda, at cc 
■ibus abnunpi cpieat, quod ovonit, si I'noto coel’fidonte nniuaeinns 
mini = 0 Hcquontimn terminornm omnium ooeflioienles annul evancsc; 
m igitnr liaeo praopumtio tantis laboret dinieultalihus, expediot nogotiu 
itovioii aggredi, utquo primo aoqunficmem difterontialoin aocuiudi grn 
leralissiinam eoutomplari, cuius intogratio per seriom absoluta laic gam 
icrogativa, ut infinitis casibns fiat finita; quibus luloo easibus acqu 
mnta. inlograri potent. Moo facto uocjuationom istam difleroutialom scoi 
,dus ad difforoiitialeni priuii gradus rcditciiin, camqiic in vnrins for 
nsmutabo, (pio pluriinas iino infinites obtineam noquationos difToronti 
ni gradus, quae iisdoin ensibus aint intograbiles. ILinc autom non so 
•spionnin erit, aoquationes inventus illis easibus esse integrabiles, seel re 
diendo otiam ipsa aoqmd.io intcgmlis assiguari potorit. 

4. Huiusmodi autem acqnatio difToroutialis seoundi gradus, c 
piisitis illis sntisfaciat, atque latissimo patent, est haec 1 ): 

1) Cf. Om»mou(i\.lUminn 284 hum* voluminiw. /HsUCtnioitfs <:«/cn/i iitfoj/mh's v< 

20- 001, 007—1007, 10M, 1033—1030, 1000— 1 OHO. Vi.In jmrro U. Kki.khi C.mmionmtiononi 
aidemtio (tcyurttionis dijJacntio-UiljcrciKiftliti 

l« -(• bx) ddz -|- (c -|- erv) -|- (/ gx) - 0. 

'i RoiniDcni.acml.,sc-.Polrop. 17, 1773, p. 120. Lhonumuh ICvuitu Opera omnia, series J, vol. i: 

H. 


[a o.c“) x-aav (C -f- jx n ) xaxav -f- \g -j- 






in (|ua variahilis x elcnientum dx position csl conslnna. Ex Imo 
tume valor ipaios » duplici modo per scriom definiri potest, q\u 
si poimtur 

i> -- Ax” 1 + Hx m * n + Cx mriH -f- Dx m+ * n -J- ]Sx m ' iAn -|- 


lliuc eniin valoribus loco y, dv ct ddv subslitutis, ot tonuiu 
fact is 0, sequentes prodibunt coefficieutimn A, /?, 0, D oto. ol 
cletenninutiones. Prime onim debut esse 


g -f- cm -}- am (w— 1) = (), 


nude no ad irrationalia perveniannis, m potius tamqunin niuno 
speetemus ex coque (j deternuuemus, critquo 


g — —cm — am {m — 1). 

Demrle vero habebimus hoc valorc loco g ubiquo substitute 


_ — A {h -f- fm + bm(in — 1)) 
cn -f an(2 m -fbi — I)™ 


0 =: + /(*» + ») + n)(m — 1)) 

2c?? -f- 2an(2ni -j- 2— J) 


]) = 22°( k + /[m + 2 n ) -h b(m + 2 >i. )(m -|. 2 a — 1)) 
3 c?i -f- 3 an(2m -f- 3 ?? — I) 


E - + 6 (?» + 3 n) (m q- 3 ?i — i)) 

4c?? -f ian(2m -f- 4 n —I) " 

etc. 


itmlcrT ^ <lmi ' ,titaS C ° UStenS avbitraiia ’ “ sequent* ocelli 


5. Ex his coefficientium valoribus invents hitolKgitur si 

SJZST ta r ,M si,m ” evanesuere ’ ita «<-’»* 

P h,lt fimtus> at( l ue wloireo aequatio assumta 


(“ + bXn)Z ' (ldV + ' C + M*dxdv + („ + hx n )vd3 , 
intcgraticnem aclmittut. Si emm fuerit 

h -f- jm + bm{m — l) = 


turn criC 
atquo si 
erit 


h -|- f(m -|- n) -\- b(m -|- n) (///- [- n — 1) ~ 0, 
v =-= A ;i; m -\- I3x ,n + n , 

h -f- f[m 2n) -\~ b{m -|- 2n) (m -\~ 2n —- i) -- 0, 
v Ax ut -|- Bx mn ' -|- Cx m -' 2n . 


iSompor igitnr aoquatio proposita mtogrationem ndmittcl, quotios flic 


sou 


it -|- /(?>/ -|- in) -|- b(-m -}- in) (in -j- in — 1) — 0, 
h = — f(m -|- in) — b(m -f- in) (ni -|- in — 1) 


dcnotanto i muncnnn qnoiocunquo integrum aflirinativum cyphra noi 
Interim tain on ii oxcipioiuli sunt casus quibus denominatores ovanc 
ista intogratio non sucoocUt, si fuorit 


G = — «(2?U ~\- (t -| 1)14 — 1), 


si (piidcni hoc casa i minor fucrit quam illo* 


0, Altor modus ox nostra aequationo valorem ipsius v por soriei 
in hoc constat, ut ponatur 

v -- Ax k -p Bx k ~ n -|- Oa: k ~ 2n -|- V;v k ~’ slu -|- fix h ~ in -\~ etc. 
Hinc oniin pro v, dv ot ddv dohitin valoribus Hurrogaiulis reporiotur 

h -h fk hk(k — 1) = 0, 

quaro poaamas 

h - —jh — bk(h — 1). 

Porro voro orit 

]i d- ck -|- (i-icjk — J)) 
n] -|- n0(2 h — n 1) 

0 _ Hit I- c(k — ?t) -| -a(lc — *_)) 

° ' '2 fn -|- 2 0n(2 k — 2 7t —‘l) 

n -I- Ak — 2 ? 0 ~\~ — 2n)(k — -2n — 1)) 

» _ rnu -I- tft fe—a » ■) + «(fc — a »)(*-• a »•— I)) 

■1 jn + bn(2 k — in — 1) 

ote. 


cienotante ut ante % mwierum qnemoiinqiio integnim 
aequatio proposita crit integrabilis. Nainqne 


si i — 0 crit v — Ax K \ 

si i — 1 crit v — Ax* -f Bx k ~ u , 

si i = 2 erit v — Aa* -f- Bx k ~ n -f- Cx k ~ 2n 

et ita potm 


7. Aequatio ergo nostra goneralis 


(a -|- bx u )x 2 d(lv (c + fx n )xdxdv -|- (g hx n 

in qua est 

tj = — cm — am (7)i — I) atqiie h -■ — fk -■ 

(piibus defmitiombus nulla vis ainplitudini aeqnationh 
arbitmiiarura qnantitatum g ct /ulnae novae arbitrariae ■ 
luiec, inquiun, aequatio integrutioncm ocUmttit, qnoties fti 


-el / ^ t m -f nQ(w -I- in — I) — k( k — ))^ _ j __ ^ 
' k—m — in 


- m —- 


, (k — in)(k — in — 1 ) — m(m — 1 ) ,, , 

vel c — - -------«=■- 1 — k — md 

m — k -f- i » ' 1 


.Dnplioi ergo modo infiniti casus assigna-ri possunt, quibt 
integrnbilis existit; atque insupev his singulis caaibus ipsa 
ip.sius v per x ulgobraico exprimi poterunt, quaereudo \ 
B, C, D etc.; qnippo quorum nmnenis istis casibus fiet fi 


8. Quamvis autom hoc mode casuum crutorum 
inveniantnr, tamon non est putandmn haec intogralia ae 
tiones clifferentialcs ex quibns sunt ortae. Quemadnic 
ipsius dx non solum est x sed ctiam x -f- «, ita hacc integ 
hoc modo invoniuntur, sunt tanttmi casus particulares \ 
qui oriuntuv, si constans quaepiam arbitraria vel nihil< 
ponatur. Interim tamen in his omnibus casibus, quit 



rddv Qdxclv itvdx- -- 0, 


, Q, R suit functiones quaccnnque ipsiits x, cuius iam iuventinn sit ii 
particulftrc per huiusinodi vinm, scilicet v -■= X, lioc cst function! etiid 
x. lam ad aoquationom inlcgrulcm complctam ontendam pono 

v •— Xz, orit dv = zdX -|- Xdz 

atquc ddv — zddX -|- 2 dXdz -(- Xddz , 

=i sub.slilutis aoquatio proposita abibit iu banc 

-b PzddX + 2 PdXdz PXddz - 0; 

-[- QzdXdx -b QXdxdz 
-b RzXdx" 

in X sit valor, qui pro v subslitutus satisfacit, eril 
PddX + QdXdx + RXd& = 0. 
rca doletis his terminis restabit 

2 PdXdz -b QXdxdz -b PXddz = 0 


2 dX Qdx d dz __ ~ 
'IT *' T~ “ l " iiz ' 


i cum P ot () sint fnnctioncs ipsiun x> ponatnr 


I = 8 


c integmndo 


X 2 dz ■= Ce~ s dx atquc z — C j — 

ante e mnnormn cuius logarillnnus hj'pevboliens cst 1. Aoqtiationis c 
Pddv -j- Qdxdv -b Jlvd: u® — 0, 
itisfacit v — X, oomplctuin integralo orit 

» r« ox 

cryjr 


= ox f c i 


dx. 


i v;/ i 


intcgrationcm admittat, atquc si nut I otiom honun oasm 
invctiit'i queant, inqinramus in aeqnationcs differentia' 
ex ista rcsultont, atqtio idco iisdem casibus integral)! 
ftutem proposita facile in aoquationem difterentialoir 
mutatur ponendo 

dv 

v = e Szdx , ita ut sit z ~ —. 

vdx 

Unde cognito valore ipsius v, sirrml valor ipsius 2 innotef 
(Iv — e Ssdx zdx et ddv = ej £dx [dxdz -f 
qnibus valoribus subst-itutis aequatio nostra transibit ii 
(a -f~ bx n )x\lz -b (c ~b jx u )xzdx -j- (a bx?')x-&<lx -} 
Knee ergo aequatio difforentialis primi gradus factis 

p =—cm — am {m — 1) et A = —jk — 
semper cst integrabilis, si fuorit 

vel / = ?!» = (1 

k — m — %n v 


_ (k — — in — 1) --m(m — 1) 


vol c •-= -- 


m — k - 1- i n 


-a — (I — k — m 


quibus casibus etiam ox valoro ipsius v invonto valor i] 
qtiam incomplete ope aequationis 2 — ~~ iuvcnietiir. 


10. Quo autcin elarius apparent, quulos aoquatioi 
genorali continuant-nr, in aliam forniam aequationem iir 
in qua tres tantuin insint termini Indus fovmoo 

Pdz + Qz 2 dx -b lidx ~ 0 

donotantibus P, Q ofc li fimctioncs ipsius x. Haec ) 
modis fieri potest, quorum primus cst, si ponatur z = 
ipsius x etiamnum incognita. Facta ergo liac substitute 


(c (- jx n )Tdx |- {a -)- bx n )x<iT —- 0, 
linns, qui // continot, cvancscat; luibobitur orgo 


(c + fx»)dx , (IT _ 0 
(a -!- b:v u ).v " r 'T ' 


rom ipsius 7' erui oportcl. Rcclucctur aufom Imcc acqualio ad is tarn 


cgralo cat 


c<h: {<if — bc).i' u - l <h: dT 

ax ' a (a - |- bx H ) ' V ~ * 


C lx-\- ( - l ~ -~l(a-\-b.v") -|- IT =•-: C 


//i(« ±J^ n )'^L 


h <• — rt / 

(r/ -|- l)x ,, ) ' n ' ,; ' n ' y 


nostra abibil in hiwio 


. (a -1- n <"' (// -|- h:r u )x a tlx _ 

ay-\- -• '.I- "Tr-Tr.". ~ y 


(a -|- bx n ) ' lh, ‘ 


plcrca iisclom casibus, quibns supcriorca ucqiintiones, inlogratumom 


Hinc iain spocialiomi fonncmua aequatioues poiioudo pvimo 
ut sit 


7 i J ii i ({/ -I- h-x ,l )x tt A 

d V + X* tfdx +J s - H — = 0 . 


POITO 


X " := i SOU X ~ t a " c 
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Hiice ergo ucqmitio, si fuerit 

g = -cm -am{m- 1) ot h = — '' (cfc + uk(h- 

semper integmtionem admittet, quoties crit 

vcl c = (I — fc — m — in)a vol c=(l— k m-\--i 

hoc eat quoties crit 

cj- ajk -I- ffl— 1) 
a n 

numenis integer sive affirmntivus sive negatives. 


12. Si insuper fuerit c 0, lmbebitur loco rj ot /(. uotu f 
valoribus 


_ («m(m— 1) bk(k — 1 )t n )dl 


Ay + = {a + u*)u 

quae aeqnatio iutegrabilis erit, quoties fuerit 


1 _ i — m k - - tit — l 

vel-vel - 

n n 


muncrua integer affirmativua; hoc eat quoties fuerit ——■— ■— 1 r 


sive affirmatives sive negativns. Haec ergo uequatio 




iutegrabilis erit, si fuerit vcl vel ~ mimerns integer sive a 


negativns. Atque Imec aequatio 


dy + y*dt = 

J r ■' (i a + bt n )tt 


iutegrabilis erit, si vel --- vel ^ fuerit numerus infcogor sivc a 
negativns. 



ompcrintogratioucm udmitlot, quotica fnerit —numcrus integer 
ativtis sivo negatives. Quure Imoc aoqnatio 

. . y 2 dx in 2 a dx 

^ x (o -|- bx n )x 

7 )b 

ibilis orit, quotios — fucrit numcrus integer; Imcc vero acquatio 

, . y^ifx _ k i bx ,l ~ 1 (/x 

C y x a -\- hx n ’ 

h ^ fuerit munenis integer. 


k UusuimimuH acquationcm genoralom 

be—n I 

dy | ( ff -I- (>'• f M ) “ bH yhlx ^ {g_-\~ hx n )x a V.r = () 


-2 


(a -|- bx n ) abH 


aiims 


b~l 


c ™ - -a(n~- 1), liatquo (a -|- bx n ) bn = l, 


bn 


’t ista acquatio 


/ ill y 

y'^flt , b\by — ait ~\~ hl b ~f)t b ' /f ~dt 


^ + ^r7 + “ - 


cat 


6u_ \a 

(b - l)\l b - f — aI 


g — am {n — m) ot h = — fh — b h {h — 1). 
cro aoquatio totios intograbilis ovndit, quotios fuorit 

vol ^ ^ m — n - munorus integer affirmatives sou i 
•, / b (m -|- k — 1) 

vol-- - numcrus nitogor negatives. 


quae semper integrotionom adniittot, dimimodo fue 

sivo JiflirmativuR sivo negulivus. Hitic posito k = n, isia a 

, i 

»i6'“ nl(( — «)* _U 


integrationcm admitted, si fuerit ^ numcrus integer. At 
aoquat-io 


,hj + £* + ‘‘t-w = o 

J ~ n6 ^ ?»/(< — «) 


mtograbins ent, quando iuerit - numorus integer siv< 
negativus. 


1C. HovortainuL’ ad aequiitioncm priinitivam inter x 

{u + bx«)x"-dz + (c -I- tx«)xzdx -\- (a + bx»)x‘z"dx + (g 
quae posito 

ff — — cm — am (wi — 1 ) ot k — — fk — bk 

integrabilis est, si fuerit 

vo] / ■= (1 — k --m — in)b vcl c = (1 —k — 

Alio autem modo cam traiisformemus in aequationem trib 
eonstimtem. Ponannis scilicet 

z^Ty -1- S t 

donotantibus T et 8 fimotionibus ipsius x; erit 

dz = Tdy ydT + dS, 
his subslitutis prodibit ist-a acquatio 

(" + bx n )Tx l dy -f- (a -g bx*)xhjdT H- (a -f hx n )x*T*y*dx + 
-(- (c -|- jx n )Txydx q. 

~b 2(« -|- bx n )x 2 T8ydx -(- 

-I- 



dT L 9 VJ,/r I -*■ f x *) lix _ 0 

~T -h 2 -'-^- qr^r- 0 - 


us unto omnia T — x v , quo post divisionom per (a (- bx n )Txx coofficie 
y*dx fiat simplex potestas ipsius x; erit 


P 

x 


-p 28 + 


G fx H 
x(a bx" 


0 


o __ — c - - Up — (/ -1- bp)x n 
K 2 ;»;(« -•{- bx n ) 

ef. 

a(c 4 a-p)dx — a(n— 1)(/ 4- bp) a: u dx -[- b(f -\- bp)x 2n dx -[• af>)x"d 

2 xx(<t -|- 

bis valoribus substitute obtiuobitur ista aequafcio 


(a 4 bx n )x v '‘ l dy (a 4 b\ 


?/Srfa . Ply ~ 1- 2 >(“ + 


2 ( 7 )(U* -I- (/ 2 h)x u dx 

2 


— 4 2 /j (/>g — « l)x n dx — 2cfx H dx / (x 2n dx 


or (a -|- b&'').T*' 12 cLivisu voduoitur ad luuic 


dy + x „ yHx + Vt?A^ 


(c 4 2j/)f/a; 4 (/ 4 2/p.-cVo; 


1 2 (a 4 bx u )x v * 2 

(c 4 fx H ) 2 dx — 2 n[bc —■«/)x’4a 
T(d'+l>x u fx^ * 


,oquatio ita csl oomparata, ut posito 

g = — cm — am(m — 1) ofc h = — fk — bk{k — 1), 

• sit iutegrabilis, si fuorit 

. — {k 4 w— I)£> — / , (k + m — 

bn (in 


us intogor affirmativus. 



et aequatio invenla tmnsibil in banc 


dy 4 x u ifdx b 


{p l ) % dx 


(a - -cfiilx 
4 (fix 1 ' ■ 2 


_(y_-i J 
(a -b i> 


quae, si sit 

(j — — cm — am{m — 1) ct h-~ — ^ {ck- \-a 


intcgmbiUs existit, si 


(fc -b m -• l)a o 
an 


fuei'it numerus intcgor sivo affirmativus sive uogativus. 
quo procleat istu aequatio 


dy -b x^y-dx {- 


(■p_'\_^dx 


(omul -b hick: 

"'laT fix*)* 


quae integrabUis eril, si fuerit mirncrua integer. 


17. Pominnis in aequationo gonomli ultima § 15 in\ 
termini simplices prodeaut, habobitur iata aequatio 


dy -f x J 'y-dx 


(p -b l)*(l% {a--c) 2 dx 

4 x 1 ' +2 4 a ax 1 ' h2 


[af — naj + 2 ah — c()x' 1 dx fjx 2n <lx 
I 'fate*** 


quae posito 

g ~ cm — am{m — 1) et h — — 
iutegrabilis oxistit, si vel 

(fc + w — l)a + c 
an 

fuerit numerus intcgor affirmativus, vel si sit / = 0; qi. 
constat. Ponamus 


a 2 (p + I f — (a—c) 2 -b 4 cuj aa 2 , atquc af — naf - 


orit 



_ a(i -J~ a{n -|- 2 k -f- ft) 2 — a(p l) 2 
g ~ . 1 ; 

i aubstiitutiw orifr 

•' 1 • / 1 1 2ux>" 2 4ua&" 2 ’ 

ob valorem tpsius r/ ian\ auto dcflmtaim 

w } 2 k -|- ft = 2 w -I- )/((?* ;■ l) a - a), 
[iiafcio iutegrationom admiUot, si fnorit 


m a — 4: — // 

-L sou 

// 


7( _|. lja.-.d) 
2 » 


■us intngcr affimuitivua. Sit u 0 ot /] --- 0, habobitiir ista aoqimtio 

a,, + ~ //al ~7- rf * 

lotios intogvaUoncm adimUit, quotios fiuirtL 

-- nj-. (V ~l;_ *) 

2 n 

ns integer affirmatives. Sit ergo 


acqiuitio 


2 ’ 2& -}- 1 ’ 


*/ |- - /'*—l l . —’I* 

■' 1 ■' -I a a 


' ovifc mtograbilis. ITacc antem acquntio ipsa est RiucArrANA 1 ); iui 
p = 0 pvodit 


■a— 1 i -2 


; . „ 7 j X (lx 

(ly - - y 2 dx — -—--. 

'* 4 


Vido nolnm I, ji. 17. 


H.D. 


quae int-egrabilis erit, si fuovit 

± [y -J - — 

2 n 

mimerus iuteger affirmativus pnta i. Facto autcm 

± (p -|- l) — n — fl --= 2 ni crit ft = ± (p + 1 )—?>(£ 
Quarnobrem kacc aoquatio 

dy + x^fdx = (I?*--*** + iaH 2 ±U)J -Jlr+A^ 

1 J 4 an ^ 2« 

semper eat intcgrabilis. Hinc scquuntur soqucntcs aequationes 

dy -|- ifdx = U^!ll + tVi±_2_jt_l)dx 
J ' J ian ~ 2a 

dy-\-ifdx= -|- IVj+JjL 1 )' 1 -.? 

d), -I- = U-- j_ A 2 * + 

quae onnies aunt intogmbilcs. Quarc Iiaec aequatio 

dy f Ai/du — Buudn -f- Crfu 

intograbilis existit, quando fucrit muncrns iuteger affirm 
namque 4 i + 2 i 1 oumcs mnneros impn-res cornplectitur in st 


19. Ponamus in auperiore aequatione tantum /? = 0; 
aequatio 


dy -f x*y*dx = 


ffx^ n dx 
4 aax v + * 


udx 

4xp+* ’ 


et 


quae integrabilis evit, quoties fuoril 



wi haeo aecjnatio 

dy + x>yHx = U*^±<l* + 

•' ' •' 4 aa 4 a: ?M 2 

itcgrabilis orit. Si ait p — 0, crib iaba aequutio 

dy y*dx = - V-x^-Hx -f -i:ii- rj). d l 

3inpor integmbilia. Hiiio ptmendo ~~ = quia / ct a sunt quanti- 
»itrariac, integnibilos ornnt sequentos aequationes 

dy-\-y 2 dx — A dx I-—— 1 — 

dy + y‘dx = AxHx + i 4 1±-2> <±1 +_ 1 2^ 

dy -|- yHx = AxUlx + Qi±ML±M* 

ius goncris iimumorabilcs aiiac. 

i’iat in acquationo 


/ , ,, i, J (h: {fix 2 71 — 2apfx n — a a 2 ) 

dy+X‘‘y°dx^--± --'■ 


mta a = — ft 2 , quo sit 


dy + x"yHx = ’ 


uatio tobies integrabilis crib, quotics fuorit 

— a— (i ±Y{{p + l ) 8 -h (?) 
2k 

intogor affirmativus puta = i. Erit ergo 
(2 i -|- l)n + f! = ]/((P + 
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* (pj- l) 2 -jH2i_-J_l) 2 . 

' J "" "" “2 >7(2 * +"l) ' ’ 

quoties ergo fi huiusmodi habucrit valorem, aequatio 

7 , n 1,1 { fv H — tta) 2 dx 

(hj + x”fdx = -j-i^rrr- 

iufcegrationem admittet. Posito igitur p ■— 0 ista aequatio 

integrabilis orit. At si p = —I prodibit ista aequatio 

iutegrabilis. Sit autem a*-* 1 — /, erit 

dl 


x"dx — - *!*— , .t" ^ t vn ct 

iH- 1 X*" 


p-J-1’ X*' +i {p+l)H' 

habebitur ergo ista aequatio 

(v+\)iy + tfdi = y^JgW 

quae iutegrabilis erit, si fuerit 

a _ (P~b i) a — »- a (2 i -h l) a 

' 2 «(2 t + 1) 


21. Muito qnidem plum eonseetaria ex nostra uoqutitione g 
paruui clegautia cleduci possent, sed ampliorem evolutionern aliis 
luvanfc, relinquo. Interim notnri convenit praetor Jmne inothoclum, 
secutus, alias dan immmeras, quarmn ope aequationcs diflbrenl 
oertis duntaxal casibus intograbiles evaduut, iuvouivi possunt, » 
nimis fit laboriosa. Tta si eonsideretur 1 ) hace aequatio 


1) Vido L. Kuujih CoinmoiHfltionas 274 ofc 710: Construct™ ac.quatwnin diffvrcnt 
Aydu? -j- (D Ou)dudy + (/) -j. pj u + Fuu)ddy = 0 


sumio elemetiJo du conslanlc. Novi comment, acrid, sc. 
transformation is singularis serierum. Nova acta acad. 
Evi.cnt Opera omnia, I 22 ot 116. 


l\lrop. 8 (17(10/1), 1703, p. 1C 
sc. Pctrop. 12 (1704), 1801, p. I 


v A .r-f Ilc'“' n Cx”"*” etc., 

^fioiontes quiilem dcfinive licobit, sod innos oouliguos ovunesccre opovte 
pientes onmes evnucscant. Ke.iliool quo Hat v = Ax m nceoHso est i 


p \- fm \ - (tvi{m - 1 ) = 0 
o 

q -|- (jm | bm{w - l) = 0 ot /■ -|- fun -|- cm(m —1)=”0. 


item fiat 
■ur at sit 


V r= Ax "* }• Ux m 

— _ i/»« -I- — 1)) 

— ?</-f w -|- »• 1) 9 


) 


V 


\- fm -\- am(m --- l) -- 0, 


/• -|- A (m - n) -\- c(m -\- n) (m -1- n -- I) = 0 

■to n~ (A -| c{2 m-\ n — l)) (f-l fi {2 m-\-n — 1)) 

-{- gm -|- bm(vi — J)) {<[ -[- {/(w -[ //) -|- b(m n)(vi u — 1)) 0. 


satis liqnot, ulterius progrodioiulo Iaborom in immonsum oxoroacere. 


Unicum lumen eoromcKs loco exeiuplum simpUeius afforn.ni, quo fc 


b — 0 , c — 0 , / — 0 et g — 0 , 


k 


positoquo v = o) z,)x posui z — y — 1 

uto aequens pvovonit aequufcio 


ldx = *L^. tdx + ^. (M2M _ 1) _ 2r) 


ov duos oas\is expositos infcograbilis osb, 


praetor hos vero casus iufiniti danfcur alii, quibus ista noqualio paritor b 
bilis existit, scd ad eos dctcnninandos vcsolutiones aequationum p 
dimensiommi requiruntur. Posito 

h{2n — 1) 

= 2 - 

per secundum casuin ista acquatio 


(Uj -f ifdx = ± — * 


integrabilis erit. 


M 1ST MODUS AISQ U AT IOiYKS I ) I KK U RKN TIA U K 
ILTJOKUM GKADIIUM 1 NT.KGRA.N 1)1 ULTKKII 

IMIOMOTA 


^oinmoiiUilio 188 indies IOni-istuoi.miani 

Novi Conirnoninrii uemlomimi Kniontiarum PuCnqiulifuime ll (1760/1), p. :t—;ii> 

Sunnniu'iinri iliidnm j). (S 8 


RUMiMARlUM 


ITaoc Disaertatio sino dubio inaigno eontinot calculi inlogralis augnientmn; <; 
radutur mothodus, iimunierabiloa aequationos all.iormn gmdimm ita expedite 
idi, ut per imam oporalionom atatim itequalio intogmlia oblincutur, noquo op 
intcgmfciouoR aueecaaive iuRliluoro, quoli eat graclus nequatio diiTwontiuliK prof 
smodi operationca aliae mothodi adluio cognitive veqimunt,. TriuluUn-ab aid cm / 
r o]uniino Septimo MiHcellancOrum BerolinenHium imti specimen Imiiis method 
erat una operationo intograle huiua acqualionis invoniro: 


0 --= A« -I- ?— y - -I- D ^l -I- M - J - + etc 

u 1 dx 1 dx 3 1 dx' 1 dx* ' dx 6 h ow,, » 


jlemontum dx nuintum eat eonstans, lifctorao autom A, B , C, D oto. eoerfic-iontoa 
quoseunque couatanlea; mine autom liane motliodum Oxtendit ad liano fo 
do Iafciu8 patentem: 


X = Ay-\- 


)hly 

dx 


Oddy , Dd 3 y 
~ihF ' -,lx*~ 


Kd*y 

dx* 


IWy ■ 

dx s ' 


ete., 


littera X donotat quantitalem quameunquo ox vnrialuli x ot oonstanfcibiiH utei 
Uitnm. Omnino hio notalu ost dignuni, quod oporatio semper aueecdnt, ad ( 
juo etiam gradum differeutialium nequatio nscondat, no grndu quidem infinit 
Liao, cuius oximia oxompla Auctor in scquontilms oxhibot. In luio auloni .Dissert) 
uun oasiun admodmn simplicem hao acquationo d*y = ydx 3 oontoiitum me 
ari persequitur, ostendens quam prolixum no taediosum ealoulmn ciu« aolutio icq 
pe quo tandenn ad aequationem quidoin difforcntialom primi ordinis pcrdi 


i2r;r;r.:r 

molcstis ambagibus \ma earnm fnn-nr tj 0111113 beneflci( 


o - A + Bz + Cz* + D& + ISz * + JV + et0 . 


;X::z,r:;v,rs„:;;.r n “T*•■>-“ ^ 

aeqimtfoniB ounotao a 1 . ^ merifco P 1 ' 0 ^illimo hal 

simplioissiinae portionem inl-p rac j ices > earumque quoelibot suj 

universuni integrate completing ^ <* uaesit b ita ut omnibus radioibuah 

videto iia oasi,f::;xf«h: e *; n ; r7\ Difficu,tato ^ •>«* 

— atbtk : 


s=S£S~~» 

constans assuniitn,. «„ •* 1 - ’ t nus vex '° tantum 

quae different! 1 ’ cumt » mtegrandi, atque adeo aec 

rcs^rs'T, 1 ’**" i "“ 

integratiombus emus prut 1 ^ 18 pilmum g rac lum suparet 
aequatio proposita method ™v qUaS1 euiuseun< l ue de 

finitam, ,l p 2 M:s 0 r em t r pe ' 

quot gradus difeontialia i„ U obST « tU6M 


1 ) Commentatio 62, p, I08 Jn,h tB vohmtafe. 


wpuuLoiouni per iiwummim mcu-iu pcocsuy evuo, (mm uinea opera 
im vcram aequationem mlegralem olie.io. 


2. Quantopere autem modum integrandi vulgarian toties repeton 
tics dilTorontialitus in neqiiationo incsl, seenti in moleatissimos (nil 
damns, union cxomplo ostoiKliss<^ inval>it 1 )» Sit ergo proposila imce acq 
ircntiidis terlii gradus 

d'l/ - - t/d.fi', 

pm olonienlnm dx constan.s ponitur. Ilaeo aequalio, otsi moa met 
Himo tor integratin', tanmn no ipiidom modus earn some! timl.um integ, 
ipieitur. vStatim quidem, quia varialulis .r ipsa deest, appavet eai 
him secundum dcpruni posse. Si (mini poimtur d.v. pdy, ob d.v- eon. 


0 - pddy -| dpdy 


lonuo dilTo.rontiamlo 


0 -pd :i y I 2 dpddy -{■• dyddp. 


le lit 


ddy -■ 


dp tlif 

V 


/.t _ ~<lpd(li/ thjdtip '.l d/fidy <lt/ tld p 

( V V "" VP V * 

valores in nequatume proposilu tfiy ■■■■ ydx* sidistituti daluint: 

^ 1 ■ yp^dy 1 sen y/fidy 1 ----- 2 dp" — pddp, 

io cum iiocpio dp nequo dy sit eonstans, sod Constantino ratio ox nequu 
— l P } jkd deliniatur, per motlmdos solitas vix nlteriuH traotari p< 

p 

nsmutari (|iiidcm aoquatio potest in aliam fonmun, in qua iinllmn 
dale ooustiniH insifc. Pollutin' dp - ({dy; orit 

ddp — qddy -|- dqdy 

1) Of. OoitHiK'nl-iilioHom US5, § l, I0K. 


I 


sicque acqnatio inventa banc induct formam: 

yp h dy = 2 qqdy -f qqdy — pdq = 3 qqdy — pdq 


In 

7 ; 


qua pro lnbitu diffcrentiale constans assiuncro licet. Sit d\ 

- ( -f erit dq --= habobituvqne 
dy 1 dy 1 


yp^dy 1 = 3 dp 2 — pddp. 

At si pouatuv p = (iet 

ydy- -=i rdr 2 -f rrddr, 


quae acqnatio cum anibac variftbilos nbiqne totideni scilicet tr 
toneant, opo method* meac 1 ) in IU.Tomo CommentaTiorum exp 
potest. Ponatnr scilicet 

y =; e udn ot r ~ e j:<hl u 


donotnnlo e mimonnn cuius logarithinns liyporbolious = 1, c 


dy e^' iu zdn ct ddy = 0 = e Setln {zddu -p dudz 2 ; 


Dciudc ost 

et oh r = ny orifc 
ddr 


dr = e 5edu (du -p zudu) 

2dudy -4- yddu — e iidtl {ddu -p 2 zdid). 


Scd ddu — 


du dz 


zdu a , undo 


(Wf.= e^dzdu 1 — —]. 


Qui valorcs in aequationo 
substituti dabimfc: 


ydy 2 = rdr 2 -p rrddr 


zzdu = u(l -p zu)*du -p uuzdu 


uu dz 
z 


t 


1) Vido Commontationoin 10 § 11: p. 6 hums voluminis. 


(It 

T 


ILiv'du -|- 3 ludu ■■ ltdu. 


otiiiH oum neqnatiu pvoposila ipsa facile eoiifieiatiir, indo intogrntu 
cquationis pofccudu vidotur. Ponalur pono i — -J, atqne aoquatio in 
ibibit in banc 

8(1-8 3.s 'udu = - du (I a n ), 


jquatio immediate ox proposita olicitur, ponendo 

, du , (hi udu 

tlx - — cl J — -, 

.s I / 8 

m ob — oonaiana, 

8 


addn 


dsdu 


ol 


ddy 

If 


idd id 
.88 


d id 


d 3 i{ idd td II ndid 

ij .V 1 ,S’,S' 

oi‘CH in iioquut.iono d A ij - 


dit dd ii 
8 


tddtd 

'.if' 


W v (lid 

,8.8 


d iddfi 
.88 


yd:*? Hnb.sliliiU pmobobiml acqnationoni in 


.8(18 1 - 8udi( = du ( l— id). 


Totum orgo negotiant ad inlcgratimuuu lumm aoquatiemia rcvocatuv 
ntegiubilem ohho vel itido paint, quod aoquatio difl’cronfcinlis torlii grit 
qua eat nata, intogralionnm adniiltat. Qnomndmodum autcin hoc opu 
)lvcn<lum, [oaten datin'] in aeqimtiono latiu.s patonto, quae per eandoti 
utioncm cx Imo aoquatione di/Tovontiali torlii gracing oritur, 

Ai/dx? b Hd-.v?dy -|- (hlxddy | Dd?y = 0. 

it auteiu ponendo 

, du , du udu 

« y s 

[tqualio dihcrentialis primi gnuhiH 
D&d# -[•• adu[0 -|- 3 Du) -J- du(A b Hu -|- Cuu -b Du 3 ) = 0, 
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l{(lcllll I 

Krit fiiim ds ■' pda 4 2 yudu. Unde fit 

^ Daft 4 ^Dayu -|- 2Dfiyu 
■|- Dppu -I- DPyu* 
s(f' 4 3 Du)-- (J a 4 0(1* -|- Ova a 

4 3 Van |- 3 DjhP 

A 4 Hu 4 GV 4 Du 3 = A 4 /??/ -|- Ou x 

Keddnntur inm singuli termini Uomologi = 0, (ietcjuo i>rinn 
Unde fit ve! I 4 y ---■ 0 vel 1 4 2 y = 0. .Doindc est 

3D0(y + 1) 4 C{y+ 1) - 0, 

cui aequationi quoqne satisfacit y -|- 1 = 0, ergo erit y ~ 


Da ---- - Ji- C-p — Dpp sen a —- - ■ ^ 

.Subslituatur hie valor in aoquatione 

Dap -| Ca j- A = 0 sen V-ap 4 CDa *4 ' 


eritquc 


— HDp - CDp*- - DD(i a =■- 0 
-/iC- (JCp — ODp* 

4 AD 

Ad /f ergo inveniendum hauc neqniiliouein cnl)icam re? 
nutem a qnaevatur, erit: 

O-a 3 4 DDa 2 AO a 4 A* ^ 0. 

Am . . _ 


Kit a --- (let Aw 3 4 - Bea* 4 Cio 4 D = t) 
Kit ergo to radix huins aeqnationis cnbicne, fiet 


atque 


„_dcu n —V — Cm , 

u -~d' P = —T)Z— el y = - 


Porro liet 


^ __ Aw 2 —-(/^_4 Oa>)n ~~ Doin' 2 
D(o 


du _ G_ Dcndu 

s J /to ) 2 (D 4 C(o)u — Dum 


i v = 


“.4 __ /'_ Dcoudu 

s i/ 4fo a [V Cui)u — Da>i 


atqno 




i co nulla nova ooeurrit eonHlans, quae in iyi.sa ncquationo non iimi 
) cognito valoro particuluri ipsius ox co valor complotim soquonti mo< 
Ponatur valor iam inventus 

Aar - {() -|- (Jot) u — /)(» it 2 

~~T)m " ' .* 

atuv a -- V nt sit 

(U - d V - |- dz, 

pvodibit 

DVdV DVdz-\- bzdV |- Dzdz \ 

- 1 - aVdn -| -I'zdu ) 

-|- bVudu (Wbuzdn I 

•| (A -|- Bu. |- On a -|- I)a d )dtt ] 

ero ait |Kir hypoUiemu 

DVdV -|- Vdu[C -|- I! bn) -|- dn{A -|- Bn -|- Cvr \- J)u A ) =0, 

Dzdz -\- z[Cdn -|- 11 Dudu *|- DdV) -|- DVdz — 0. 


V 

A< n u ('it 

It it 

J) at b 

dv. 

<lv. (Jdu 

m 1) 

- 2 xuiu 


)zdz -|- z( — ~~ H- budu) -|- {Aw 2 - - {D [- C<n)u — Dcon 2 ) —- 0 

1 \ O) j 0) ' 

. . . ( \\ . , (Am (J)-\-Ca))n \ p. 

zdz -1- zdn( u - - J + rfz( 7J -^-««) =■* 0 * 

nquatio nisi bone tractotur, difficnller ad sepurationom variabilium pe 
\ Interim tamen oontinotur in hac forma goncrali, qnae separationci 
it: 


zdz -|- zdxi{u a) =- dz{uu -p 2 bu c). 



r " i “ 

et diiToicntiando: 

, , (» 4- «Ht*« 4- 2 6a -r o)(b ydu{2p{u + 6) -I- u a -j- 2 

<iz pdu — ■ (p -p v _i_ fJ )a 

soil 

})fh>{pp + 2 ap — 2 + an — 2c*/> -|- c) - (m -|- «■) («w -|- 2 

in qua variubiles spontc a se invicem sepanmlur; orit cnini: 

dp _ _ du _ __ 

pipp -{- 2(a — b)p na — 2 nb + c) (v + /t)(uu -}- 2 bn -|- 

Opna antem foret summe tnedioaum, si banc noqnationom in 
exinde integrate aequationis difterentialis torfcii gradus cruorc i 

4. Apparet bine quanto laboro tandem hniusmodi rog 
integrate aequationis rtifterentialis tertii gi'ndu.s cnu possit, 
methodi meae in Vohnnine septimo Miscellaneornm cxposit.no n 
perspicitur. l5o nmgis antom eius utilitas in oculos mcuvrot, si In 
difterentiulis tertii graclus alia, qnaosit quarti altiorisvo gvadm 
tractetur, turn enim substitutiones hie adhibitae ncquationom 
non pviini, sed seeundi altiorisve gradns praobebifc, cuius intc 
artiticiis obtincri potcrit. Et qnamvis tandem etiana Jiuins uoqual 
inveniretur, tamen id plernmquo tantum foret pnrtieulave, et j 
mas demum substitutiones suppeclitat, et ipsius aequationis pi 
grale, et qnktem particulare tantum: cum mea metbodus foro s 
statim integrate completnm praebcat. Quod nt clarius intolligatu 
tradita substitntione in hac aeqnatione differential! quarti gra 

Aydtf -t- Bdxhhj -f CdxHldy + Ddxd*y -\- M*y = 
in qua dx ponitur constans. Sit igitnr 

rf * = T seu du = sdx, ot 

V s 

erit ob dx constans: 

y y 8 


dxdu = sdx 2 ; 


Hinc Hot porro 


~ 2 usdx 3 |- dsrfj: 2 el -- u?dx* -|- 3 usdx* 4~ rG 


.7 ?/ 

itonimquc dilTorcnliando prodibit 


ideoqne 


— — '.'lltlL ~ ;} wUiSc/x 4 -I- 3 udx^d.'t 4- .‘1 ssdx* 4- d.r?dds , 
?/ //// ’ 


d\y 


— w'b/.r' |- 0 |- 4 vd:\?dn -|- 3sst/.r 1 j- dx 2 dds. 


Qnibus valoribuB in acqiialiono line. subBtiltitis 

AM + m.+2p + *# _ (, 

?/ ?/ yt/,r v/d.-t 3 

provoniet haeo aoqualio: 


/id;»; 2 | Budx 2 - 1- ( !u 2 dx A -j- Gtfdx* Du 3 dx 2 3 Dusdx 8 -|- Z)d;t 

Eu A dx l ■)- (> Eitutidx 1 | • 4 Eudxds -\- I! Essdx 3 ~|- Edds — 0 

Cnm aulem sit d$ — — , orit 

d.u 2 {A -\- Bu (ha? -|- Dv? -|- Eti; 1 ) sdu*{G 4 3 Du -|- 6 /Suit) -\- 3 
-|- sduds[D -\- 4 Eu) \- Essdds — 0 . 


Apparot qnidcin huio aoquationi sntisfiori, si sit s = 0 ot u radix Jiuin 
tionis: 

A Bu (hi- -|- Du 3 4- Eu 1 = 0. 


Sit ergo a una ex rndioibus huius acqmilionis, ot sumendo -u = 

du . 

-> — adx efc y — e* x , qui valor quoqne aoquationi differential! qnari 

propositue oonvonict. Erit autcm tan turn intogralo maximc partionlaro 
autom qnatcmao acquationia A -|- Bu 4- GV Du* -|- Ev? ~ 0 vadi< 
sint a, ft, y , <5, suppcditavc queant valorem 

y = 4- 4- ger* £) e s^ 

qui est integrale oomplotum, tamen hino non facile patot, quads fn 
valor ipsius ?/, si radicum a, P, y , 6 quaedam fuerint imaginariae vol 


acquationis differcntio-difTe 


lUllt’liUlO 


1*1 vw> 




1 { JL 

ydx 


< In 


u - —r~ ol s -- > , 
fix 


5U«e aj: i- 03/9(0' -b SyO"- 1 
U ~~ ~~ oTe 55 +^V^ - +"gc)« ©e'8*" 


ideoquo 

ot 

o - ^ 03(g—ms(g—y)» c ‘ ttH r lJ -b TO(u — 3)V" ! s >* -j- 03gf/?— 

(9le»'*-|- ©eF-g Se^H- SDc**) 3 

Hinc concluditur fore: 

l *5t 2 a«fl Sft - e + g^/SPe 8 ^ ga y a e *v-c -|- J)a^a fi a8.e 

1 (Qfe ai + ® e^T ®+ ©e 5 *) 7 *' 

' S " 1-}- y?3) C *«+^| J - g(g (a 2 . h y 3) C (« +J ,)* + 0 

I ' (S(c« _[_' 8$,;#■ _l_ g c y* .(- 

quae fractio deprivni potest, oeitipio 

, 9f« B G aX + -|- g/fl?* -J. 

6 1 M 9Je Kj: + Sftcfr -j- gey* -j. JOc 8 ’ c 


Cum iam Hit 


_ 9lac*' ; ®/iefa -b gyev* + ©3c s ->' 

9U wj: ’-b O3c0 r -h Gc*" +1>~e"S~ * 


si bine .r, quod autem aotii fieri noquit, olimiuetur, prodibit aequa 
8i quidem ponatur S - 0 ot ^) = 0, prodibit aoquafcio integral 
iiaec 

a 1 -|- uu — (a -f P) n -b aP -■= 0. 

Quavo si fuerinl a et ^ dnao radices huius acquationis 

A ~\- Bn -f- C'n d -f Du 3 ~b Eu 4 = {), 
aequfttioni diifcrontio-diftorentiaU inter s ot u satisfaoiet hie vf 


s - — aP -J- (a -b P) u — uu. 

In Roquntioiie antom ilia non du sed ~ positnm cat oonstans, qua 
exuetur ponendo ds = qdu; erit enim constans ideoque 

qsdds = qds 2 ~f- sdsdq, et (Ids = — 4- 

s o 



dibit, ergo haec aoquatio: 


3 (A I- liu -|- (hi 1 ■ | Du 3 -j- tin') -\- adu* {0 -|- 3 Du -|- G Mu?) + 3 fist 
-|- a•■duds {D -I- 4 Mu) |- Mails* -\- Mastitis — 0 


un, difi'orentialc du assnmtum ost constans. Quodsi iam formulae 
A [■ Hit Cn' 1 |- Da 1 Mu* 

h Mu Nu 1 


or trinomialis sit 
integrate partioularo 


\, -I- Mu -I- Nu 2 -|- TV .s’ « 0. 


fi. Quouiam autem hie mothodmn meant inlogmndi aoquatiouea did 
?,h altiorum grachmm ulteriua oxtondero oonstitui, rogulam qimni loco t 
i pauois ropotatn. Patot vem motliodun mea ad oinnes ae(|nationos it 
ua gcncrali eontontas: 


. . Bthf . Cddif . Dd :i tf tid'd Fd r, y 

0 : „> ' ,t,° ,ii-' 


OtO., 


difterontialo dx positmn oat constatis. Ad imius aoquationis inte 
,is torntinis oxprossitm inveniendum ex ea formetur soquous forma 
ion: 

A -|- Bz -|- 0z- -J- Dz 3 -|- JCz 1 -\~ Bz° -b #2® -|- etc., 

is quaerantur omnes faofcoros reales tarn simplioes quam trinomi&los, 
s, si qni fuerint inter se aequales, eonumctiiu ropiucaontoutvir. Ex qu< 
am faotore nayeotur intogralis pars, et, si omnes is loo partes ox sii 
;oribua oriimdao in imam snmmnm eoniiciantur, habebitnr integrate 

(f u 

1) In luxe formula (Ids mgmfioiiiiotKM disaimilos hnbub. hi prioro inembro poaibnm csb oo: 
•Hborioro du position osb constuns. t 


Factores 
z - k 
{z - - k) 2 
{z --- A :) 3 

(z ky 
etc. 

zz — 2 kz cos. 0 -j- kk 
{zz — 2 kz cos. 0 | kk) 2 

{zz — 2 kz cos. 0 kky 

(zz — 2 kz cos. 0 -}• kk) A 


Partes Jnlegvalis 

ae kx 

(o |- fix)e kv 
(a -|- fix -|- }'.c a )<3 Av 
(a -\- fix -[- yx 2 -|- bx 3 )c Kj 
etc. 

r<e* xe '’ 3 * sin. A.\t sin. 0 ct 

(a -|- fix)e klCM -' I ‘ sin. Ai.r sin. 0 
(51 -{ cos. /ix sin. 0 

(a -1- /lx -\- yx 2 )e* xcos * sin. fcx sin. 0 
H ■ (91 f f&x I @;rV' xn,s ^ 00 s. lex s 
(a -|- fix -\- yx 2 -|- ^.r 3 )^ 009 ^ sin. k:t 

-i- (91 -I- H- -I- c. 


etc. 


ote. 


In his fomiulis liltevao a, fi, y , (5 etc., 91, 8$, © otc. denot 

quantitates arbilrariaa. Hino in partibus integvalis colligcndis oa 
eadem harum littcrarum bis scribatur, quia alioquin oxtonsio in 
gcretnr. Oportobit orgo has constantes continue novis littoris ii 
modo in aequalionem intogmlom tot ingrodiontur constantes ar 
gradus fuci’it acqnatio diffcvontialis proposita: id quod cortui 
intogmlo hoc modo inventum csso completum, atqno in aoquatu 
nihil continovi, quod non siniul in hac acqiuitione integiuli 001 
rum in eo loco 1 ), ubi hanc nietliodum fnsins exposui, pliiribiu 
illustravi, ita ul circa eins applioationom nulla diffionltas locun 


6. Aequatio autoni gonoralior, cuius integratiomnu hie s 
denotante X functionom qnamcuuqno ipsius x ita so habot 2 ): 


X - Ay -|- 


Bdy 

dx 


Cddy Dd?y EJ*y 
dx 2 i- <tx* *" dx 1 h 


etc., 


in qua item in differentiate dx constans est assnmtum. Hanc igit 
quotounquo constot tenninis, son acl quomounque ea different 


1) Vtdo p. Ill luiius voluminis. 

2) Vido praelor notrnn 2 p. huius voluininis ndioclam etiam Inslitutioi 

voI. IT, § 860— 800, 806-808, 11.18— 1 IOC, 1 172—1224; Lkoxuaroi Evum Opera < 


it funutio rationalis iafccgra ipama a:, .sou si luibcat huiu.smodi fonnam: 
X a -|- (lx yx- -[ dr* -|- otc. 

iniui funetio X ita si(. compamfca, adhibealur lutittsmocii subatitutio: 


y - 91 -I- 93.r I- <£.r 2 -I £>.o ! -I- <dc. -j- » 
«8 -I- 2®r | :S!Q.t 4 -I- Ota 

tlx tlx 


d<ly 

tlx* 


2 d - j- C>£)x |- otu, -|- 


dflv 

'<17A 


<{*>/ 

<h- :i 


- f>£) etc. 


<I''V 

tfx :i 


ti*!l 

r/:r* 


elo. 


<1* 0 
<!? 


ct(!. 


i ftutom case A” =-. a -| (h: |- y;\? Air*, aUjuo in valorc ipsius y omnea 
>oal £).?: a ovauescoutes onmt poneudi. Kacta oigo suhstiluUonc hahn> 


•: j- yx 2 -|- Ai: a : - 

-[- 93/1 x |* (£/Ia -2 |' ©/la.-' | An 

-\-2<Z!lx -\ .‘S£)/>V J 

-I- 


Ht\v , dddv . Dtfiv , JCtl'v , . 

■' 1 ^ ’I' 01,1 


couHioiontes 91 , 93, © da doliuin iioionmt, ut ouuioh termini, in 

.on most. v ciuavo clin’or'unl.mlin, evanrHoant, Not (mini: 


3 © B y __ 3 Ml 
"A “ " A "AA 

2y/f UW «fl<7 
A" A ~ ~~ "A /l a ' l "/ 3 ' /Dl 
S&7?_2 _ a _ (IH 2yll 2 \2bU0 MW _2y0_0dtt 1 » 

>1 7l ' A~A " A* " /I 8 ""A 1 " ' /l 2 7l 2 ' 


l liTID , I2MC 
i (xhtiono pnnoipo — oco """^T “ 


Corroxil 11 . 


i»r nuuoiii OpiMH ojnuiu T 22 ('onimontnliomw ntmlyliono 


2 o 



quae aequatio opo suporioris methodi intograbitur. 


7. Quo autem faoilins uequatkmis propositao, qualiscunqi 
fimct-io ipsius .r, ititegrale oruamus, a castbus simpliciorilms in< 
primo quidom sit aequatio tantmn difiorentialis primi grodus, 


X — Ay -f 



qunrn patot intcgrabilem roddi posse, si multiplicetur por huiusu 
e nx dx denotauto e numoruin euius logaritlmnis hyperbolieus -- l. 

e. a£ Xdx ~ Ae,**ydx -b Be. ax dy, 

Atqno a ita eoinparaUim esso oporlct, ut purs posterior sit difTore 
piam quantitatis finitae: quae ex termiuo ultimo alia ease nequi 
cuius differentialo cum sit — Be* £ dy -|- uftc ax i)dx, ueeessc cst ut s 

a = ^ . Hoc ergo valore pro a sumto crit 

$e ax Xdx — ot y — ^e-^fe^Xdx. 


8. Sit aequatio proposita diilorentialis sceimcli gradus 1 ): 


X 


Ay + 


Bdy Cddy 
ilx ^ (hr 1 


Multiplieetur ea per e ax dx ac clefiuiatur a \ta, ut iutegiutio suec 
bitur ergo 

e* x Xd.ir — Ae ax i/dx ■■[- Be. ox dy -|- 

cuius integrate sit: 

fe^Xdx = c^A'y + ^). 


]) Cl\ I nslitutiutiQs calculi inteyralis vol. II, § 850—-800, 885- 808, 11*13—11 -i! 
p. 192 Indus vohunum. 


jiuparationo ergo facta fict 

w = c, A' B ~ «(V ot yl — a *C, 
'bet orgo esse « radix Jniius aequationis 


0 - A - aH |- a 2 (‘, 


moomn habcafcduMBrarliccs, utiumlibet ussumerc licet; critquo d' . 

7^ --* C. Porvonfcmn e.st ergo ad lame ncquntionem riifTcrentialem ] 
arias: 

H'dy 


(>- nr j(' n> X(h: = A'i/-\- 
J ' <lx 

qmmi rieiiuo iiitegrniidum multiplioctnr por at lmbeafcur 


( Ap — A'vfi x ydx -J-- B'cPdy, 

uo lit nit integiubiliw, riobet osho 


,, A' Ii — aC , 0 B 

f> = j>, ~ — p— mx a-\-fi 


B'~ c — .* -rr-ji, 

do palot /? esse alteram radieem aequatioms 

0 = A — aB -|- a 2 0, 


fcque intogralo: 
fc veto 

je { P- n)r d-x}e ax Xdx ?--= jn ax X(lx — p—je^Xdx, 


l(^-« u d:\i\e x Xdx = B'efcy = (JeP x y. 

fAP-ai-r , „ , i 


< ! 'J = 


liac acquationc integrali anibao radices aofc/1 aequutionis quadra-ticnc 

0 — A — Bz -\~ Czz 

ualiter insiinfc, et hano ob rent si istius aequatiorris radices sint cogni 
iis stafcim aequatio integralis formatur. Ista autem aequatio 


ex ipsa aequatioue proposita 




C'ddu 

~Ux r 


facillinic formatin' simili scilicet modo, quo in casu A' == 0 si 
euim 

i di/ . „ ild\t 

1 pro y, z pro ^ ot z- pro ^, 


ut prodeat ista oxpressio .'1 -b Hz I- Czz\ cuius factovessi fucri 
crunt a et ft cac ipsno litterao, qmic ad acquatioucin intogi 
rcquiruntur. 


ilis pnicmissis ndditus ad intcgrationcm aoquafcioi 
adno orit difficilis. Sit ergo proposita hacc uequafcio: 


x - a u t B(l u l c<{d v i })di v i ® ( Py 
A ' AtJ + —fix" ‘ h 7^* ' 1_ dad 


|- cl 


cuius ultiinus terminus sit Eormetur liino ista exf 

indicato: 

A d- Bz -f Gz % -1- -|- Bz i -b .... =•- 

quae in factores simpliccs resolufca sit; 

P = J (z q- a) {z -b ft) {z d- y) {z d- <5) etc 

Dico iani, si acquatio difTorentialis proposifca per c ax dx n 
cvadcrc integrabilem. Evifc enim 


e«‘Xdx e*dx{Ay + + -rr -I- ^ + 

\ J n dx 1 dx 3 f dx 3 r 

cuius integrate ponamus esse: 

J e°*Xdx = e**U‘y + + 

J \ J r dx r dx 3 r dx* ^ ‘ 

Sumto autein differential! Uabebitur 


e«*Xdx = e ax dx(ctA'ij -f 


i R'ddxj C'd 3 y 
dx 3 i ' ' dx* " h 


a&dy . u 0'J.dy 
dx -* 



/I -- — 

a 
B 


IS¬ 

C' 

D' 


_ A 
a a- 

(! {i 4. i ] 

a a* a ; 


0 


A 


valoi'ii>u.s usque ad ulUnuuii oouliinuifcis, porvoniotur ad lianc aequa- 


A - ■ lict -h (UP - I) a 3 -I- UtP - .... ;|; /Ia 11 =- 0; 
a sit radix Indus uequaliom.s, aril z |- a factor iatius expressions 
/> A -I- Hz -I- (Jz* -|- Hz 3 -I- 03' -h .... -I- ds", 

O c = d (s-l - «) {2 -I- P) (2 -I- y) (2 I- (5) etc, 


Priimi ergo intogiufciono almolufca erit 

; -I . 

a- hint! ifcorum modo ante oxposilo imec oxprcusio: 


P' = 4' -I- B’z -h 6* a* + /)'* 3 -I- .... -I- d 2 "- 1 


111 sit: 


A = aA' 
n ■- <tB' -1- /l' 
0 -■= aV -h /? # 
D = air + 6" 
etc. 


turn ost fore (a -|- z)P‘, ideoquo 

p 

P 1 = _4_ cfc 

2 4" ^ 

/>' = A (2 -I- 0 ) (2 + y) (2 + ( 5 ) (2 + f) ote. 

iili ergo modo, quo supra usi suinus, evincetur hanc aoquutioiiem donuo 
itograbilem, si mulfciplicotur per c$ x dx. 






U"dy , C"ddy 


je [ H~^dx^Xdx eP*(A"y + 4 


tfa* 




fietque compavationc instituta 

A' = fiA” 

B f = /W' -|- /l” 
C" - -b /?" 
D’ = 02?" -f- 6"' 
etc. 

Krgo si ponatur 

P" ,4" 4- B"z 4- O'' 2 ® 4 I)"z- 1 4 
erit P' = (0 4 2 )P" et 


4 A% 


unde fit 


J>: _ L _ 

55 4 fi (H«)(H4) ’ 


P" = A (z 4 y) {z 4 (5) {2 4 e) etc., 
scilicet bine duo iam factores z -b a et z 4 fi sunt egressi 

fe ax X-dx - - jj~~5 

nude aequatio bis integrata reducitur ad lmno formam 

£.-Se°*Xdx -|- —%.(e^Xdx = A"y + - 

p — a J a — p J J ' dx 

“ h <?»* .+ dx n ~* * 


II. Cum porro hino posito 1 proyetzpro etc, pro 


P" = A " 4 .B"* 4 G n & 4 .... 4 A& 

sitque P" = A (z 4 y) (z 4 6) {z 4 e) etc., 

raanifesfcura est aequationein ultimo inventam denuo r< 
multiplicotur per e YX dx. Sit aequatio integrals Iiinc oriu 


fWfc 4 . (‘e*Xd; 


fi — a , 


o — P . 




i ponatur: 


B" -- y B'" -|- A'" 
C" =: yC'" •[- B"' 
D” y D ,n -f O'" 
ote. 


P'" --- A'" -f B"'z I- C ,,, z i -I- 0"'& + .... -h Az n ~ 3 , 


P' 


P 


uitur foro: 

-= /I (2 -[- ( 5 ) (2 -I- E) (2 -h 0 etc. 
tom sit generaliter 

fcP t -^ x (h\(i >,J> Xd;v = \e vx Xd-x -\- —f e> IX Xda:, 

J •' /l — V J V - fl J 

iutogralia rcducantur, roporietur: 

— Bx r>-y& 

W- -I- r -77.7— ~jr$eP x X(lx -1- >- T - /fl . -Je?*Xdx 

-a){y-~u) J («---/7)(y—/i) J (« — Y)iP — y) J 


= A '"y + '-!&- + 


B'"dy . C'ddy . l)‘"d*y 


A d n ~ 3 y 


dx* 


dx* - dx n -* ’ 


JSi boo modo co usque progrediamui', quoad nulla ainpliua diftoren- 
nus y supersint, turn ox altera parte aoquationis habebitur unions tev- 

-■-A. =. Ay ; id quod evoniot, si iutogratio lotica fuerit instituta, quot 

a oxpouons n coiitinot imitates. Ad hoe ergo ultiiuum integrate com- 
tpriincndum, euni sit 

I- Hz -I- 6V | /-> 2 3 I Az’< - A (2 d- a) (2 -|- ft) (z -\~ y) ote., 

ur ox vadioibus a, ft, y, 6 ote. sequentos valores 

% — A {ft — «) {y — a) {(5 — a) ( e — a) etc. 

$>^A(a--p){y- ft){d~ft){e-ft) etc. 

@ = A {a — y) {ft — y){d-~-y){a~y) eto. 

£> - A (a-- d) {ft — d){y-~6){ e— d) etc. 

— A {a — £) {ft — e) {y — e){6~ - e) eto. 
etc., 



V = -f 


eP*Adx -f ev £ Adx -j- ote., 


quae cum tot eontineat terminoa, quoti gradua fucrit aequalio 
pvoposita 


. r . . lidy 

A — At/ -j- - ti¬ 


ed dj 

<ix* 


Dil*y 

rfi-3 


A d n y 

lix»' 


( \ 


totidem involvct conatautea arbitrarins, ideoqno orit iutegnilia con 


13. Alio autom modo valorem quantitatum % 58, (£ etc. oxpvii 
qui plcruinquo multo coimnodius negotimn conficit. Dico onim for 
si ubiquo pro 2 substituatur —a, seu ai poiuitur z -}- a — 0. Cum ( 

P ~ d (2 -t a) (2 I- ft) (2 -(- >') (2 -|" <*>) etc., 
erifc differentiando: 

~(H = + 0K* -V Y){* -I <5) otc. -h d • {2 -I- fi){z I- y)( 2 n 

Si iain ponatur z — — a, poaterius mombruni ovanescct, ct priua 
/IP 

fa —“)(& — «) otc. = 9(. 

Cum autom nit P — A -|- Bz b Cz* -j Dz 3 -|-_ Az", orit 

( IP 

-j- = 5-|-2 <7 2 -|- 3 Dz 2 -b 4AV -l-_-|- W/I 2 1 '- 1 ; 

ponatur ergo 2 = — a, sou fiat 2 -f «= 0, crit 

=■-- 5 — 2 6*a -b 3 Da 2 - 45V -b etc. ± nAa n ~ l , 

siiuili modo reperictur fore 

SB = n — 2C7/? H- — 4 7i 1 0 8 + .... ± 

(£ = 5 -- 2Cy -b 3 Dy l — 4 5/ -b_ ± it Ay*-' 

etc. 




m intcgvuvi oporteat, auto omnia ox ca t'ormotur hacc cxprossio Aigcbi 

P —-I.- A -|- Bz -|- Cz* H- Dz* -|- Bz x ~\- etc., 

us qimorantur onmcs fad,ores simpiices, euiusmodi nuns sit 2 a, a 
ilibot factor dabit partem intogmlis ita, ut onmea paries, quae hoc. mod 
ndis factoribus oruuntur, iimctim smntao oxhibcant complctum ipsi 
orem iiuitum. Scilicet si {actor simplex fuerit iuvoutus 2 ■ |- a, turn qunei 
xntitas 9f, ut sit 

9( -- B — 2 Ca -I- 2 Da? -- 4 /tf« 3 -|- etc., 
a inventa orit pars intogmlis ox hoc factoro 2 -| a oviundti haoc 

<vr 

uo perspieitur, si factor simplex fonuao V fuorit 2 — a, turn fore 
91 B 2 Ca -I- 2 bar -|- 4-0« B -|- etc. 


pie integrulis partem June umuiduiu esse 1 ) 


( ,<u 

'91 


■f(r«*Xdx. 


15. Suporcst auteni ut ostoiidamus, quoniodo istao integrals parte? 
mparatac, si factorum simplicimn aliquot fuerint vol inter so acqualc 
.ngiuarii. Ex suporioribus onim licpiot utroquo cusu partes iutcgiulis s 
*i mock) adornari debero, ut foruiain I'iuitaiu et rcaloiu obtincant. Sint i 
imo duo factores z — a et z — ft inter so acqualcs sou ft = a y eritquc 
— 0 quam 95 — 0; ot utroquo pars iutcgralis evadot infinito, altera qn 
Amative altera nogativo, ita ut differentia sit finita. Ad quam invonioi 
uminus ft = a -|- to, denotanto a> (piautitatein evanoscentem. Cum erf 
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siuutis httons a,p, y, ocu:. , 


g( ^ —Jfu(a— y) (a —5) (a — *) cto * c1, 
53--= dm(« —y) (a—6) {a- -e) Gtt - 


Turn voio crit 

~ i- c ^(l -|- w.x) ct e-^ - ^(1 


llinc pars integrals ex fuctoribua binia acqimlibus 2.- a c 

-Yrfr « "<■ 


Pouatur: 


3J' A {a— y){a--b) (a— e) etc. 
crit 51 ------Wto ot &= 3 Tw, 

unde fiot ista pars 

M'J (l " h (0X) l e ' "* r{1 " (0X ) Xdx - 

^ ot (ojxle'^Xdx — ojfe-^^Xxdx) 

Ql'O)' J J 

^ ~(xJe-**Xclx — {e-« c X:vdx) = JdxJY 
quae c.st pars integrals ex factove oxprossionis B qiuidn 


Hi. Valor mi tom ipsius ty? sequenti modo commoi 
01) ft ~ a, cum sit 

P ~ A (z — a) 2 (z — y) (z — 6) (z — g) etc. = A -(- Bz -| 

ponutur 

A (z — y) (z — d) {z — e) etc. — Q, 
ita ut valor ipsius Q praebcat 5J' si loco z pouatur a. E 

P = {2 _a)»4) ( 

ct dHTerentiaiulo 


l) SrihiUo ».cr|i]cnH csl vitiosu, quin omissimi est a> iti {ft — y) {ft — J 

iiiliuituin ciilculi inl&tjtulis vuhimino It nobis ipsius Eulhiu. § 1103_1179. 

Salniiom in fxnt.-um uttulit notii p. 330. Lkohkard! Eulbm Opera omnia , 


ddP . v ,ddQ . \dQ , 

■rf? = <*-“) ",h* +4( S -«)^ + 2Q; 


nine 2 ~ a fiot 


(; djli*. — nr- 
2 dz 2 ^ ’ 


ue 31', si in ponatur 2 : — a. Eat voro 


ddl 


2; {z 2 ^ C "I ^ Dz -i- 6 7iV + 10 Fz* -|- 15 Cfz* |- etc., 

j 

3(' = 6' -I- :* -I - 0 1C a* -h 10 7 fl a 3 + 15 (7 a 1 -f etc. 
i proposita luie aoqualionc: 

v , , Hdy Cddy l)d*y Kdhj 

a -- Ay + ,i x ~ "I" l olo. 

0 hint; formata 

P A -i- Hz -I- Gz - 1 -I- Dz* -l- 7£^ I- etc. 
faetorom quadratum (2 — a) 3 , suinatur 

31' - 0 - 1 - 3 77a - 1 - 6 E« a -h 10 7'V -I- 15 Gu> -|- etc. 


pars mtegraiis inde oriunda: 

9 J ,lx J e-^Xdx. 

cm relifpii factorcs formulae 7 J fuorint cogniti, nempe 
P — A {z — a) 2 {z — y)(z~d)(z—e) etc., erit 

3t' = A (a — y) (a — (5) ( a — £) etc. 


Ponamus iam tres factorcs inter sc esse aequalcs, sen sit insuper 
at ob rationes supra expositas ponamus y= a-|- co, erit 

31' = — A co {a —5) (a—e)(a—£) etc. ct 
@ = A ( y — af {y— 5) {y— e) (y— £) etc. sen 


eubico {z — a) 8 oihmda hacc 


gj .|(Ac|rf.T|e-“‘AV6; 

cxistcntc: 

31- ]) + 4 Ka -1- 10 Far 1- 20 <7u a 


.P&eilius autcm hoc immediate cx aequalitate Lrium fat 
cniin ties factores quicunque (z —a) (z - ft) (~--y) ao 

St - d (a - ft) {a—y) (a— (5) (a— e) 
55-^(^-a)(/?-y) (/?-«(/?-1) 
(S = A{y—a){y~-ft){y~-d){y-~e) 

emnt integralis partes lnuc oritmdae: 

nax «fl.C „yx 

o, )* " * > " -V./,.- : \ Jf. 


Ponaluv iam 

cxistOTitibus to et <I> 


ft -- a (o ot y -- a -|- <1 >, 
quantitatibus evauesccntibus, 


St" - A (a— 6){a ~b) {a — £) etc. 
crit S( — St" cotf>, SB — St" to (to — <P ) et IS -- St” f 


turn vero orit 


(,px _ e ax q. eo& (y'-x 3 ), = e (1 — 

et 

e yx _ (J 0 X _|_ £ 02 ^ e ~y-c == g-«* — 

Quibns substitute ternao integralis partes abeimt i 


qQX 


| J e ax Xdx (to 0 -j- 0 4 c ,j 0 x _L i 0 j 2 cp X? — 

9PaT0{w"—1&)i J G “ oc ^^’ (— aj0 — two# a + co0 4- cu< 
I Jc-° r ^Ya ,s dx {\ww ( I> — \cn0(I>) 


l) Vide notmn p. 202 hvuufc volummis. 


pax 

& (hxxjc-«*Xdx — x{e-°*Xxdx + bSe-«*Xxxdx), 

xlucitnr ad lmno formant simpliciorcm: 

^■jdxidxje^Xdx, 

J0 ~ 0 -\- 4- Ea d- 10 7 f V -f- 20 (/a 3 etc., scilicet valor mains 9(" 

( p p 

jx formula posito 2 = a. 


Simili modo ultcrius procedendo pntebit quaternos factored inter 
tales sou formuluo 

P = A -f Bz -f Cz l -f etc. 


n ( 2 —a) 1 prnebiturum fore hanc integralis partem 1 ): 

n nT fdxfdx fdx fc ar X(iz 
E -|~ ft Fa -|- -f 35// a 3 -f etc. 

(P P 

ommalor ox formula naseitur ponendo 2 = a. Superflumn forct 

•ihtts faetorilms simplieibus inter se aequalibus partes integralis, quae 
conllantur, hie exbiborc, cum lex, qua hae partes formautur, per so 
ifosta. Oetonun eomplicatio plurimn signorutn integralinm in his for- 
ullam involvit cliflieultatom, emn facillimc ad simplicia integralia 
bur. 15st cnim 


$dx \e~ aj: Xdz~- 


xfe~ ax Xdx — fe" cur A\rt/i; 

I 


J dx J dx J e ~ ax X d x - 
ixJc-^Xilx = -F 


x*Jc~ ax X(fo — 2 zfe- nx Xxdx -f- Je~ ax Xxxdx 

TT 

,x Xdx — 3 x‘ 2 fe~ a e Xxdx 4- 3 a/e~ ar A' xxdx — je~ ccx Xx 3 dx 
i — g - 
etc. 


IDxpcditis factoribus aequabbus pergo ad factores imaginarios. Sint 
lnulae 


(lo notum p. 202 lmiu8 voluntiius. 


H. D. 




uini tactorcs 2 — act ,z — p um^uuwu, <|m uni' mm 
bennt- prodncinm venlc zz- - kz cos. <l> \ Irlr; it}!, it/ 


a •• k com. 0 | /•)/ 

1 Kin. 0 i4 

fl -- & cos. 0 /:)/ 

1 sin. 0 

Imvumquo litt-crnrum poteslatos qimoomiqiio 

1 iln j-u' lut 

a" -- 1:" c.os. n 0 | /.•" )/ 

1 Hiu. n 0 

ft" -■ h" cos. n 0 /," 1 •' 

1 win. it 0 

lam priino crit 1 ): 

e< “ = |- * .r sin. <l> f*. 

r 1 sin. </•■' 


oir.J 

ideoqae 

«**■= (mm. fa: .sin. </< | 

|/ 1 Min. 

(cos. £.rnm.</< 

| / 1 sin. 

« “ = e(cos. fc, : sin. ./> 

|/ 1 sin. 

< r ,lr = (cos. toHin.</» | 

1 niu. 

Deinde cnm sit: 

9( — /^ |- 2 C(X 2 /J(/ J 4 /'yf*'- 1 

1 r»/*v 1 

53-/? + 2C/y-i- »/)/*» m iqi* 

1 fiA'/j* 1 

superioribim vuloiibus pro « ct (! Nulwtitul.m Imbobil,, 


+ cos. 0 - 1 - 3 i)$ (hih. 2 <i> | 4 a;/. ; - mH , 

+ (2 Ok sin. 0 -f y d$ a i 1K 2 0 |.. -1 H j n 

55 = * ' f 2Ck cos - * -f 3 M*coh. 20-1-4 fcX*«oH. 

— ( 2 CA; sin. 0 -]- ;j iWVm. 2 0 |. 4 H in. 


20. Cum aiitem 


cvit 


2 a 2 ~ ^Hint' fiudoivH foruiulm 

P ^ A + ttz \~Cz* f) z n , . 


A + Bh co ** ® + Ok 2 cos. 2 0 -1- /-« 

_ Bk »in. 0 4 - CT; 8 sin, 2 0 4- Oj^a 

'} sin. 0» = (sin 0}». 


ccm. ,2 0 | ( 

Min. 2 0 | A7, ; -i, 


ct 


naginaria a milibus crunt separata. Cum nunc ex mnbobus facloribus 
.2 — ft nascantur istae intcgralis partes 




J* 


- a.r 


Xdx + 


e 


fa 


fe~fa Xdx, 


)unt in bane formam: 


r nx Xdx -- 


■fa Xdx 


— 1) ft' 

.,J f 

r« x Xdx + 

(03? -| 


-1) 

efa for fa Xdx 



S3?* + 

9? 2 




+ c* r 

C1H. •/< 

cos. lex sin 

■ (i> U- 

A r io+. <!• 

Xdx 

cos. kx sin. (ft 

-l/- 

-1- 

(+ "*■* cos. 

lex sin. 0 fe 

- kx c<>8. 

Xdx sin. kx 

- 1 - v- 

-1- 

c irt '' iq ' J 'sin. 

Art’ sin. 0 IV 

kx oo3. 

Xdx cos. kx 

-1- 

cos. •!> 

siu. hx sin. 

• (I) I c ' 

. I t rim. 't‘ 

Xdx 

sin. kx sin. 0 

1<+ 

roS. '!> 

cos. Am- sin, 

, 0 f<r 

- tc cost.-/' 

x dx 

cos. kx sin. 0 

+1/- 

-I- 

(i trn»8.^ cas> 

A\r sin. 0 Jc 

. kx 003 . 

* Xdx sin. kx i 

- 1/- 

-1. 

C i ™' , 'SiU. 

Aw; sin 

. <f> fir 

- kx oi,m. < 

Xdx cos. kx ; 

-1- c*' 

C08. '/• 

sin. Aire sin. 

0 J C " 

kx <c>3. 

Xdx 

sin. kx sin. 0 . 


’go ambae integrates transibunt, imagiimriis so mutuo sublatis, in ham 


' 8 . '!< 

(cos, hx sin, 0 $e- kxcoa t'Xdx cos. hx sin. 0 

+ sin. kx sin. (ft Xdx sin. kx siu. 0 

0.08 .'/< 

^ ( s ‘ ln ‘ & }c~ kx,0fi " > Xdx cos. kx siu. 0 

— cos. kx sin. <P «»■* Xdx sin. kx sin. & ) 
‘am hoc modo expriini potest: 

J 03? cos, lex sin. 0 + 9? sin. lex sin. <f> ) Je-*-* 00 "-* Xdx cos. kx sin. <I> 

1 + 03? sin, kx sin. ( P — S3? cos. kx sin, <I >) J e - fc:r «>».* Xdx sin, kx sin. 0 . 

'go pars integrals oritur ox formulae 

P ^ A + Bz + Cz 2 + Dz 3 + etc. 
trinomiali zz — 2 Icz cos. <l> + kk. 



factorcm liabucrit (zz — 2 kz cos. 0 kk) 2 , pars intcj 

formulis pro biiris faetoribus simplicibus acqualibus sui 
Poimtuv nempe 

93?' = 0 -|- 3 Dk cos. 0 -|- 0 Ek 2 cos. 2 0 -\- 10 

2ft' — 3 Dk sin. 0 6 /£& 2 sin. %<b -f- 

eritquc integralis pars hinc oviunda 1 ), 

2 t kx c .,5 ./> | ($£ft'cos. 7i?a;sin. 0 -}- 2 ft'sin. lex sin.0)JV7a;JV 

50i'0)J' -I- 9V9V(-|--(S02'sin. kx sin.0— Sft'oos.H* sin.0) |7/:rje 

Sin autem tres fnctores trinomialcs radices irnagiuar: 
inter sc aequales, sou si formulae 

P = A + Bz -}- Qz 2 + Dz a Ez* 1- Vz f 

factor fuerit (zz — 2 kz cos. <I> -f- khf, statuatur 

= D -|- 4 Eh cos. 0 ~\~ 10 Fk* cos. 20 + 20 Gk 

ffl" = 4 Eh sin. 0 -f 10 Ek 2 sin. 20 + 20 <3 A; 

fttquo pars integralis ox hoc factore oriuncla orit 

2 e kxco3.'P j (3K" cos. hx sin. 0+2ft"sin. ftasin. 0 )JVfa[tf:i 

SOrSJrq-STSir 1 4 . (SOJ'sjn. &.rsiu. 0 —2ft”cos. /lU* sin. 0 ) JVAajV/. 

Hinc igifcur iam lex perspicitur, secundum quam istae i 
dobent, si maior potestas formulae 22 — 2 kz cos. 0 -j- ki 
ideoque onines casus, qui uiiquam occurrere possunt, 1 

22. Ex his ergo sequenti modo rcsolvi potent hoc 

PllOBLEMA 

Invoniro valorem ipsins 1 / in quantitatibus fiuitis ex 
nit ex hac aeqnatione differential! ouiuscunque gradi 


l) Vido notnst p. 3 eL p. 202 Indus voluminis adioctos. Con for <nio 
fjrulis, vol. II, § 1170—1184 ; i.,t;o.Vfr,ifUM /Sulehi Opera omnia, 1 12. 


psius .v. 

Solutio 

Ex aequationc proposita foriuotur sequcns formula Algobraica: 

P = A -\- Hz Cz % -(- Dz 3 -(- Ez A -(- Fz 6 -|- etc., 

nius quaerautnr omnes factorcs rcalcs tain simpliccs, cpiam trine 
uipjic qui faetonun simplicinm inmginariorum vices sustinonl; ct 
ovum factorum inter so fucrint aequales, ii coniunctim rcpraescntcnti 
cto pro singulis faetorihus quuerantur eonvenientofl intcgralis partes 
mines istac partes ex eunctis faetorihus oriundac, si in unain smnmai 
jantur, dabimt valorem ipsius y quaositmn, qui orit intcgralo coni 
icquationis propositao. ttequenti aulem modo ex faetorihus formulae 
pulis partes reperientur 1 ). 

I. Si formulae, P factor sit z —/.■ 

’onatui- * - B |- 2 Ck -|- 3 Dk* -|- 4 Fk? -|- &Fk* -|- ote. 
tritquo intcgralis pars luiio factori z—h rospowlons: 

^je-^Xdx. 

II. Si formulae, P factor sit (z — k) 2 
’onatur * - 0 -|- 3 Dio -|- fl 7?/: 2 -|- 10 Fk* -|- 15 Gk* ote. 
n’itque intcgiulis pars factori (z — kf respondens: 

ijffrf*/«-*•«* 

TIT. Si formulae P factor sit (z — k)' J 
,’onatur & = D- 1- 4 Eh + 10 F& 20 (W -|- 35 -h etc. 
jvitqne intcgralis pars factori (z — k) 2 respondens: 

a ^\dx\(lx\c- k *Xdx. 

I) Oinnns lino fonmiluo, oxooptis I ol V, aunt vitiosno. Vido notftin p. 202 Iiiiiuh volumii 
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Ponatnr »=*4 -r»Pt+ W>k‘ ! M Illy' I 70 // ' 
eritcjno integrate pars fnctmi (- O' n'spomlrm.: 


V. .S7 formulae P fachr mi zz - - r,) 

J’oimtur 

9ft = + 2 67,- cos. 0 |- K W <« w. 2 0 I 1 V l; 

$ = 2 C* Bin. 'M-:i 2 | -1 I'll 

erit pars intcgralis faotori 22 - - 2 /*£ cos. 0 I kk i'cn| 

2e fcj:m3.'P | (5ft cos. kxs\n. 0 -!■ 9ft win. /.*-.»* nil 1 . 0)Jf* Al 
3ft 2 -1- $ 2 | -}- (5ft sin. kx sin. 0.SR cos. /.••»• «»". 0) ] <* A ‘ 

VI. formulae P factor ml (zz 2 /.": r 

Voimtur 

5ft = C -1 -3 Dkvm. 0 |-li A(7». a ww. 2 0 | 10 /'’ 

Sift — 3-0/rsiu. 0 -|- 0 A7: a Hhi. 20 ! 10 /' 

erit pars intcgralis foe tori (zz — 2 hz cos. 0 | /.7.*) a r 

2 e**«*-*| (5ft cos. IcxmuO -]- 2ft sin. kx. nin.0) |7/.r | 0 1 
5)P + ^ |_|_ (?jft sin. lex sin .0 — 2ft cos. kx Hill.0) |’(/,rjY ' 

VII. Si formulae P /actor ail (zz 2 kz r 

Pom\tur 

5ft = -D f 4 Ek cos. 0 •!- 10 A7v a cos. 2 0 | 2<) 
SIR = 4 l?/jsiii. 0+lOV'V^sin. 20 | 20 

erit pars integrate factor! (zz — 2 k&om. 0 |- &Jfe) a 1 

2e^^| (5ftcofl.te! sin.0 + 9ft shiJcx 8Ui.0)j0i:j0rj^ 
^ + 9ia 1+Wsin .kx sin.0 —2ft cos .kx sin .0)jViY[V.rJ f: 

oto. 

Onmcs lgitur istao partes singulis factorials formnliu 
snmmam eoUectae dabunt valorem ipsius y qimemt 


■egnuic nuius usus raciiius porspieieour. 


Sxcmplum }. Proposita sit lmoo acquatio differential is seeuudi grad us 


v <l( h/ 

A = V - - rfjr 


igitur formula Algobrniea P crit — 1 — zz , cuius factores aunt z-\- 1 
ct ox formula prima crit 


tIP 


dz 




z. 


actorc ergo 2 ■■[■ 1 oh k — - 1 crit $ 2 ct pars iulegralis 


illoro faotorc cst k - 1 ct. $ ■- — 2, oui rospondet pars integrals 


e* 

'~2 




is partibus oolleotis crit intcgralo quacsitum 

if — I, c~ r feSXtlx — l e r fe~ x Xdx. 

Sxcmplum 2. Proposita Hit trncc acquatio: 

v Wady , Wan dd }f (fid 3 if 

A = y - dx - '1 ^a- ' 

ergo 

P = J — l\az -h 3 aazz — a 3 z 3 — (1 -- az )\ 


mda ergo cst formula tertia, critquc 

f 1 , /a d 3 P 3 

h ~ a 01 dz 3 '" 

prodit intcgralo quacsitum 


y = — -* e x:il \dx\dxle~ XUi Xdx 

* (V 


seu 


y ---^(xldxSe-^Xdx-lxaxSe-^Xa 


y = — 5 c* s ° 


**”“ Xxdx+ 

Exemplum 3. Proposita sit haec aequatio; 

U ^ (lx 2 

Erit ergo P = 1 + a««, quae ad formulam V pertinet. Erit 

cos. 0 = 0, sin. 0 = 1 et * =1 


PoiTO ob 

4 = 1, jj = o et C = 00 , erit S9J = o, et 31= 2 
unde erit integral©: 


y » SiD ' °° 8 ' T —S’ e ° 3 - £/*** sin. - 


Exemplum 4. Proposita sit haeo 


aeqnatio: 


x -y + 


a 9 d 9 y 


Ent ergo P _ 1 + a *z\ cuius duo sunt factores 


l+a z et 1 — az + aazz, 
Prior ad formam z~k reductus, dat 


^ etob ^ = E P = 0,C = 0 et D = a 

erit ex formula prima S = 3a et pars integral 


ra e-*'°\e*'«Xdx. 


Alter factor 

1 ■ az- f- aazz sen zz _. JL _l J_ 

/7 I ** m, 

oum formula V oomparatus dat 


® aa 




502 = 3« cos. 120° — —\a ot 32 — 3a sin. 120 u = , 

Z z 


. m, n i 29» 1 . 232 J/3 

3)2-1-32 -9 an atque - ot ^-j-32 2 “"3« 

igralis orgo hinc orhmdu est: 

J_ gxita (— C0Si fXjl _|_ |/3• win 2,1 Xdx cos. 


3a 


2 a 


-|- e x:2a (— sin. — \/3 ■ cos. U~ x: ‘ ia Xdx sin. ^ 

1 3 a V 2a v 2 a J J 2 a 


- — e x: ' 2n cos. 

2 

— -z— c ;r:2 " sin. 
3 a 


x \/\\ 

2 a 

|-60°) 

\e~ xi2a X(lx cos. 

J 2a 

x y 3 

2 a 

r CO 0 ') 

jc~ x:2a xdx sin. 


nr integrate quncsitum orifc: 

- e~ x:a J e x,a Xdx — ^ e x: ~ tl cos. ~\~ 00°^ Je'^ 12 ' 1 Xdx cos. 

— Xa eX 2a fl ii l * (^a” ^0 °j je~ z:2a Xdx sin. 


a; 

2 a 

x j/3 

3 a 


o oxompla sufficinnt ad rogulam pro quovis casu oblato acconimodan- 



EXPOSITION DE QUELQUEiS VA 
DANS LE CALOUD INfEG 


Commontiitio 230 indicia Unkstuovjmiaki 
M dmoiros do rnoatl6min dos hcionees do Ncrlm 12 (1750), ' 


PREMIER PARADOX!*' 

L Je ntc propose ici de dcvcloppcr mi paradoxc 1 
qui paroitm bien etrangc: c’esb qu’on parvient quclq 
cliff erentiellcs, dont ii paroit- fort difficile do tronver les 
du calcul integral, et qa’il cst pourtanb ais6 de trouvei 
I’intdgration, mais phitot cn differeutiant encore lteqtm 
qu’tme differentiation reiterec nous couduisc dans ccs ca 
C’cst sans doute im accident fort surprenant, quo la difl 
mener au ineme hut, auquel on cst accoutunie do pavvei 
est unc operation enticromcnt opposee. 

II. Pour mieux faire soutir Pimportancc do cc pa 
souvenir, que le calcnl integral renferme la methodc i 
integrates des quantiles diftercntiellcs qnelconques: et 
equation differentiello ctant proposde, il n’y a d’autre in 
integrate, qno clten entreprendro Emigration. Et si l’c 
t4gror cotto 6quation, la cliff6rentier encoro unc fois, ■ 
steloigneroib encore dav&ntage du hut propose; atteudi 
dquation diffdrcntielle du second degre, qn’il faudroit n 
avant qu’on parvint au bub propose. 


.rcucr, mais qu one nous pmsso memo iourmrccttc integral!). uc scroll, snn 
un grand avautagc, si cot accident ctoit g6iuival, et qu’il cut Uou toujouvs 
j’alors la recherche dcs integrates, qui est souvent memo impossiblt 
)it plus la moindre difficult^: mais il no sc trouve qu’en quclqucs cas tre 
uliers dout jc rapportorai quclqucs cxcmplos: los autves cas dcinanden 
irs la mothode ordinaire d'int6gration. Voila done quclqucs problemes qi 
ut iV oolaircir co paradoxo. 

PUOBbTCAllS 1 

,c point A clanl donne [Fig. /), trouver la courba EM telle, qne. la perpen 
ire. A V lirec du point A mr unc tangente quclconquc de la courbe ill V, so: 
it de la memo grandeur . 


m 



A P p Fig. i 

V. Premint pour axo unc droito quclconquc A P, tiree du point domic / 
y tiro d’uii point quclconquc do la couvbc clicrcltec M la perpendiculaii 
ct unc autro mfniimout proclio nip, ct qu’on nomme AP = x , PM = i 
ongnour domteo do la ligno A V-■= a. Soit dc plus l’<M6ment do la court 
— ds, ct ayant fcir<5 Mn parallelc k l’axo AP, on aura 

pp = Mn = dx et mn — ily ; 
ds = ]/{dx 2 -f dy 2 ). 

n baisse du point P aussi suv la tangente MY la perpendiculaire PS, < 
ille-cy du point A la pcrpondiculairo AR, qui sera parallele A la tangen' 


triangle Mmre, on cn tircra: 


S= .1^P£ = ^ et pR = 

Mm ds 


m % ■ A J 


M m 


d’oii, a cause do 


AV = PS — PK, 


nous aiirons eettc equation 


a =-- 


ydx — xdy 


ds 


oil 


ydx — xdy ads = a]/ (dx 2 1- d\ 
qni exprimera la nature do la combe cherchee. 


V. Voilu done uno (Equation difitfrenticllo pour la 
chons; et si nous la voulons traitor scion la m 6 tliodc c 
dolmrrasscr les difiurenticls du signe radical; premiat 
amons: 

yydx 2 — 2xydxdy -j- xxdy 2 = aadx 2 - 

et parlant 

3 _— 2 xydxdy — aadx 2 -|- yy 

^ a a — xx 

dont rextraotiou dc racinc fournit 


on 


dy = ~~ XiJ(lx + adx V + y y — 

aa — xx 

andy — xx dy -j- xydx -~= adx \/ (a# -|- 


dont il fant limintenant chcrcher l’int^grale pour i 
question. 


\ I. hour integrev cette equation, posons y — u } 
pour avoir 

]/ (;w; -f yy — aa) ~ ]/(aa — rca:) (u 


aady — xxdy -- da (a a -- xx)- - --* uxdx \/ {a« —- xx), 
ira cVtanl substitutes donnent: 

du (an — a\r)~ =-* mix \/(na — .r.r) [uu — 1) 

du _ mix 

Y {an — I) ~ ua - - xx. * 

oil lea variables x (>t ■« so trouvent separeos. 

Pnisque cetto equation ost sdparee, jo reuuirqno d’abord, quo I os 
s, quYlIc ronforma, aonl rumpling, si 1’on mot 

)/{uu - • I) 0, on nu -- 1; 

dd cas taut lo rncmbrc 

adx )/(aa — xx) («?i — l) 

vanouissant, quo I’antro mombro du (an — .i\r)- a omi.sc; do dn -- 0. 
it, nous avons doja une valour integmlo uv = J, on u - l, d’ou 
us y -J: \/(aa — *\r), on yy - J- -- an; oo qui cst I’dquation pour 
, Merit du centre A avoc lo rayon =■• a. Or il cst clair quc; oo oorclo 
iu problomc, puisquo la perpcndieuluiro A V dovicnt egalo an rayon 
, ot tonibc sur lo point d’attouehement M ; commo il ost comm par los 
s du cerclo. 

. Mais co cas n’epuiso pas oncoro l’oqnation diflcronticllo 

du _ adx 

Y (uu J j aa — xx * 

s done son integrate qui sera par les logarithmc.s 

i(tt+ !/(««-l )) = U-~^fv i b 


quo nous ayous : 
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Do la nous trouvcrons, 


et partanfc 
Par consequent 


— 1 = n?l .JL±£ — i/^±^ 

a — a y a — x 


71 y (b -4— x 1 n ~ o* 

v = -tV^~ + Ai/ 


2 y a — x' 2 n r a -f x 

y — u ]/ [aa xx) = ±(a + x) +± (a 

equation ^.n. llne l igne droite ^ en ^ ^ ^ 
hut clle du point donne A soit 


a. 


IX. Voila done la solution du probleme propose on 
Z f,, T™’ 0fl fl faut sparer’les 

r. 2 sr, , ! ta ~‘ “ 

P,,qUte - C °‘" me >•“ ** parvenu I LLtqulln “ 


ydx — X dy = a + ^ > 


:»“yr * ■* -- * «*» 

. 


tioi > du probleme mh~xch/ qUe //f m&ne 6< I uatio 

■ft* m*»e + 

'1 integration, mats on n, ™ * V > sans y empl 

,fc “ ion ilcce^rrou 1 " f ° rCe ^ P”" 

c ' onilui ™ 4 I’^natiou brtesral “ M “ Cette 
wnirbe chereliee. Ce q„ e je vi ® ^ U ° US ^ °° r 


dx- dy) -- dxy( 1 -f pp). Par ccttc substitution noire equation, c 
'isec par dx, prendra ccttc forme, 


y ~-p X = a \/{\ -(- pp) on y ^ px -\-a\/{\ -{- pp), 

il fant bion remarquer, que quoiqn’on n’y appergoivo pins de different 
-to equation no laisso pas d’etre clifftkcnticlle, a cause do la lottrc p, dor 
(1 

lour cst lx* ,S0lfcc < 3 U0 » si ^ on * a l ' rmctt °it, on roviondroit a k prom 
lation dilT6rcnticlle. 


XTI. A pr6scut, an lieu d’int6grcr ccttc equation different-idle, je la d 
itic encore une fois pour avoir 


dy — pdx 

' 1 V (l + VP) 


, ayant snpposo dy = pdx, (‘.cite valour mine a la place de dy nous do 
bord: 


0 = xdp d- 


a p d p 
V (1 + pp) 1 


u on divisant par dp nous tirous d’abord: 




up 


puisqu’i! y a 


V ( 1 4 - VP) 

V = px + a 1/(1 H- pp), 
y substituanfc cctte valour do 

a p 


x = 


V(l +PP) 1 


is aurons: 


V ~ - 7rl~r —r ~l- a V(l "b PP) ou y = -jTr'-r 

V ( 1 + vv) v 1 1 V ( 1 + 


VP)' 


XIII. Voik done des valours, ct memos alg^briques, pour les deux c< 
in<$es x ot y, lesquellcs no renfermonfc que la scule variable p; et comrr 


cst resolu par cet-tc differentiation reiterco. Car on n’a qu t\ cl 
l> do cos doux equations 


a p 

? (i h-Tp) 


, U 
(!t •*' '. ;i 


cc qui sc fcra aisoment en ajontant ensemble les quurres x. 
aura d’aboid 

, napp + aa 

■xx -f uy = —r-,— — = aa > 

1 JJ I -f- pp 


qui est liquation pour le corcle, qui satisfait an problcmo pr 


XIV. II est bien mv, qu'outrc lo ccrolc il y a encore un 
droites, qui sutisfont egaloinent a la question, et quo eotle.n 
pas fournir. Mais olio les conticivt ncanmoins, et encore pluf 
l'autrc methode ordinaire. On n’a qn’a vegarder 1’equation 


0 


xdp + 


n p d p 

71 TT pp) 


? 


a laquellc la differentiation nous a conduit, ct qui, puisqi 
par dp, renfermc aussi la solution dp -= 0. Or do lit nous fciroi 
p — const -- n, et partant 


y ~ nx + a\/{ 1 nn ), 


oil toutes les lignes droites, qui rcmplissent les conditions 
comprises. 


XV. Ayant cldja vcmarque. quo cotte Equation: 

ydx ~ xdy a f {dx? -f dif) 

no sauroit a peine etre rcsolue par la mctliede erdinaire, cel 
d’abord par la differentiation son intcgrale. Car, posant dy = 

-f dif) =--- dxf'f -f p 3 ), 
y — px = af{ 1 -f p 3 ) ou y =--- px + af{\ H 


ct partant 


“,7 

us tirons 




0 = xdp 


a ppilp 

iFaTT) 2 ’ 


—app , a 

X " = W~- ot ,J - jy(i + ?) »f' 


VJ. Si l’ou vent ici eliminor p , on n’a qu’n ajouter les cubes pour avoi 


y 3 -|- a; 3 = 

to quo 


ant 


« 3 (l — _« 3 ( 1 — V*) _ „ a i 2 « 3 

(H-^) a " • -I- f "* 1-l-P* 

1 « 3 + :t 3 -f- f 

1 T~//> 2u*~~"’ 


V = = (« 3 I- *" i- ?/ 3 ) 3: «^ 4 - 

4« :l // 3 — ( ft 3 -|* a : 3 -|- ?/ 3 ) 2 
0 -- a 6 -|- 2a 3 x? 2«V -|- ;« a -b 2:t,‘ 3 // 3 4- y fl 


nic ligne du sixiemo ordre. Mnis outro col loci satisfait encore dp = ( 
= n, & causo do la division faitc par dp; ot ce ena domic uno infinite d 
droitos contomios dans octfco equation 


y — nx -\~ a (1 -\- n 3 ). 


'VII. On voit quo par la memo metliodo on rdsoudra aisemont tons It 
uncs, qni conduiroiont h do tcllcs equations: 

ydx — xdy = a )/ (adx n H~ pdx n ~ v dy v -f- ydx n ~i l dy‘ l f etc.) 

•esant dy ~ pdx, on auroit 

y = -p X -|- a }?{a -f f$p v -f- ypf- otc.) 


erentiant ot divisant par dp, 


na a-f (»--**) tf/f/J 1 ' -f- («— y_0 ;f «tc. . 

^ (i W« -(- /ty" ‘I yP l + etc.)"" 1 

D’ou, on eliminnnt p, on tircra mio equation algebriquo ontro x of 
qu’il y a aussi dp = Q ct p - const. = m, lea lignes droites roni 
cetlc formula: 

y =i- mx -}- a \/ (tf • |- ft-)n v yvv 1 -|- ofcc.) 
sutisferont cgalement. Jc passe done a un autre prohlome. 


PROBLEMS Ti 


SurVa.ce AB trouver la courbe AM B (Fig. 2 ), Idle, quayanl tii\ 
qudemique M la tangente TMV, elle coupe eii sorle les deux drnile 
lirees perpendiadairement sur Vaxc AB, en deux points donnes A 
rectangle forme par les lignes AT el BV soil parloul de la meinc gra : 



V 

V 


s 


B 


Fig. t 


XViri. Soit rintcrvallo donn6 AB = 2a, Tabscisse A P ~ : 
PM = y , ct aynnt tire l’infinimcnt prochc pm, on aura Pp — 
7101 = {h J- tire les droites TR et MS parallels k Paxo AB, 

bianco des triangles Mnm, TRM et MSV, k cause do 

PB = MS-=2u~x, 

fournira: 



at, ;i i,. 


{2a ■ ■■ x ) dy 
l lx 


e produit (levant etrc constant — cc foumira ccttc egalite: 


V 


xdy 

dx 


„ xdy 2a tlin 

J/ —.77+ cc ' 


IX. Si 1 on vouloit traitor cctto equation ]mr la methode ordinaire, on 
itroroit bion doa difficulty ot pent dire n’nrrivcroit-on qu’apres bicn doa 
'3 a liquation iutogralo. >Inis, pour nous scrvir de l’autrc methode, 
j dy — pdx, pour avoir 

(y ~ V$) {y ~ V x + 2 a P) = cc 

iii: 

W ”1" 2 (a — :c) py — 2appx + ppxx — cc on 
1W “I" ^ (a - :r) py -|- (« — :t:) a pp — cc \- aapp , 

'extraction dc racinc foiirnit: 

y -|- (« — :c) V = V ( cc 4- aapp) on 
y = — (a — a 1 ) p + ]/ (cc ■ (- ort/jj?). 


X. Different-ions maintenant eette Equation, mi lieu d’eu chereher 
•ale, at nous obliendrons: 

d,j ~ pdx — (a *) H- pdx + - 

tonnes pdx sc detruisant cnseinblo, la division par dp donnera: 

aap (tap 

a — x — ■—— -- ou x — a -- --—- 

V{cc + aapp) \/{cc-\-aapp) 

stituunt eette valour do a — a’ dans cclle de y> on aura 


V = V&T%Mi + V{eC + mVV) 0U V = V^c^aVV) ' 


—v) a(lp v -\- {n — /<) ay ft 1 |- otc. 
n'\S {a -|- (ip v -\ ype- ~f- otc .)" - ’ 1 

D’ou, cn dlimiuaut p, on tirera imo equation algebrique cntrc x et y. 
qu’il y a anssi dp 0 et p = const. — m, les lignes droitcs rcnfcri 
eette formulc: 

y — mx -(- a \/ (a •(- flm v ym> 1 -f etc.) 
satisfcront egalemcnt. Je passe done a un autre ])rob] 6 me. 

VHOBLEME II 

Sur VaxeAB irouver la courbe A AIB (Fig. 2 ), telle, qiCayant tire d> 
qnelconque M la tangcnte TMV, cUc coupe cn sorle, les deux droitcs i 
tirees perpendiculainment sur Vaxe AB , eu deux points donnes A et 
rectangle forme par les lignes AT el BY soil parloul de la meme grande 



XVIII. Soit Pintervalle donn 6 AB = 2a, I’abseisso AP ~~ a;, 1 
PM = y, et ayant tiro Piniimmcnt proohc pm, on aura Pp = M: 
nm ~ dy. Qn’on tire les droitcs TR et MS par alleles al’axo AB, et 
bianco dcs triangles Mxm, TRM et MSV, k cause do 

PB = MS = 2a~x, 

fournira: 



o aiuuuo, 


AT 


V - 


xdy 

dx 


el BV — y | 


(2 a- - . 1 -) (Uj 
d x 


■oduit, dcvant etre constant -- cc fournira cettc Ggalito: 



xdy 2ady , 

~dt + “dx'J 


cc. 


. »Si i on vou/oit trailer octte dquatiou par la methodc ordinaire, on 
oit bien dcs difficnltes, et pent Giro n’arriveroit-on qu’uprcs bicn dcs 
. liquation integrate. Mate, pour uons servir do l’autre motliodc, 
r = pdx, pour avoir 

(// -- vv) (y — px - I- 2 up) cc 

yy -|- 2 (a — : r) py — Zuppx |- ppxx = cc on 
Hi! "I" 2 (ft a-) py -|- (a — a :) 2 pp ~ cc * |* uapp , 
motion do raciuc fournit: 


y ~\- (a — a) p = ]/ (cc -f- aupp) on 
V ■= ~ ( a ~ a*) V H- V(w -I- aa-pp). 


DiftGrcntions maintenant cctte equation, an lieu d’en clierehev 
, et nous obtiendrons: 


dy pdx — — (a — ,r) dp •+• pdx -f- 


au-pd p 


V{cc -\- aupp) s 

ncs pdx se dGtruisant ensemble, la division par dp donnera; 


a — .v — 


a a p 


ou x = a -- — 


aap 


Y(cc -| aa-pp) . .. Y(cc + aupp) 

iant eetto valeur do a -- x dans cello do y , on aura 


— aapp , 4 cc 

/ = : 4 - Vice 4 - aapp) ou y = -- 

Vice 4 aupp) yK 1 J Y(cc-\~ aapp) 



Pclimiiiation de In- quantity /) sc fern eu njoutant les qunrre 
tommies, cc cjui donnera: 


done: 


(a — x) 2 L yy _ nap;) cc 
a a ' cc cc-\-na-pp 


yy _ 2 ax — xx 

cc a a 


OU If - --- [/(2ax — xx). 


D’oii nous voyons quo la courbc chcrcliee cst unc ellipse dderite 
et doiit Je demi-axe conjuguc est = c, dc sorte epic dans unc 
rcelanglo des tangentes AT ct BV soil toujours egal uu cjuari 
conjuguc. 


XXII. Mais il eat elair qu’outrc oette ligne courbc il sati 
pvobleme unc infinite de lignes droites TV tcllcmcnt lirccs, q 
A T' BV soil -- cc. Cea lignes droites sc trouveront par le divisci 
pose = 0, domic p — const. = n. D’ou nous aurons: 

y — — n (a — a 1 ) -f |/(cc +- nnua). 

D’ou, si x — 0, nous tirons 

AT -- — na -j- \/ (cc nnaa), 

ot si x — 2 a, 

BV — na -f ]/(cc + nnaa), 
do sorte qu’on ait toujours 

AT ■ BV - cc, 

quelquo valour quo pnisso avoir le nombre n. 


PROBLEM® ill 

Deux points etant donnes A et C (Fig. 3), trouver la ligne & 
que si Von tire unc tangente quelconque MV, qxCon y mene da pre 
perpendiculaire A V , et qu'on joigne de Vautre point C d V la . 
droile CV soil partonl de la mcnie grandeur. 



CII1. Poaons la distance donucc AC b , ct preimnt ecttc lignc pour 
’on y mcuc du point M l’appliqneo M P, ct yon infinimcnt proehe pm. 
° = x, et PM y; ct a cause dc 

Pp ■■■■■ Mn — dx> ct Tim = dy, 

Mm — ]/ {dx~ - I- dy 2 ) ds. 


is6, nous avons vu dans la solution du ])rcmicr problomc qu’on aura: 

I y __ ydx — xd y 

d h 

s aussi du point V suv IVxe la pcrpcndiculaivo T 7 X, ct ft, cause des trian- 
lblablcs Mmn ct VAX uousaurons: 


int: 


VX 


ot 

dti 1 


di / {ydx — xdy) 
~ ' rf.*° 


CbY :•*&-!- 


djjydx- 

d.H 2 


■ x dy) 


CIV. Soit inaintenunt la longueur clonndo C'V — a, ot ft. cause do 

C V 2 — CX 2 + XV 2 

irons : 

,, , 2 bdy{ydx — xdy) , (ydx — xdy) 2 

wa-DD-f ^ I- (/ ?2 

do d.r 2 -j- d ?/ 2 = ds 2 ; 
lus: 


2D 
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(lout In raeine quango cat 


yth — xdy bily = i __ bbdx 2 \ 

ds ds V\ (it 2 ) 


on bien on multipliant par ds 

ydx — xdy -f- bdy = )/(uads 2 — bbdx 


XXV. lei il cat anssi evident, qu’on se plougeroit 
emiu)-ant, si Ton vouloit entrcprcndrc la resolution dc c 
metliodc ordinaire. Je pose done dy == pdx, ct a cause dc 
noire equation diflerentielle prendra eette forme 

y — px -I- bp = j/ (aa {1 + pp) — bb\ 
que jc difterontie encore, et posant pdx pour dy, j’aurai 


pdx ~ pdx — xdp + bdp = - - 

1 V(aa (1 p^ 


qui etant divisee par dp donne: 


b-x~ -_ 011 r h 

?'(«« (i t VV) — bb) 011 1 0 


y (a a (1 


y = - (A _ X ) , p j/( aw + vv>} _ = 


XXVI. I)e la, pour eliminer p, je forme ees equatioi 


_ ±P _ At y v 

a ^ tta + PV) - bb) y(m—bb) = yjdd- 


et ajontant les quarts de ces formulcs, je trouve: 


- —4- y y _ aa (l 4- -pp ) __ lb 
(t« aa ~~bb aa (1 -f- V p) __*£& 


“ 7 ' nt,0n P° ur lme elli P“. doiit le centre cst c, 

,C demi gran<1 axe = °V- Mais ontro eette ollips, 
aenne encore „„e infinite de lignes droiton, comprises din 


V M (& a) + ]/ (aa (1 4- nn) 


int tire unc tangente quelconque VMX, si Von y inene. ties points A e< 
•pendicuiaires AV cl BX, le rectangle da ccs lignes AV-BX soil part 
mhne grandeur. 



lXVII. Soit la distance dcs points donn<5s AB ■— 2b, qu'on y tire 
ndiculairo MP, ot rinfiniment procho my, ot qu’on nomine les eo 
es: A P x, PM =• y, pour avoir 

Pp — Mn = dx, am — dy et Mm = \/ (dx 1 2 -j- thp) — ds. 
ose, nous avons vu, cju’on aura 

j y = ydx —■ xdy 
ds 


i tire de plus AB, porpendieulairo sur BX, et la ressemblancc des 
j Minn et ABB fournira 


y ajoutant 


BB 


2 b (l y 
~Ts ~’ 


RX=AV=- 


ydx — xdy 
ds 


anrons 


ydx -f- (2b — x)dy 



bbdx 1 

“7^" 


dont la racine quarrde est 

V^ZZ^l + ¥y =l /(aa 

ds 1 (Is 1 \ 
ou bien en multipliant par ds 

ydx — xdy + bdy = \/'{aads % — bbdx 


XXV. lei il est aussi evident, qu’on so plongcroit 
enmiyaut, si Von vouloit entrepvendre la resolution de c 
methodc ordinaire. Je pose done dy — pdx, ot ti cause dc 
notre equation dift’6rontielle prendra cctte forme 

y —• px bp = ]/ {aa (i pp) — bb 
que je differentia encore, et posant pdx pour dy , j’aurai 

pdx _ pdx _ xdp + bdp = 
cpii etant divis6e par dp donne: 


b — x^-r, 


aap 


>■'(«« (1 + pp)~~bb) 


rr OU .1* — b - T7 


V (d a (1 


ct 


V = — $ — x) p -H ]/{aa {1 + pp) ~ bb) = - 


V{aa 


XXVI. De lk f pour eliminer p, jo forme ces dquutioi 

b ~ x = _ <iv _ t V _ = _ V 

a |/(<*a(l -\-pp) — bb) \/{au—bb) y{aa\ 

et ajontant les quarrds de ces formulas, je tvouve: 

(6 ~ :> ') 1 yy __ aa (1 + pp) — bb __ . 

da aa —bb aa (1 4- pp) — bb 

qui est liquation pour une ellipse, dont le centre est on 
.4, et le denii grand axe = CV. Mais outre eette ellipse 
donue encore une infinite de lignes droites, comprises dam 

V = n [b — a;) -\- ]/ {aa (1 -p nn) — 


a perpendicnkdrea AV et BX, le rectangle, de. r.cs Hynes A F- BX soil 
•>. la mime grandeur. 



XXVII. Soit la distance cIoh points clonuc's AB — 2b, qu’on j 
vpcudieulairc MV, ot Finfinimout prooho mp\ ot qu’on nomine 1 
Juices: AP - x, PM =-■ y, pour avoir 

Py = Mn ----- dx, n-m ----- ily ot Mm = \/ (d.v z -f- dip) = da 

la pos6, nous avons vu, qu’ou uura 

A V r~ yii x ~~‘ xdy 
ds 


iu’on tiro de plus Alt, pcrpondieulaivo mu* BX, cl la ressomManco 
igles Mmn ot A Bit fournira 


Ml 

as * 


} en y ajoutant 


y (l ;v — $d if 




XXVIII. Sans nous embuiTH-ssor do la mdthodo orclinaii 
dff — pdx , de sort-c quo 

cIs 2 — dx 2 (l d- p-p), 

et nous anions: 


{y — px) {?/ — px d- 26-J)) = oc {1 -1 ■ ?>/>) 

qui sc vccluit a: 

yy -J- 2 (6 — ft) p// — ‘Zbppx -[- ppxx cc (l ? 

on a 

i/y + 2 (6 — a;) ??!/ + (6 — ft) 2 pp = oo {1 -1- pp) -|- 
dont la racino quango cst 

y + {b-- ft) p = |/ (cc -(- (6/; + cc) pp) 


et partant 


y = _ [b — ft) ? > -(. ]/ (cc -I- {hb -1- oc) pp) 


XXIX. Differcntions encore cctte equation diff6rciiticU( 
dy =.• pdx nous aurons: 




qui etant divis^e par dp donne d’abord: 


on bieu 

posant pour abrdgcr 
De l£i nous tirerons: 


___ (bb -|- cc) p 

V(cc + (bb + cc) pp) 

„ ^ = aa V 

Y(cc-\-aapp )’ 

bb -(- cc — aa. 


y- — {b — x)p + ]/{cc ~f aapp) = - - Cc — 

yqcc 4- an 


a 


Vice aa-pp) 


c V (Cc -r (Kipp) 


s aurous en ajoutant les quarres 

L /j n: r >! i- VI i 

a a ' cc 

XXX. Cette equation est, commo il est Evident, pour imo ellipse, den 
ors sont dans los points A ct 13; et pavtant le centre an point du milu 
lenii petit axe Hern, done — c; et o’est an quarve duquel, qnesera partouC 
ictangle A I 7 • JJX: ce cjui est aussi imo propriolo eonmio do ToUipse. Or 
si des lignes dmites, qui satisfont an memo prohlomo, quo {o diviscur dp 
s fournira, car posant p = n, (’equation pour toutos cos lignes dvoites 

y — - - n (b — x) -! ]/ (cc -|- noi.no). 

pourrois cneore ajouter mi grand iionibvc etc problemos somblublcs, 
firme? 1 cc paradoxo, nmis ees qmitro scront onUercmont aiif/isans poi 
liver la vdritc. 


SECOND PAHA D OX 10 

XXXI. Lc second paradoxc, quo jo in’en vai dialer, idest pas moius 
nant, puisqu’il ost anssi eontraim uux hides communes dn caloul itiU 
s’inmgmo ordinairement, (ju’ayant uno equation different-idle quolooi 
n’ait qu’ff eherelier son intogialo, et it Ini rendro touto son ctonduo 
itant uno constanto imldlinic, pour avoir tons les eas, qui sont eompris 
nation diffdrcnticllo. On bieu, lorsquo eette equution diffdrontiello c 
iltat d’une solution d’ini probldine, on no doutopas quo liquation intdf 
on cn trouve par les regies ordinairos, no renferme toutes les solu 
iblcs du problcmc: cola s’entend, lorsqu’on n’aura pas neglige l’add 
constanto, quo touto integration cxigc. 

XXXII. Ccpondant il y a des eas, on l’intdgration ordinaire nous coi 
ne equation linie, qui no renferme pas tout ce qui otoit contonn dans lh 
i diffcrontiello proposeo; quand meinc on lie neglige pas hi constanto 
inde. Cela doit paroitre d’autant pins paradoxo, pins on cst accou 


preserves, n’cpuise pas leteuduc do 1 equation cunercntielle, le pi 
mcttrn des solutions, quo I’intdgration nc fournira point, et part-ant 
a une solution defcctucuse, ce qui scniblc sans doutc rcnvcrscr 1< 
ordinaircs du cnlcul integral. 

XXXUI. Or il est fort aisc de proposer unc infinite d’dquatio 
tidies, auxquelles repond un certain rapport outre les quantitds vav 
est impossible de trouver par la voye d’integration ordinaire. Soit, p 
proposee cctte equation diffdventiclic: 

xdx + ydy -■■■ dy ]/{xx yy — an), 

et il est evident qnc liquation finie 

a::e -1- Vlf ~~ aa = 0 

lui satisfait entierement. Car ayant de la xdx -|- ydy ~ 0, 1’iir 
ineinbre de I’equation diffdrcnticlle 6vanouit de soi-memc: eo c 
niarque indubitable, quo cette equation finic 

aa yy — aa 

est contenuc dans I’oqnation diffd-enticlle proposee ou quo le cercl 
problemcs, qui conduisenfc a cctte equation difldrcntieiic. 

XXXIV. Cependant, quand lions integrons cette equation di 
nous ne trouverons nullement ce rapport xx -b yy = aa; car, div 
equation par \/(xx -f yy — aa), qne nous ayons: 

xd x + ydy _ , 

V{xx-\-yy — aa) — d > 

l’integralc est evklcnte, et memo dans tonte son dtenduo 

\/ {xx -\- yy — aa ) = y + c 

ajrnnt introduit la constante indefinie c. Or il est clair quo l’equatioi 
vt^e yy .ra* — aa n’est pas absolument renferm^e dans cette cqi 
gvale, qnelque valour qn’on donno a la constante c. 


XX 


— aa - 2 cy -|- cc ot >/ - 

2 c 

purtantcm croiroit qu’aiiproblenieproposb, qni aura conduit a cette equat 
satisfissent qu’une infinite cle parabolos, eontenues clans Tequation 

xx- -fta—cc 
V - -2c-’ 

on les dilTercnte.s valours dc c. Et puisqu’on a trouve line infinite cle pi 
lea, on doutera d’antant moiiis, qu’on ne aoit arrive a line solution conipl 
pendant nous venous do voir qn’au mcnie pvobleme satisfnit aussi 1c cc 
ntenu dans l’cquatioii xx -\- y\j aa. 

XXXVI. d’ni renoontrb quelques autres cas de cctte espeee clans i 
aitb du mouveinont, on j’ai dcjii remarque cc memo paradoxe, qu’ 
uation did'drcnticllo renfenne quclqncfois dcs solutions, cpii ne sont ] 
mprisos dans lVjquation integrbe 1 ); j\y ai aussi donnb line regie sure, pa 
>yen do biqucllo on pent trouver ccs solutions eontenues dans les equati 
iTorcnticllos, qu’on no sanroit plus tircr do l’bquation intbgrbe. Ccpendi 
lino jo n’y ai pas fait sentir usses ovidemnient rimportnnee do ce parade 
pourroit croire epic c’ost quclquo bizarrerie clans dcs problemes inecaniq 
i n’auroit plus lion dans los problemes do Geometric; oil que ce ne se 
s un reproebo, qu’on pourroit fairo dircctement h 1*Analyse nieme. 

XXXVJ.f. Pour i’cxemplo quo jo viens d’nlleguer ici, conime il cst fo 
fantaisic, on pourroit aussi doutcr, si ce cas se rencontre jamais dan 
[ution cl’nii problonie reel. Mais les monies cxemplcs, que j’ai rapportes 
iaircir lo promier paradoxe, sorviront aussi a eelaireir oelui-oi. Car le prei: 
obleine demandant lino courbc telle, que si Ton menc d’un point donne 
utes ses tangontos des lignes perpendiculaircs, toutes ses perpenclienla 
ient bgalcs entr’cllcs; ce problenio, dis-je, etant proposed, on voit dal: 
[’un corclo dberit du point donnb coinmo du centre avee un rayon ogal 
oite, ii laquelle toutes les pcrpencliculaires mentionnees doivent etre egn 
isfera an problonie. 

1) Voir Mechanica sice motua scicntia Tomua primus Caput V § 040, Potropoli 1730.. / 
’<(}( Eur.mtt Opera omnia, sorios 11, voJ. i p. 21). 


ou lcs variables x et y sont melees entr’olios, on a vu quo par Ic n 
substitution 

y = -h ]/ (a a — :i\r) 
elle so change cn cctte sepnrec, 

<lu a dx 

y'(un- • 1 ) aa —xx * 

dont rintegralo prise dans toute son etcnduc eloit 

u 4- j/ (mm — 1) = n V < ~~r c ’ 
d’ou j’ai tire cotlo Equation; 

V -- -o (a + x) -\- ~ («■ — x) 

laqucllc no ronfcrmc quo des ligncs dvoitcs, do sortc quo lo oc 
eotto hourc cnticroinont cxclus do la solution du problemo pr 


XXXIX. 11 cn ost tic memo du problomo second, qni cst Vi 
nous avojis vu par uno ellipse cxprimoc par cello equation 

V ^ C a -]/(2ax — xx); 


oo qui cst aussi olair par lcs propridtes coiniucs do [’ellipse. Or 
eetto 6quation difltercntielle: 


xihj 


<lx 


xdy 2ady\ __ 
dx ' dx ) 


nous on tirerons par l’extraotion de racinc: 

dy _ (ft — ft) V -j- Vj ttuyy — cc (2 ax — a;a 1 )) 

dx ~~ 2ax xx 

(2 ax — :r:f) dy — (a — x) ydx — da; \/(aayy — cc (2 ax - 
Or il est 6vidont qtie liquation 

aayy — cc (2 ax — xx) — 0 


it on din'orcutiant lours logarithmos: 
dy dx {a — x) 


on ( 2ax xx) dy — (a — a*) ydx = 0, 


1 / z a x - - xx 

quo dans co eus Pun ot Pautro mcmbrc do Pequation difftrcntiollc 


Mais, si nous traitons octto Equation difftreiitiello scion la mtfchodc 
ct quo nous posions 

y ^ % ]/ (2 ax — are), 




}/(aayy — cc (2 ax - ■ xx )) -- |/(2 ax — xx) (aauu — cc) 

% (a — a;) dx 


dy = du ]/(2ax — a\r) -|- 


\'{2ax- — re a) 

nrs substitutes cbaugoront notvo equation on cotto forme: 


v — xx) 2 -[- u (a — x) dx \/{2ax - - xx) — u (a — a) dx \/(2ax — xx) 
= dx |/(2aa* — n\r) {uuuzi — cc) 


duit lnaintommt k cette stparco, 


du 


dx 


ou 


a du 


ad x 


V{aanu — cc) 2ax — ren,* \/{aauu — cc) *2 ax — xx 

itegrale priso gtntralcnicut cst 


— cc) , 7 re 

l _ : it 2 ^—-^ 


x b 2 x* 

aw -b \/(aauu — cc) = b ]/ () —’■— .= lA- 


2a — a; v (2ax — xx) 


L Do It, on tronvora aistment la vnleur do u, qui sera: 
cc y/( 2ax — #$) bx 


aw = 


2 bx 


-h 


2 \/ (2ax — a*re) 
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cc (tax — ;t;r) bx acc . {bb --cc) x 

a ’j = ■— ibT— + 2 := ~b + ~~n 

et il cst 6vidcnt qnc cette equation integrate, quelque general 
a. cause tie la constitute indcfmio b , ue ronfenno pas l’cllipsc cl A, 
memo accident aura anssi lieu clans les deux mitres problem 
lorsqn’on traitera les 6quations cUflerenticLlcs trouvees pm* ia mot 
on cliercliftiit son integrate; oii l’cllipse qui cn fournit unc bell 
sera plus comprise. 

XLIJ. Mais voici la regie generate, par laqucllc on pent aia 
ces cas cle Pint6grale cVune Equation diflerentiello proposee, qi 
Pint6giutiou ordinaire. 8oit 2 unc function queloonquo dos c: 
x ct y, et Z une fonction qnclconqne dc z. Soicnt do plus P, ( 
fonctions qnelconques des variables x et y, ct supposons cpdoi 
a cotte Equation diftorenticllc 

Vdz — 7j (Pdx + Qdy), 

et il est clair, que la valeur# = 0 satisfait £1 ccttu (Equation: car 
3 — const, et partaut dz = 0, de sortc quo dans lo cas Z = 0 los 
do ^equation proposee evanouissont. 

XLI1I. Par lo inoycn de cotte regie on trouvora aisdmei 
contient line solution du second problcmo; car 6tant parvonu k 
diffdrontielle: 

-> = n ——— on du (2 ax — xx) — dx 1 / (aa 

y((iauit — cc) 2ax — xx v ' v v 

pronons u pour 2 , et la fonction ]/(aauu cc) pour Z, ot l’6qu 
sera remplie par l’egalite 

Z =-= 0, 011 aauu — cc — 0, 
d’oii l’on tire u ~ -- ot partant 

V = ~ 1/(2 ax~xx), 


X L1V. I! cst iei a romarqucr, quo ccs monies ens inaeoossiblcs a I* 
lion oidinnirc, sout {utfcisomeut eeu.v, qnbmo diderentiation reiterco i 
)urnis clans los ('eluircissemcnts du premier parndoxc. Et pour pcu qu’ 
eehisHO, on s’apcreovra quo ect accord idarrive pan par quclquo hazun 
pourra prononcer on general, quo Ionics los Ibis qu’uno ('([nation di/IV 
c, etant encore di/ToienUeo, conduit imiuddiatenieiil a uuo equation I 
to Equation Hiiic no sauroit jamais 6tre trouveo par la voyc ordinair 
tdgmtiou; mats quo, pour In trouver, i! faul nppliqucr fa roglo quo jo \ 
xposor. He la on voit done quo les deux paradoxes oxpliqnes soul tcllci 
cnHomblc, quo Tun ronfouno jiceessaironicnt l’antro. 

XLV. La roglo done, suivant laqucllo on jugo oi’clinaironiont, si 
lation differentiello cst integreo dans touto son etencluo, on non, i 
gtfneralo. On croit eoiuinmn'-mont, quo lor.squ’ou a integre on sorte 
:ation diflorcntiollo, quo lYjquntiou iutegmle eontient uno constant© i 
i, qui no se trouvo pas dans la difiorontio.Uo, alora liquation intogralc 
iplclto, ou do la memo etenduo quo la dillorentiollo. Mais nous voyons 
cxomplos rapporlos quo, quoique los equations trouvocs 'par rintegre 
tionnont unc telle ooustanto, cpii soluble les rend re genomics, los equal 
oreuticllos ronfcrinont pourtant uno solution, qui n’csfc pas comprise i 
ttfgrulo 1 ). Cotto circonstanco snr le critero dcs equations integrities c 
ties 11011 s pourroit foimiir mi troisieino paradoxc, s’il u’etoit pas cl 6 
litonicnt li6 avoo lo pi , cc6dout. 

XLVI. II pout done souvent arriver, qu’il cst memo absolumenfc ini 
o d’integror, on memo do sopnrer unc equation differontielio propose 
it on pout n6iimiioms par la roglo donndo trouvor uno equation finic 
isfait & la question. Ainsi, si Ton etoit parvenu clans la solution d’un 
mo a lino tello equation 

aa (aa — .r.r) dy -\- aaxydx — (aa — x.v) (ydac — xdy) \/{yy -\- xx — aa 

t on ontroprondroit inutilomont I’intrigration, on soroit pourtant sur 
to oquation finio 


1) Von- Imtitutionca calculi integral™ vol. I, § G4G—G7G, 00r—703; vol. II, § 821. Leon 
E m Opera omnia, notios I, vol. 11 ot 12. H 


yy -j- .t;k — aa -- 0, 


tant l’uii quo l’autre mcinbrc de liquation ovcmoui't; oo qui dovii 
lorsqu’on nict 

y — z ]/(aa — :ua;), 

car alors liquation prendra ccttc fonno: 

«adz = (ydx - xdy) \/{zz — 1), 

otposant# = ]/(zz — 1) on anra par la regie clonnee \/(zz - l) • 
et partant yy -f xx — aa. 
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scilicet Diophanteao nnnloga; cuius principal Auctor in lmo diK*erlaf.io 
distincte proponit, f^crl ctiam eo usque prosequitur, ut problemala, quao u 
lyeeos longo supomvc viderentur, mino sine ullo fore lahoro rcsolvi (|ueaul. 
haec mcthodu.s, quousquo hie est cxculta, plm-inium udhue a perfection 
quiturque amplisainnis campus, in quo Geomctvue vires suns exoreeaiit, atqi 
parte fines AnalyseoH profomnl. Quamjuain ciiim til) Aueloro inmunora 
differentiales ad intcgmbilitatem sunt perduotno, lumen pluriinao siipi 
artificia hie tradita nondum sufficiunt; vclufci si eiusmedi quaonitur rolatio i 
x ct )/, ut hacc formula integrationom udmiltal. Auotor fi 

adhuc modo id prnestarc potuisso. Verum dantur sine dubio ot in liac i 
omnem rcductjoneni respuentes, quemadmodum etiam in mctliodo Dioplu 
formulae, quae nullo modo ad quadratum reditei possunt. Plminuim igiti 
stitisso censcndus erit, qui, cuiusniodi formulao ad redueendum piano sint in 
ostondore potuorit. 

Quanta affinitas inter analysiu finitorum ct infinitonim inti 
utvacpie cx iisdem priiieipiis sit nata, atquo similibus operationibus 
nemo ignerat, qui in utroque calculi genorc vol lcvitcr fucrifc vci 
latius antem Iianc affinitatciii patcrc doprclicndi, quam vulgo pi 
queniadmodum in analysi finitorum ea nictliodns, quae Dioplu 
refertnr, insignem occupat locuni, ita ctiaiu in analysi infinitor 
dari calculi genus observavi, qui methodo Diopliantcac penitu 
similibnsqne operationibus absolvatur. Quanquam autom hnhw 
analysi infinitonim nonnulia iain passim occuiTunt spocimimi, quo 
mentionem sum facturus, tamon in ns nulla certa solutionis via 
solutiones easu potius ac divinatione inventae videntur, ita ut it 
certa ae tnta metliodus adlmo dcsiderctur. Quamobrciu milii qi 
calculi genus in medium profoiTe vidoor, qni omnino dignns sit, ii 
oxeolendo Geomotvao vires suas exerceant. Milii quideni tantum e 
eins fnndamenta oruere, qnao autem iam ad plurima satis illustvia: 
vecondita probleniata solvenda sufficient; caque liie quantum po 
et dilucidc oxponam, quo aliorum, qui in hoe genore elaborai 1 © vol 
promoveatur ac sublevetur. 

Ut igitur primum indolem et naturam huins novae methedi 


1) Vulo notos, p. 70. 


pie ox mlinita solutionum uiultitudine eas elicere doeet, qimc qnantitat 
donalibus eontinoantur, iUi nova nostra mctliodus quoquc nonnisi hide 
nata probiomata complectitur, et cmn discrimim, quod in analysi finito 
;er quantitates rationales ot suntas atatui aolct, in analysi infinitorum 
‘imen inter quantitates algobiuicas ac tranaccndcntes respondeat, nc 
strao motliodi via in hoc erit posita, ut ex infinita euiusque problem 
uliomnn oopia cue scoornantiir, (/uao quantitatibua algebraicis contim 
r. tluiusmodi igitur problenmta indeterniinata methodo nostrae sunt pnq 
orum aolutio in gcncro coneepta formulas traiisceudentes, acu iutegi 
.'olvit, ex quibus deineeps eos eaaus eliei oportet, qnibua quantitates 
mscendentes in algebraieas abeunt, sen, quod eodein redit, formulae 
-egralcs integmtioimm udmittant. 

Per cxemplnni tam natura imius novae inethocli, quani eius affinitas < 
itliodo Diophantea elnrius elueoseet. Uti eniin in methodo Diophantea qu 
et, quomodo quantitates x el y inter se debeant esse comparatae, ut 1 
*mula {/ (xx q ////) fiat rationalis, ita in nova nostra methodo liuie sin 
t iata (juacstio, qua inter (piantitatea variabiles x et y ea quaeritur cond 
formula speoio transeondons /}/ (dx 2 -f- dy 2 ) flat algobraica, sen ut Jr 
“mnlao valor ulgebraieo exhiberi queat. Manifcstmu est, hoe problem 
ocl instar exempli attuliinus, quacri eurvas algebraieaa, quae sint n 
abilca; volatio (mini inter x et y, (pine coordinatas curvae denotabnnt, re 
nr algcbvaica, undo quaestio circa curvns algebraieas versatur, ct cum h 
•vac arcus indolinito per \\/ {dx 1 -\- dy 2 ) expriinatur, quoties ista forrr 
'obmiea roddotur, totics ipsa curva erit rcetificabilis. 

Kiniili modo si omnes oac curvae nlgebraicaedesidcrentur,quac sintquai 
cs, perspicuum est, quaestionem hue redire, ut eao relationes inter quo 
;os variabiles a* et ;// assignentur, quibus haee formula integralis J ydx i 
itionem admittat, atquo ad valorem algebraieum perdueatur. 

.Etsi aufcoin bin potissiinmn quantitates algcbraicae sunt proposi 
indo atquo in methodo Diophantea quantitates rationales speetari sot 
non co quoqno roforendae sunt cinsmodi qnaestiones, quibus form 
aepiam integralcs non algelmiice exprimi, sed propositam qnandam tr; 
ldentium quantitatum speoiem implicare debent; vcluti si quaerantur c 
)di eurvao algebraieao, quarum rcetiheatio non algebraiee perfiei queat, 
qnadratura eireuli pendeat. Variae enim transcendentium quantita 


venire clooct, quoque ad oas onrvas, qiuiruni rcctincatio a 
pondeat, mveniondas aptam fore, id cjuod ex soqucnlibus cl 

Uiriusmodi problema iam ante complures annos a Celeb. 
proposition 1 2 3 ), quo eiusmodi euvvam algcbvaicam quaesivori 
rectificabilis, sed cuius rectilicatio a quadratura dalao eurv 
tameu nihilo minus tot, quot lubuerit, arcus absolute reel 
Propositiouo Indus problematis turn temp oris sunimns Ar 
Ion. Behmoullius b. in. adco obstnpuit, ut non soliun 
Heumanko solntmn esse non crodidcrit, sed etiain sagac 
longc superaro prouuneiaverit; qnocl quidem ncmini mirum 
illo tempore nulla plane ullius method! vestigia patuissent, ci 
problemata tractari posseut. Hermannus etium eius solid 
ambages ex qimdam Jinoarum eurvarum contempfatione lmi: 
intuitu nihil plane emolument} ad propositum expeetare lici 
nato ad solutioneni ante pervenisset, quam de ipso prob 
Visa antem ista Hermann*: solutiono, Beunoulmus etiain 
solntiouom ox sola analysi potilam: sed cuius fuuclament 
absconditum, ut divinatione potius, epuun ulla ccrta via, f( 
tionem eontinentes eruisse videatur. 

Cum hoc problcma non solum ob sunnnam, qua imp 
tatem, sod ctiam ob eximium nsum, qni inde in analysin red 
omnium turn temporia Gconietraruin admirationom excita 
quantum constat, in certain atque ad huiusmodi problcmai 
mothodum inquisivit, qua novas oinnino analyseos infinitoi 
aperiretur. Ego igitur Longo post intervallo fovtasso primus c 
huius methodi cogitaro coepi, quorum benefieio moinorati 
solntio dirccte sine ambagibus ae divinatione obtinori poss 
regulas qnasdani non contemneudas, quae acl novae istins me 
iaeiencla idonea sunt visa, eurunique ope non solum plures 
quod crat agitatmn, aolutiones sum adeptus, sed etiain non 
generis problemata. dedi soluta, ouiusmodi est illnd, cuius s 
in Dissertation© de duabus enrvis algebraieis 1 ') ad commu 

1) Viclo notam I. p. 76. 

2) Vido notam 2, p. 70. 

3) Vido L. Eulbhi Coinmonlationoin 48 huius voluminia, p. 70. 


cclavi, cum milii asset proposition prima quasi bums methodi clem 
situ explicate, quo coruni usiis amplisaimus ehirins pcrspieintur, n< 
,d hoc imicum probloma adstrieta videuntui'. Fateri quidcm statim oc 
levem aclinic purtcm lantum Iniius novae methodi, quam hie prop 
sloassc; vorum his prineipiis stabilitis, non dubito, quin ea mox rtu 
ementa sit accoj)tura. 

Divisio iuiinsmothodi in [juriessecundum nnturnm forinulnrnni integral 
rum valoros nlgebraici sunt eflicicmli, eommodissime instituotur. Cum ( 
per relutio inter dims quantitates variabilos x ct y qnaeratur, ut nna pluv 
iiuiao intcgralos, quae 1ms varinbiles uua euui suis dilfereothiUbusinvoh 
brnioos ohtineant valoros, huiusmodi fornnilns in soquentes onlines di 
conveniet: 

Ordo primus eonliuebit hniusinodi formulas jZdx, ubi Z eat functio q 
(jue algebraien ainbimun quantitation x e.t y. 

Ad oi’diuom seeundmu roforo eas formulas \Zdx, in quiluis posit-o dy 
unZ ost functio non solum ipsariim x ot y, sod etiam ipsius p. Ubi iu 
1 esl, non solum fonnulam J Zdx, sod etiain lmno jpdx ■■= y ulgobn 
cro doboro valorcs. Mae roduountur oac fornnilao intcgralos, in quibuy a 
wentialia dx ot dy occurrunt, vchiti [[/ {dx* -\- dy 2 ), quae posilo dy = 
bane forniam [/(I |- pp) rovocatur. 

Ordo porro lertius eiusmodi eomprohendet formulas iutegmles, iu qi 
m clilTcrentialia soeundi gradus insunt, quae aulom, ponendo dy — p< 
-- qd: r, ad bane formam \Zdx pordueontur, ubi littoral crit functio q 
turn x, y, p et q. His igifcur casibus non solum fonnuluo \Zdx , sod c 
nn fonnulanim J pdx et \ <(dx valoros algobrniei cl'lici dobobnnt. 
Ordo qimrtns couiplcctctur eas formulas integrities, quao qnantib 
y clill’erentialia etiam tortii gradus involvunt; lmoque ad formam J 
iccntur, ponendo dy — pdx , (Ip qdx et dq rdx, ubi quantitas Z 
jbit praeter quantitates x ot ;/ etiam bus p,q ot r. Jliiiequo sinnil 
icntinm ordinum intolligitur. 

Praeter lios ordines peculiarem elassoin oonatituunt eiusmodi forn 
dx, in quibus Z non solum quantitates algebmieas x, y, p, q etc. uti i 
inibus, eontinet, sed otiam fornndus intcgralos eomplectitnr, voluti si \ 
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[xdx [dx\/ (1 + PP) 

efficienda sit algebraica, pro quo relatio inter quantitates x et p clef 
In hoc excuiplo primmn patet, cum sit Ay -- pdx, valorem hui 
[pdx esse clebere algcbraicum. Deinde etiani valorem Imins 

Jffo 1/(1 -tVP) 

esse oportebit algcbraicum, qui si ponatur = s, tandem Imee fori 
ad valorem algcbraicum erit perducenda, ita nt imica liaco fonmil 

jxdx J \/ {Ax 2 -1- ihf) 

reduetionem harum trium formuUiruin 

1. [pdx — y; II. \dxy' [\ -\- pp) --- s; III. J&w/a: 

ad valores algebraicos rcqnirat. Ex quo intclligitur, etiam hniusim 
ad orclines ante cnumeratos revocari posse. 

Totum igitur negotium novae hums mefchodi, quam examini / 
propono, in lioc eonsistit, ut eiusmocli relatio inter binas variabik 
vestigetur, quae uimm plurcsvc formulas intcgrales, cuiusmocli i 
supra descriptis sum complcxus, algebraicas reddat 1 ). Ilic uutom 
problemata occnmmt difficiliinm, a quorum sointiono equidem t 
sum remotes, sed etiam fortasse eiusmodi cxcogitari possunt, c 
plane solutionem admittunt; omnino uti usn venire solot in pr 
ad methodmn Diophantcam pertinentibus. Uncle etiam sine clubio 
tudo locum inveniet, ut alia problemata solutionem genernlom, al 
turn solutioncs specialcs perraitfcant. 

Iluiusmodi igitur problemata hie tan turn proferam, qnorimi 
inveni, ut hoc modo specimen ac prima quasi elementa novae mel 
ultcrins exeolendam propono, exhibeam, quae ctsi cxiguam taul 
huius met hod i constituere vidcutui’, tamen viam, cpui ultcrins pro 
patefaeieut. Certa autem inde ear uni operationum ratio perspit 
dirccto nihilqiie divinationi tribuendo ad solutioncs eoriim problen 
ante commcmoravi, perclucant. 


1) Vide iicUam p. 31. 


(juadrainra pcndcbit hilayndio allcrius formulae fydx, ab eadem q 
rivs \xdy inivy ratio pendehil. 

Demonstratio est manifcsta, cum sit 

jydx = xy — f xdy, 

le palot, si formula $xdy fuerit vcl algchmica, vol datum qundraturai 
•ans, eaudem quoque nalurimi habere alteram fornnilam jydx. 

COHOLLAJUUM 

2. Simili modo intcgratio huius formulae jy.vd.v, vcl luiius jyx“dx pi 

ab iiitogrationo hums jxxdy, vcl luiius oh 

J yxdx — \ yxx — A jxxdy, 
ob 

/»*** = dri : ' - dn f -*" 11 d, J > 

le pcrspieitur hoc lemma latissimo pa tore, oiusqne ope formulas c 
icris, (pme integrabiles sint rcddoiidao, in alius trnusfonnari posse. 

8CK0LI0N 

3. Lennim hoe, quantumvis love ac trivialo videatur, tamcn praecij 
itinet fundumentimi novae illius methodi, quam sum adinubruturu 
m proposita formula integral! Cjuueunqiio jYdX u-lia detur \VdZ t \ 

A jYdX + B fVdZ 

intitas algobraica, nianifcstnm est, harum dnanun fonmilarum fYri 
d r /j rationom ita esse coinparatnin, ut si altera fuerit intcgmbilis, ( 
num fore iiitegrahilem, et a qiuuiam qmulratura alfcorius intcgratio pen 
eadem quadratura etiam alterius integrationem pcndcrc. Rcsolutio a 
,ccipuornin problematnm acl lianc methodnin pertinonbium absol 
nea formulannn integralium, ad quas porvciritur, transformatione. 

PROBLKMA 1 

4. Invoniro oinnes eiicvas algebraicas, quae sint quadrabilcs; sen earn 
•iabiles x ct y relutioncm in gcncro definire, nt formula J ydx fiatintegn 


curvae area — \ydx, coins valorem algebraieum esse op 
facilliiuc impctratuv. Denotet enim X functioneni quam 
ipsius x, huicque functioui X aequalis ponalur area fydi 

\ydx X, 

crifc, diffcrentialibus sunicndis, 

ydx = dX, unde fit y — ^; 

sioquc applicata y aeqoabitor functioni algebraieao ipsiu.s 
algebraiea, ciusque area jydx, cum sit = X t algebraice 


A LITER 


Cum sit area 

jydx ■--- yx — jxdy, 

ponatur J 'xdy functioni cuicnnque ipsius y, quae sit = 3 


jxdy = Y, unde fit x = ~ , 


dy 


ita ut iam abscissa x functioni algebraicae ipsius y aeq 


algebraiea. Posita aotcm x ----- v , erit curvao area 

dy 


jydx = yx Y= ^ — 7, 


ideoque etiam algebraiea. 


COROLLARIUM 1 


5. Si X in priori solutione, vel Y in posteriori, non fue 

ipsius a:, vel y, seel transcendens, ita tamen ut ^ vel - 

dx i 

braica, enrva quiclem crit algebraiea, set! eius quadratu 
cendente exprimetur. 

COROLLARIUM 2 

6. Scilicet si in priori solutione sit 


X = ? -f j Qdx, 


niclem nlgobnucu, scd eius area 

[Udx — P - f- J Qdx 

Militate transcendent**, $Qdx pendobit. 

COROLLARIUM 3 

Simili modo in alteiu solntiono si poimtur 

y = 1* + I Qdy, 

mtibus P ot Q funct.ionilnis algebraicis ipsius y , ita tamen ut \Qdy si 
alas Iransconcicns, aequatio pro curva 

dP , n 

* ^ ily + Q 

Jgobraica, sod area, quae orit 

lv d 3 t ^j-fXyQ-P-lQd v 

ntitate tnuiseondonte J Qdy pendobit. 

SCHOUON 

1. Uli hums problomalis solntio eat facillhna nuiloque arfciiicio indiget 
ns problomu, quod quideni alias eat mitnrao, adiimgam, cuius ven 
o in aliis problomatibus, quae acl iuinc metliodum referri solent, insignen 
praestabit. Veluti si quacrantur eurvao algebmieae goncratim noi 
eabiles, cpmo tamen, quot lubuerit, liabeant aveus rectificabilcs; aliacv 
generis quacstioncs proponantur, principiuin solutionis ex sequent 
emate orit potondum. 

PKOJJLEMA 2 


>. Invenire eurvas aigobraicas in gcncre non quodrahilos, sed quarun 
•atura gcncralis datam quantitatem tvanseondentein involvat, in quibu 
i, quot Jubuerit, areas absoluto qmtdrabiles assignnrc Jicoat. 


rcdirc, utenismodi tormina transccnclens JV«a: invesugcu 
casibus, vcluti si ponntnr x ~ (t, x — b, x = c etc., ovanesi 
quantitas 

J *= P + \Qdx t 

quae in geucrc est tvansccndens, quippe formulam JY 
algcbraica, ncuipe -- P. Hoe at efficiatnr, statuatnr 

jQdx — liulx — jvdz, 

abi v tabs sit functio ipsius z , quali.s u est ipsius x, ita \ 
jvtlz similem qnantitatcni transcendentem exliibeunt, c 
debet. Sit nutem z eiusniodi functio ipsius .r, ita lit casib 
x 6, x — c etc., quot lubnerit, fiat z = x, ideoque et v = 
est, his iisdem cusibns fore jvdz — \udx, liincqne \Qdx 
fovmetur ista functio ipsius x 

x n — (a-|- b ete.)-.^- 1 4- (ab-f ac-f 6c-fete.) x n ~ 3 — 

qnao brevitatis gratia vocetav = S, ita nt aeqaatio S = 
x — a, x = b, x — c etc. eos scilicet ipsos vnlorcs abseil 
absolute quadrabilis respoudero debet. Turn voro statnati 

z — x — S, 

atquc manifestmn est, iisdem casibus x = a, x — b, x ■ 
omnino uti requiri ad nostrum pTopositum ostendimus. i 
generalius satisfied si ponamus 

3 — x — ST, 

duminodo ST = 0 alias non praebeat radices reales, nisi c 
seilieet a- — fl, x -- h, x ~ c etc. Hane ob rem si S den 
tionem ipsius x, nt acquatio S —■ 0 alias non habeat rad 
sunt propositae, scilicet x = a, a- = b , x = c etc., quod s< 
Fieri potest, turn sumatur 

2 — x = S, sen z = x ± S, 

Quo facto, si J udx earn quantitatem transcendentem ex] 
quadratnra in generc pendere debet, pro v substituatur i 


un onim si oonstrnatur curva algebraiea, cuius abscissae = x rcsponc 
plieata 


dP , 


vdz 

7lx' 


is area in gonero crit 

jydx = P -\- judx — jvdz. 


ndebit scilicet a quantitate transeenclcnte judx, eui altera jvdz cst sin: 
liilo vero minus easibus x = a, x b , x = c etc. oius area algebraiee 
imetur, fietque \ydx -= P. Hoe ergo modo ei'fici potest, ut curva prncoise 
lot quis voluerit, obtinoat areas qmulrabiles, neque plnres, ncque paucic 


COUOHLAlUmi 1 

10. Cum » tails sit funetio ipsius 2 , qualis n est ipsius x, ita lit v obtine; 
: n, si loco . 1 : seribatur z, sequitur ctiam n talein esse functionem ipsiu 
mlis z out ipsius ,i\ Quaro cum sit z -- x -f S, sequitur v obtincri ex it, si 
soribatur x -|- 


COHOLLAUIUM 2 


H. Quonimn igitur qimntitas v rcsultat ex funetione u, si loco x serib 
-|- S, ox propriotate fimotioiumi alias domonstrata sequitur fore 


Sdu , S‘ l ddu 


v ^ u .y -|- 


1 - 2 r ix* 


S*(Pn , SWu , . 

T2.3^- , T2^47/? + CtC * 


xsito elcuionto dx eonstante, sod cum liace expressio in infinitum sit ei 
uanda, praestut valorom ipsius v actnali substitutiono dofinire. 


JUXJSMPIjUM 

12. Invanirc. curvam ulyehraicam, cuius quadratura indcfinita pcndi 
uadralum circuit, cuius vero area abscissae x = a respondens algebntici 
'healur. 

Ct quadratura curvae indcfinita a quadratura circuli pendent, por 


z — x -j- n a — nx --- na — (71 — 1 ) x. 

Ergo ob 

v = j/(2 jz — zz) 

erit 

v = |/(2 naj — 2 (n — 1) jx — nnuu. -|- 2 n (n — 1) ax — (m. 

Ponatur, ut haec formula simplieior cvaclat, 2 j na, evitqne 

v = }/( n {n — 1) ax — (n — l) 2 xx ), 

et ob dz = — (n — 1) dx habebitur 

Q — |/{nax — xx) -f (?i — 1) \/{ (?i — 1) ax — (a — V 

ac pro curva erit 
dP 

y = -\- \/{%ax — xx) -f («- — l)\/(n (n — 1) ax — (n — 

area vcro erit 


jydx = 7 J q- jdx j/ (?i ax — xx) -|- {n — 1) Jc/x }/ ( n (n — 1) ax — 

Veruin hie notandum est, quemadnioclum integrale judx Ha ea] 
cvanoscat posito x = 0, ita quoque integrale \vdz ita eapi dcbcre, 
posito z ■= 0. Qnamobrem ut tota area evancseat posito x — 0, r 
qnoquo Hat 2 = 0 hoe easu; alio(phn enim cxprcssio areae [ydx o( 
quantitatem constantem portionem areae eirenlaris denotantei 
x = a destraeretur. Huie autcm incommodo oceinretur, si pn 
snmatnr funetio, quae posito x = 0 evancseat. Sit ergo 


et 


8 = ^{a-x), 

X 

z = x -j- — (a — x), et v = j/(2 jz — zz), 

(v 


atque quaesito satisfiot modo solito. Ponatur, ut expressio fiat i 
n = — ], ut sit 


xx ,/2/x x x 4 \ x /in , 

a Ct ® = vt-„ -= 


z = 


Q "X) (l T 

dz — " * , atque area fiet 

\ydx = 7’ H- Jcte 1/(2 /.r — *») — 2 j ]/(2 aj -- m*), 

e, qualiseunqiio P fucrit functio ipsius a, in generc semper a qiuulrt 
uli pendebit, casu autem a = a area fiot algebraiea =- P. 

SCI-JOLION 

13. Cireumstantia haec rationc constantly ad areac expressioncm adii 
, no ea ipsa sit tranccndons, in omnibus oxernplis probe est observn 
ic in finem fnuctio S non solum ita acoipi debebit, ut ensibus propi 
: a , x b, x : c etc. evaneseat, sed etiam casu x = 0 ovaoeseero dob 
xl quidem per so est porspicuum: nam quia omnis enrvac aroam absc 
lescouti x — 0 respondentem nihilo ao(pmlom n-ysnvnimiis, idooqi 
isoendentilms qnantitatibus vacuam, ovidens est, quotcimqno casus ]>i 
sint, quibus area liat algebraiea, iis semper supcrnddemlum esse ci 
= 0, siequo functio S ita comparataosse dobobit, ut non solum easilms ;r 
- b , x = c etc., qui sunt propositi, sed otiam casu x = 0 fiat S — 0. 

IMtOBLICilA 3 

14. Si Z sit functio quaccunquo algebraiea binarum vaviabiiiuiu x 
niro rolalionom ulgobraioaui inter :r ot ?/, ut formula intcgralis \Zdx 
icum obtiueat valorem. 

SOJjUTIO 

Etsi probloma hoc multo latius patoro vidolur, quam pvimuin, tamer 
itio non est diffioilior. Pouatur oniin \Zdx functioni cuiounque algebi 
us x, quae sit = X, aoqualc, oritquo 

Xdx = dX ot X = ~, 

(lx 

cum ^ sit quoquo functio algebraiea ipsius x } liabcbitur aeqnatio 

ica inter x ct ?/, qua oarum volatio algcbraice dofinietur: indeque ori 
;>othosin \Zjdx ~~ X. 
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r/.v tir . , 

x - P i- ita (,t f / r ,/,• 1 

sit niliHominus fuuctio algobmica ipniuH ;r; turn orinl.ur ■ 
aequatione 

express, sod valor integrals indo orimuhiH J '7»dx non or: 
functioucui transcondoutcm iuvolvot. 

CO KO1J iA U1UM a 

16, Hi pro Q ciusmodi qnantitatom HulmtiliiuuuiH, q 
praeccdcutc dcscripshmm, turn valor quidom imlulinitiis Ic 
algcbraicus, scd a quadiutum quajimm data pnmlnhit. l In 
cflici potest, ut cius valav tot eusibuN, (juot lubuerit, H 
x = a, x = b, x = cctc. liat algobrauaw. Ubi quidom no: 
Ids casibus aupenuldondinn cbho semper ciiHinn x 0. 

HOIK) LION 

17. Si igitur union proponatur formula intogmlm ml 
rcducenda, caque pertinent nd ordinom priiunm, turn (| 
difticultatc. Atquc simul pari opera ef(iei potent, ut illiu 
a data qmidi'atura pondcat, atquo insupor ut tot, quol 
algobvaicmn obtineat valorem. Antoquum igitur ud form 
num progrediar, ciusmodi problemata ])ropoiiam, quiluiH 
lae ordinis primi simul ad valoros algobraicos Hint reduce 
bus V et 7j fimctionibus ipaanun x ot ?/, valeros huvuiu 
jVd.r et $Zdx vel plurium hniusmodi ulgobmioi Hint oflioi 
omnia aniinadverto, huec problomata iu goucro otmeiq 
solubilia videri, set! nounisi sub cortis conclitionibuH, qui 
sint praeditae, solution cm admittoro. Quibun igitur tuu 
solutionem pcrvonii’e lieuerit, Iiio expouam. 


enm inter varialules x et y, ut ambac hac formulae J yPUx ct \yQdx 
oh algobraieos adipisonntur. 


solutjo 


Vumtur utruquo formula scorsim acqualis quautitati cuicuuque n 
xe, scilicet 


orgo fiefc 


jyPth' ~ L et jyQdx ----- M. 


d L . iliM 

V-Pdx 0t V - OS: 


p di 

Q 1== (IM ’ 


nf, h et M fuuctionos noviio oninspiam variabilis z, ita ut sit functio 
•aica lmius variabilis z. Opo aocpiationis ergo invontao 


P _ tlL 
Q tlM 


p 

ipsius x, cuius fuuotio est -q , por z expvcssus roporictur, ita ut iude pro- 

im sit x aoqualo funetioni ouipinm ipsius z. Qua iuventa obtinebitur 
10 valor ipsius if pcrfimctiouom (piampiam ipsinszexpressus, opo formulae 


d]j . <IM 

i-,h- vo1 y=m’ 


; utraque variabilis x ot y por uovam variabilom 2 determinabitur, idque 
aicc; undo rolatio inter x (it y quacsitu inuotcscot. Ex liisautomvaloribus 
l.i assumsimus, 

[yPdx ~ L et J yQdx — M, 


10 scilicet funetioni algobraicao ipsius z acqualis. 


ALIA SOLUTIO 

■’onatur ut auto altora formula fyPd a* quantitati cuipiam nlgebraicae 


qwui algebraicn rcddcuda restat. Iain vcro per loimna pra 

j| di=^ 

Sicquc formula \Ltb~ ad ulgcbraicmu valorem reduci d 
tb? liniusmodi formam Xdx esse habitmimi, ubi ait. X fur 
Ponatur ergo functioni cuiounquc ipsius x, qnuo 

T ~ *}L- 
d(Q:P) 

functioni scilicet ipsius x , Invento aiitom. valovo ipsius Jj ( 


foPdx^L; j v Qdx = ig-V 


(IL 


atque vnriabilis y ita defmietuv per x , ut sit y = ox 


Q 


L ~dV: d-y ; 


hoc ergo modo immediate, nulla alia nova variabili i 
variabilera y per x dedimns detenninatam. 


COROLLARIUit I 

19. Cum in priori solutioue altera variabilis x dofiniri 

P _ dL 
Q ' (IM 5 

altera vcro sit 

dL 

V Pdx ’ 

sicque utraque por novam variabilem 2 , cuius I eiM sunt fi 



COROLLA RIUM 2 


20. Per cmulcm ergo solutioucm sumcmlis pro L et M funclionibus tram 
lentibus ipsius z, ita tamcn ut 

dL , dM 
Tz ot ^ 

funotionos ulgebraieae, ofiici potcrit, ut iutegratio utri\isque formula 
lositac 

jyPdx et fyQdx 

ita quadratura pencloat; vol ut altera sit algobraica, altora voro datar 
lraturain iuvolvat. 

CO.ltOLLAR.lUM 3 

21. Si ambao lmo formulae dobennt csko ulgebraieae, solufcio posterio 
lem praestat usum; Humta cnim pro V fnnetiono quacimquc algebraic 
is a:, erit 

L = dV: (l-Q 


pie fimetio algobraica ipsius x; turn voro si statuatur altera variabili 
dL 

Plx ’ 0Wt 


\yPdx ~ L ot \yQdx 


LQ 


V 


f yPdx = —ot [yQdx — 

a i> 




V. 


COROLLARIUM 4 

22. Sin autom in Ime solutiouo pro V capiatur functio transcondcns ipsiu 
a tamon ut ~ sit functio algobraica, ob etiara functioncm algc 

3am iiot quoquo 


Q 


valor fid nlgclmucus, atquo allora tantum \uQdx a imu-ari 
pcndchit. 

COROLLA IUUiVl 5 

23. Per hniui igittir alteram solutionem eflioi non } 
formula intogvuliH propoaitu datum qimdrntwnim invnlvnt, 
semper reporitur algelmiious, Quaro »[ itl.riKjno dobout Imfi 
ccndcntom, solutiono prinro orit utoudmn. 


KXKMPMJM 

24. Invenire cur ms uhje.hntic.as, in tfuihnn non stdnni m 
urcac momentum \yxdx algcbraicc. exhiheri ■possil, 

Por priorem solutiouom poimtur: 


Grit 


unde fit 


fojdx ----- h (it, fll'Xflx i)f 
dh dftl 

!l ' dx r - : X'lx’ 



ubi ])ro L ot lM fmictioucs qimcouuqiio algebruieHn novae 
possunt. Nihil ergo impedit, quo minus Htuluulur /, •; r 

funcfcio quaccunquo ip.sius z, quao sit quo fueto erit 


ot sumto elemonto dz constantc 


x = 


d/j 

'dz 


dz 3 

y Tid'Z * 

Per attovam solufcionom ponatur 


jydx = /,, 


lit sit 


y 


dh 
dx ’ 


ObciLuutur mm 


\hd;c - V 

functioni cuicunquc ipsius a*, crib L — — idooquo 

c 7 dV . r , xdV 
ludrr. = —:— or, liJi-./lv. - 


v. 


undo posito olomonto dx constant© upplieatu y ita per abseissam x 

. .. ddV 

ut sib y « . 


SCHOLION 


25. Me non nionouto intolligitiir, simili inodo huiusniodi formul 

[YPdx ct f YQdx 

ad valoros algobiuicos rcduci posse, si Y functionom quamcunqi 
vuriubilis y dcsignot, dummodo P ct Q sint fuuetioncs ipsius a*; doten 
onim ante pm y iuvontac nunc ipsi Y Hunt Iribucndao. Quin otiam, si 
funotioncm quampiam ipsnrum a ct y, aoliitio pari modo absoJ 
rcductio hanun fomuilimim 


\Pdx y/(xx -|- yy) ofc \Qdx ]/(xx -|- yy) 

ad valovos algobmicos nullum lnibobit difficiillatoni, quoniam ha< 
similes ovndout proposiliw, si pro i/(xx -J- yy) scribabar nnica Jittoi 
Unde colligitur ope luiius problcmatis sompor binas huiusmodi 
jVdx ot \ r /j(h: ad valoros algobraicos perdnei posso, quaecnnqu 

fuoriut functiones ipsavmu a* ct ?/, dummodo ~ sit fimetio ipsius 
»Si onim X sit ista functio, sou -L — X t loco altorius variabilis y in 
nova w, ut sit v = sou v — X, atqno formulao rcdiicondac orunt 

jvXdx ct jvdx, 

qiiavum rosolutio iam orit in prointu. Investigomus voro otiam alia f( 
intogrolium paria, quae simili modo ad valoros algobraicos rcduci qu 
oveniot si quapiam transformation© ad huiusniodi formas rovocari 


algcbraicos adipiscantur. 


SOLUTIO 


Cum por lonnua pvaomissum sit 


iPdy =-: Py — \ydP ct J 'Qdy = Qy — j?jdQ 


quacstio hue redit, ut hac dime formulae integrates J ydP o 
algcbraicos consequantur, quod per problems pracccdcns 
officietur. 

L Statuatuv cniin 

jydP = L ct jydQ = M 

erit 


y 


dh 

dP 


ilM 

<IQ' 


unde fit 


tlP _ dL 4 
ilQ ■' dM ; 


ubi cum ^ sit functio ipsius a:, si pro L ot M functioned qiu 
cuinsdam variabilis z assumautur, ut fiat functio hums 

(IAI 

acquationo 

ilP _<LL 
UQ (1M 


quantitas x per z dotenninabitur, ita ut a* acqualis reperiatuv f; 
ipsius z. Dchinc acqnatio 



clefinict alteram variabilom y per eandcra z; quo facto habebif 


\Pdy = 


PdL 

dP 


L et JQrfy = - Jtf. 


II. Pro altera solutiono fiat 


[ydP = L, ut sit y = - [p , 

eritque altora formula 



dQrfj 1 
dP dL ~ L ‘dP 


fid- 


(IQ 

dP’ 


cuicuuquo ipsius x, orictur liinc 

_ dV 
— <l(dQ -d[>) * 

irgo hac quantitate 

/ ___ ! lv 
^ <<(dQ \ dP) 9 

functio ipsius x , habobitur altera variabilis 

dL 

y = ip 

/aloros ftlgcbrnici binarum formnlanun iutogralimu propositarum 

\J J dy —- Py Jj 

\q<'h Qa v. 

COHOUjAUIUM 1 

i Imo formulae non debeuut esse algebraical?, sod dutas quadraturus 
«, ouriotn vnlobunt, quae ml problems prneoedons unnotavi. Scilicet 
o deboat (wso trnnseondens, boo nonnisi per solutionom priorom 
polerit, Bin autem altera tuntnm quantilatom tmnsecuulontom im- 
boat, por utramquo Holut.ionnni satiwliori potorifc. 

C01U)LLA1UUM 2 

iuc otiam patot, si formulae pvopositao fuorint hmutmiodi 
J yPdx ot 

3in ad vnloros nlgobmieos pari niodo por/iei posse. Cum onim sit 
J 'Qdy --- Qy — [ydQ, 

! ormulas roduci oportobit- 

[ifV&x ot [ydQ> 

dilforunt ab iis, qnao in praeeedonto problematic sunt tnietafcac. 
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29 . rnlcllif-'ittir etiam, Hi Y dcuotct fuuctioncm quondam 
inodo Iwiusmodi biuas formulas 

\PYAtj tit SQYdy 

ad vnlorea algebmicos reduei posse, dmnmodo \Ydy integml-i 
dosito tmiin 

\Ydy •--- v, 

formulae rcdnccndac ermit 

§Pdv ot $Qdv, 

(jiiue hie prepositis sunt similes. At si \Ydy sit functio tvniiHc 
rcductio mode hie exposito non succedit. 


PROBLliMA 6 

30. Invenire rolationeiu algebraicam inter variobiles :r c*( 
formulae integrates 

jy m x"~ l dx ot Jy' 1 1 dx 
rolores algebmicos obtincant. 

SOLUTIO 


Coaequatis his formnlis inter sc fit y m x n — y ,l x'\ unde ( 
Ponatur ergo 

v-n 

y 

ut sit 

mi--m il fiv-im 

y m = x z m ot yv- x m ~i l z> L 
attpic formulae propositao abibmit in has: 


Iain vero est: 


ini’—fin 

J a 


z }, ‘dx et jx m ~i L 


~i 

z> l dx. 


> w «•—;m 

.x M -/* ~ z'»dx = --- 


7)1 V 


mi’-fin 

~x w "f* z m 
■ fin 


mjm 

7 YIV-- /x )l 


x 


m i 1 —, 

jii — 


j X- «-#* ~ 


z^dx = 


... mv—fin 

x ~^ z p __ /j(w— /<) 
1nv ! lu " m v — fin 


m i- —ft 

| £ w ~l l 



V 


ifcio pcrducetur acl Iiiih formulas: 

\vz m -'dz ct jvv'-'dz, 

per probloina superius sino difficultato resolvuntur. 

AL1TJSR 

>i licqno n noquo v fnerit =-- 0, alia solutio simili modo adJiibcii potest, 
et eum sit 

\y m x n ~'(lx = - l ~y m x H - ^jx 1 'ct 

Jr xV 1 d* — r n v — -;ln v y tl ~ x dy , 

jtia redit ad has duns formulas: 

[x n y m ~ l dy ot J 'x v yi l ~ x dy 9 
posito — i/ n ~ v z porindo at(pio ante trnntantnr. 

COHO LLARTUM. 1 

11. »Si sit vcl m -- /1 vel n -= v, formulae propositao statim per superius 
oma veduei possnnt, sine ulla praevia praoparatioue. Casu tanien poste* 
quo n --- v oxoipioudns cst casus quo n — v — 0; quia veductio supra 
orij>ta liio non suucedit. 

COROLLA RIUiVT. 2 

12. Per praocoptu ergo a<lhuc tradita luiiusinodi biimc formulae 

f'yulx ^ i'yv-dx 

J 0t J ~~ 

loros algobraicos roduei noqucuut. 

COROLLARIUM 3 

13. Praoteroa vero ctiuni exoipiuntur casus, quibus 

mv = pn, sou m:n = pi v, 


COROIXARIUM 4 

.. tlx dv , 

:M. Sit brevitatis gratia if 1 -= z et x v = v, (nit -- — undo 
irie<1ucti1)i1cs sunt 

■-JV*i> 1-1 (/v ot —fztlv. 

Ac si ulU'rius poiiutur 2 — liac formulae abibunt in 

l i’u a dv , 1 I'mZ-y 

--et - —, 

Vj V V,) v ’ 

quae iam in fommlis Corollarii 2 exclusis continerilur. 

COROLLARIUM 5 

115. Keliquis igilur casibns omnibus, qni in his oxooptionibi 
hubent, reduotio ad valorcs algebraicos semper absolvi potent, i 
modo pro utruque solutiono liic traclita, atque ntroqno modo gon 
vnlebit .secundum biuas problematis superiovis solutiones. 

PRORL15MA 7 

.*10. Si P ct Q fuerint functioned ipsius x, invenire vclationom 
inter x et y, ut anibao hae formulae 

\y"'Pdx et [tf'Qilx 

valorem algebraicos obtineant. 

SOLXJTiO 

Ponatur 

y ==t (^p\ m ~ nz 3011 y = Q m ~ n P”^z 
ex Uacque subsUtutione assequemnr; 

\y m Pdx = J P*^Q«^‘ Z mdx , 

~>i m 

Sv n Qdx = [P m - n Q^-»z n dx . 




jograMonom admittat. Nisi onim hnec conditio locum habcat, fatoor 
lutionom cxhihoro non posse. Sit igilur 

( • -« i/i 

P»t-~»Qm-n ( l z = X 

3oquo X fimetio algcbraica ipsiua a:, formulaeqne reduceudae erunt 

jz m dX ofc fz n dX t 

ido resultat 

\z m dX — Xz m — m | Xz m ~ l dz 
\z n dX Xz n - n \Xz v ~ l (lz. 

xruin autcm formularum roduelio supra 1 ) iam, iclqucdnjilici modo,ostostcr 

C01U)LJjARIUM 

37. Si essot m - n, problcma congrueret cum |)robleiuate quarto, ita 
ionnnoda, quae in hao solutiono inde oritura vidciitur, nihil plane noeea 
liditio igitur, sub qua reductio propositurum formulavum succcdit, postil 
formula dilTeronlialis 

fhn-nQ’H-n ( l x 

Logmtiouom adniiltat. 

PllOBMfiMA 8 

38. Si V otZ sint fmietioucs ipsarum x et y honiogeneao, atque V funcfcii 
meusionuni, 7j vero fiuiolio n dimensionum, inveniro relationoin algebraic 
or x ot y, qua duuc lino formulae: 

\Vdx ct \Zdx 

ddautur intograbilcs. 

SOLUTIO 

Quia V olZ Hunt functiones lioinogcneao, ita ut ambac variabiles x c 
)iquo oundom dinionHioinuu numenim cornplcant, ibi nempe dimension 


1) Vido § 18, 25, 20. 


H. 


formulae acl reduccndum propositao enmt 

jPx’"dx ot lQx h dx\ 

uhi P et(? sunt functicnes alterius variabilis /, cuius ad ,r rolatioiunn ii 
oportet. lam Jiac dime formulae ex dunbus variabilibus t ot a e 
reduenntur ad 

\Px m dx — — r Px"*' -- 

J «*|- 1 m -I- 1 J 

IQxhIx = 

dmmnodo aequo m neqne?t fuerit — — 1. Quurc cum reductio ad Imp 

jx mi - l dP ot \x n ' l dQ 

revocatur, ponatur 

x == [jp ) m ~ n z = zdP n - n ‘dQ m - n 

forninlacquo reducendac orunt 


111 i " 1 1 1,1 + • 

§Z ,, ‘ + 1 (lP , ‘- n >(lQ»' n ct j z nn ( (fJ7^,a ( lQm-n f 

quilms valoves algebraicos coneiliare iieebit, si formula dilTercntiiilin 


jH- 1 nj +1 

dP n ~ w dQ m ~ n 


dP\-~ 

_ J 71 - Ml 

dQf 


dQ 


absolute fuerit intcgmhilis; reliquis enini casibus bacc roductio non 
I oiitunus ergo Inuic fonmdam esse iiit-egra-bilom, et enm cius integral 
sit fuuotio algobmica ipsius t, quae sit T } ita ut liabeatur 


>1-H »»+l 

jdP n -» , dQ m ~ n — T 
atquo formulae rcduceudao fienfc: 


jV«W,= 2 -»'7'-(m-|- 1) j7Vrfz 

= z“ +l 7’ — (?i -f 1 ) j2Wz. 


algobmicns obfinoro dcbeant, hue per probloma qmirtmn duplici mod 

r. 

OOROLLAR1 IJiM 1 

PateL ergo primo, si iuc.nl vcl m - - - 1 vel n — — 1, roduetioneii 
liodum propositam ])er/iei non posse. Praetcrea voro earn quoquo loeun 
ere, nisi formula dilTorcntiulis 

H •? i »»+1 
dpn-m { lQ»i-n 

! fnerit intograbilis. 

COROLLA III UM 2 

Quodsi fuerit?/! = ?(., cluinmoclo ntriusque littorac valor non sit == _1 

ri transformationo non erit opus, sod formulae J;r" h L/y j of \x HU dQ im 
ope probleimifis rjuurti roduoi pofemnt. 

KXEM PLUM 

Qnupruinr rabttio alycbraica inlay x at ■?/, ul /me forviulaa 



lycbraicos obtincant. 
i J»ic sit 

y-£ * *-•••>*+1/*) 1 . 

ergo funetio V ct r /j homogtmca, illiusquo dimonsionum niiniorus 
mins voro n =-■- 0, si ponatur y = tx, liot 

V - : Xt 3 Ot # (.1 tf,)\ 

ilao rciiuccndao erunt 

jPxdx of J 'dx (1 -(- tt)^ , 

fPxclx = U 3 xx — g fxHUli 
\dx (i h - uy ;a (i -p u)§ — *i [Milt \/ (i + a) . 


netquc 


jxHldt = \zzdi (1 -r tt) = zz [l -] >\f 3 ) — 2 J } 
jxldt 1/(1 + It) = jzdt (1 -f U) = z [t -I- W — J( 
Sit brovitatis gratia 

t + 


ct cum formulae reducendae sint Ji izdz ot judz, ponatur 


fict 


idcoquc 


juzdz -- L et judz — M 


dh _ d_M 
zitz dz * 


z 


dL 
dM * 


Si igitur L ot M fucrint fimctioncs qnaccuuquo novae ciiin 
aequatio % = ~ dabit funclionem ipsius s pro z, undo otiai 


U = t- b t 3 -= 


dM 

dz 


dabitur per s; ac propterca pro t rcperitur liiuc valor in s c 

porro dabitur per a variabilis $ --= ~ ]/(l -f it) ct y ~ lx, u 

ot y clefiniri poterit. 

Altera solutio posito 

Jitdz = L 

dabit 

\uzdz = \zdh =-- zL — f Ldz . 

Sit J 


\Ldz = ,8 

oxistonte S functione quacunque ipsius 2 , fiot 


iiiuo rclulio inter x et ?/ reporitnr. Nam ob 


l. =: ot : 

X 

.•os in aoquationo 

<lh _ ddS 
dz ~ <tz a 


-I- ?y^/) 

"a 


iti dabunt acquationeni inter x ct y. 


PllOliLFiiVlA <) 

Si V et r A fuoriut ut auto functiones homogenetic ipsarum x ot y, ill 
■m, lmoc vero n dimonsiomim, invoniro rolntionem algobraieam into 
ut. luio dune formulae \V tlx et jZdy fiant inlograbilos. 

SOLUTIO 

natur ut ante y lx, lielqtio V x M P et Z -- x n Q oxistontibns P c 
ionibus novae variabiliH l, et ob dy ■■■■■ tdx -|- xdt formulao roducoucla 


\Px m dx^ l - v / ) ; i;"‘'i- - r{ \x”‘ l dP 

J m -|- 1 m -{ 1 J 

\Q,x n dy --- ]Qx 3, ldx |- 11 r//.; 

jQtx’Ulx ■--- - | Qt a: 11 11 — 1 {QtH- 1- tdQ), 


abobinins: 


\Qx n dy ™ 1 — p-yjV iM {tdQ — nQdt ). 


udeo formulao ad valorem algcbraicos povduccnduo onint 
J 'x mvl dP ot Ja 1 '* 1 [hlQ — nQdt), 

onondo 


x — 


'hlQ—nQdly l 
tip— ) z 
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fuerit ititegrabilis. 

(J|)i quidcm itcnrm excludcndi sunt casus, quibus v 
n — — 1; praeterea vcro notandum est, si sit m — n, tain ul 
tiouc no opus quidcm esse, quia formulae [x. ,,tll dP ot fu 
stutim |)cr problems quarlum rcduci posaunt. 


SCHOUON 


43. Atquc hi sunt fere casus, quibus duao forinuluo iutegr 
ad valoros algobraicos methodo qnidem adhne exposila rcduci 
autein est dubinm, quin hacc methodus ad maiorem per 
evehi possit, ut efciam formulae liic cxelusae ad valoros a 
queant, quod ncgotiuni aliis uberius excolendmn roliiiquo. Co 
potisshmnn casus liamm fonuulanuu 


i 



x 


'yydx 


qnas generalim quidcm nulla adhuc mode ad intogrubilitatoi 
ctsi non est difficile inmimoras rclationos inter x ct y exhiber 
satisfaciant. His igitur regulis pro duabus fomuilis prim 
contcntus, ad tres plurosve formulas oiusdem ordinia progred 
turns casus, quibus omnos simul motliodo liactenus expositr 
braicos rcduci queant, quod quidcm ca motliodo, qua in f- 
problcmatis 4 sum usiis, prnestari debero animadvorto. 


PROBLEMA 10 

44. Si P, Q, Jt sint fnnctioncs quaccunquc algcbraicac 
relationem algebraicam inter variabiles a’ ot y, ut tres liac fo 

\yPdx, \yQdz, \ylltlx 
valores algobraicos obtineant. 


Ponatnr 


SOLUTJ.O 
[yPdx = L 


c 


y 


d_L 

Pdx ’ 


dune roliqune formulae rodueeiiduo bent: 




LQ 

y 



Q 

P 




Ml 



ero luic dime formulae 

ot 


obloma quartern facile resolvimtur, idquo duplioi niodo. 
Priori niodo poni oportet: 


ot J/„Z-^ = jV, 

.10 crit: 

L — dM : <l-y —< dNxrlp • 

elicil.nr aequatio 

d{Q: t>) _ dM 
d(JP. Pj ~ dN 9 

prhmun membrum cum ait functio ipsiu.s a\ pro M ot N capian 
ouch novae variabilis z, atquo per Imuc aequationom x definiotur i 
ismn, undo porro per 2 dabitur 


L 


dM 

: y oi u 


<IL_ 

Pdx' 


I. Posteriori resolutiono uteiites ponamiiH 

Il-’l jr M «t «ifc 


ilor in tertia formula substitutes producet 

) Ld p—S (lM d(Q:J>) ~ Al d(Q: P) * J1(l d(Q:P)‘ 


ur ergo 


W a -Wq7P) = N 


unde pro M invenitur functio ipsius x t qua inventa orit 


r _ JM 

d(Q:P) 


ilh 


ac denique y — ~pJx' ^ lim V0r0 va ^ ores algehvoioi trimn fornnilar 


sitarum erunt: 


jijPdx = h 


] y Qdx = —® —M 


f MJ LJl , f d{U:P) , AT 

fylld x = - r ...M± ST1 l + N. 


COROLLARIUM 1 

4o. Cum in priori solutionc pro littoris M ot N fuueliones q 
ipsius 2 accipi queant, si iis valores transccndcntes tribuuutur, ilu 

'f/T fuuetionos algcbraicue, eftici poterit, ut triuin ft 

integralimn propesitamm cluac §yQdx et $yRdx a datis quadraturis 
Quod etiam per preblema 2 ita expediri pofcorit, ut utraquo tot qu 
casibus niliilomiuiis valores algcbraicos adipiscatur. 


COROLLARIUM 2 

46. Sin autcm solutionem posteriorein adhibcamus, quoniam u 
N arbitrio nostro relinquitur, si pro ea functio transcendcns ipsius x 
nnius tantum formulae propositae integratio datam quadraturan 
reliquao vero duae nccessario valores algcbraicos obtinebunt. 

COROLLARIUM 3 


47. Patet etiam, si Y fuorit functio quaecunque ipsius ?/, simil 
tres formulas: 

\YPdx , \YQdx, jYRdx 


PROBLEMA 11 


48. Si I , Q y R fuoriut Junctioues quaeeuuquc algobraicae variabil 
vcnirti reiatiouoni aigobraieani inter x ot y, ut hae Ires formulae integr 

s p <h> $Qdy> jftdy 

lores algobvaicos obtiuoaut. 

SOLUTiO 

.Formulae isluo per lemma praemissum transformantur in sequentes: 

[Pdy = Py - J ; ydP 

SQdy Qy - \ydQ 

\Rdy = Ry — \ydR. 

.moslio orgo redit acl has tres formulas: 

SydPy [y d Q, \ydR 

*cbraieus efficiondas, quae cum similes sint iis, qnaoin problematopraecec 
nt trnotatao, resolutio nullam liabebit diilicultatem, atquc adeo dr 
nlo absolvi polorit. 

OO'ROLLAIUUM 1 

49. Quin otiam si ordo inter has formulas inimntetuv, qnoniani pci 
t a quanam carum operatio incipiatur, novem omnino solntiones cxli 
ssunt. Jnoipiondo euim a prima ponondo \ydP L, solutio prior 
idita unam pmobol aoluliouom, posterior voro duas, pronfc duao reb 
nniilao sumuntur, vol $ydQ ot \ydR> vol orclino inverso lydR ct Ji 
.quo bine tres solutionos impotrantur. Atquo cum operatio a quulibot lu 
rmnlarum ineohai'i queat, omnino novem solutionos exhiberi potcrunt. 

COROLLARIUM 2 

50. In lino ergo mothodo pcrindc ost, sivo formula qnaepiain proposil 
Pdx sivo \Pdy> quia posterior \Pdy facile ad formam prioris fydP i 
iur. Ilinoqno inposterum nullum ampJins discrimcn inter duas huius 
rinulus constituain, no praetor neecssitatem Jianc tractationem prolix! 
ddam. 


ve] 

vel 


§yPdx } fyQdx, $lidy 
jyPdx, J Qdy, J/i 'dy. 

Supcrfiuum ergo forot tliversu liinc probloniata oonstitucro. 


l’ROBLEMA 12 


52. Acl valoros algebraioos reducerc quatuor huiusmodi formulas in 

jyPdx, lyQdx, \yRdx, [yftdx , 

in quibus littorae P, Q, Jt, & denotenfc funetioncs qunscunquo al£ 
ipsius x. 

SOLUTIO 


Inoipiatur operatio a quacunque linrnm 
sitauun, pouendo 

J 'yPdx - L, 

nt sit 

_dL_ 

V Pdx * 


quatuor formularun 


atque tres roliqmio fonunlao transformabuntnr sequenti modo: 

j'yQdx ~ J'$d£ - % -Jw • | 
J 9 Kdx=f§dL=*! J g--fLd-£ 

jySdx --=p p dL . M — (‘.id ■ | ■ 

Cum igitur mmo ad valores algebraicos roduoendae sint liao tros f 

iw-f. JW.| 

liaoquo congruaut cum iis, quae in problemate 10 sunt pertraotatae, 
ent in promtu; at quemiara liic novem diversao solutioues suppe 1 
totidcmque repemuitur, a cjuanam alia quatuor formularum prop 
initium capiatur, omnino Imius probleinatis quater novem, seu 36 & 
exhibori poterunt. 



’X 


.‘iitum peudevo doboat, ca in operatione ad finoin usque eat veservan 
)d 12 modis diversis fieri potest. Sin auUnn dune formulae datao, vcl 

\yRdx of 

jis quadvatiuis peuderc debeanl, line, uoiniisi duobus inodis divei 
al)itnr. 

CORO.LbAKIUM 2 

!4. Hino otiam patet, eundeui solvendi modum ad quinquo, plmosq 
[uot propouautur, similes formulas oxlendi, dummodo qimelibet form 
it s})ecioin 

\yPdx ve] \Pdy» 

into P fmictiono ipsius x, ita ut in singulis fomuiHs altera variabilu 
si imieam obtincat dimonsionem. 

COHOIiLAIUUM 3 

15. Quemadmodum in cusu duarmn liuinsmodi formularmn propositar 

Iri possunt 3 solutiones ot in ctmi fcriimi foniutlnrum 1) solutiones; sic 
4 fonnulurniii iuvcninntur 4 • 9 =■- 36 solutiones. Atquo porro in ej 
nularmn f> • 30 180 solutiones, in on.sn 0 rormiibinim fi • 180 l( 

ones, ot ita porro. 

vnonumA 13 

16. Si propositao I'uorint qnotoiuiquo lniiu«modi formulae iutograles 

\7a\x vcl \Ydy, 

ibus omnibus/ sit fimetio liomogoiica ipsarum a* ot y , ct in singulis id 
isiomun numovus n cloprohondatnr; invonire relationem algebraic 
x ct y , ut singularmn lmrmn formldanun vulores prod omit algebraioi. 

SOMJTIO 

>11111 Yj sit functio liomogcnca n dinionsionmn ipsarum x ot y , si pona 
x, ca transibit in liuinsmodi exprossionorn x* r l\ cxrstcnto T functu 
um ipsius t tantum; idcoqno qnaolibot formula hums gonoris 
itur soqncnti modo: 



dy — tdx -j- xa-t 


formulae liuius generis 


\Zdy 


simili inodo traiisfornmbuntur: 

\7.dy = J7V {tdx + x<It) - [x«"Tdt + J7' 


at 


\Ttx’‘dx = - 4 /A'* 1 — - -4-r ' 

J n -}- l n + l 


mule fiot 




Quure quotcnnquc proponantnv formulae integrates, vol 1 
\/jdy speeici, quaestio rcvocabitnr ad totidem formulas is 


[x n + l Qdt, 

cxisteute 0 functione ipsius t, quae posito — u aboun 

\uOdl. 

Quotciuique autein lmiusinodi formulae [%0dt fuerint ] 
per pmecepta haetemis tradita ad voteros algobraieos vc 


COROLLARIUM 1 

57. Excipi tamcn dcbent ii casus, quibns function! 
siomim ?i cst = — 1, sen ?t -f 1 = 0, quoniam his en 
adhibitao non suecedunt. 

COROLLARIUM 2 

58. Patet etiam, quaceunque et quotcunque fucrin 
chunmodo eao oranes per substitntionem ant transform! 
huiusmodi formas jitOdt veduei queaut, cas onuief 
recldi posse. 

SCHOLION 

59. Vis igitur metbodi hactenus expositae in hoc 
proponantnr formulae integrates duas variabilcs xety 


inigulis altera vanabihs y niucam obtmeat dimonsioncm eiusvo difYeren 
reductio ad valores algobraioos semper perfici queat; hoc ergo oven 
pilae formulae fucrint vcl liuins generis \yXdx, vol luiius $Xdy, propl 
k! 1 ui ins integratio revocatur nd lianc J ydX 9 siqmdom X sit functio tj 
iquo ipsius x. Atquc hi sunt casus, quibus duas plurcsvo formulas integ 
ni ordinis milii qnidem adhuc ad valores algebraicos rcducore coni 
ntnr vero etiam formulae sccundi superiornmqne ordinum, quas facil 
mulas primi ordinis formao [yXdx rcducore licet, ox quo, si oiusmodi 
lac intcgralcs suporiorum ordinum occurrant, rcsolntio problcmatuin 
ns allatorum perinde succcdot. Eas igitnr formulas superiorum ordii 
e liuiusmodi reduotionem admittunt, hie indicari convoniot. 


PRO IB LEM A 14 


60. Si P sit functio quuecunqnc ipsius x olomontumqno dx sum 
istans, rcducore intogrationem liuiusmodi forinularnm integralium 


nPddy 

J dx ’ 


i'Pd^y rPd K y . . . . 

J"^ ’ J-^5" ot in gouoro hums 


•Pd n y 
dx n ~ i 


integrationem formulae primi ordinis liuiusinodi \yQdx, oxistento Q i 
no ipsius x. 

SO.LUTIO 


Considcrotnr formula prima oaqno per lemma ita roducctnr: 




at 



ydP 

dx 


f'yd dP 
J ~~d~ ; 


pie orit: 


/’ Pddy 

J dx 


Pdy _ ydP_ . i' yddP 

dx dx ' J dx * 


ost oxprossio difforontialis formao Qdx, idcoquo 
ad formulam J yQdx. 


formula ( 

J dx 


ret 


Simili modo formula socimda rcducitnv: 


rPdhj _ Pddy _ MPddy . 

J dx 2 ~~ dx 2 J dx 3 ’ 


rdPddy __ dPdy 

J dx 2 dx 2 


yddV ryd*P 
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36 


ubi [ c3 ^ itcrum formae \yQdx. 

Pro tcrtia formula proposita. eril: 


,‘Pd^Jl _ Pdhj _ rtlPtPy . 

J tfx 2 dx 2 J dx 2 

al. por rGchictionoiu pracc.cdontcm 

i'dPdhj dPddy - dyddP -|- yd*P ryd 4 P t 
J dx*' ~~ .. dx* ' J dx** 

ergo 

rPd i y PdPy — dPddy dyddP — yd*P . i'yd*! 
| __2. ^ ."I" J dx* 


nbi itonim J est formae $yQdx. 

Kinc colligitnr foro ulterius progvediendo: 


rPd 6 y Pd 4 y — dPd'hj + ddPddy — dyd 9 P -j- yd 4 P 

J IfoF ^ ! d^ 


. p ( y 

undo otiam generalim patet, hao vatione istius formulae j 
rednci ad intogvaiionem ImiuB formulae | f 01 ‘ ec luo sempi 

rfa p 

sionem Indus formae \yQdx, eat cnim functio algebraical 
loco si ponalur Q crit 


dx 


d"P n j 
Qdx. 


COROLLARIUM 1 

01. Omnos ergo reduotiones, quae supra circa formulas In 

sunt oxhibitac, codcm succodimt modo, si hniusinodi f 

proponantur; undo opus non ost problemata pvaocedentia 
formulis altiorum ordinmn resolvore. 



VAj /l uonnf 


,H» «vauo»v;ni., Ki cm, nuncio, tormulam ~ 

Jmoiutc, intograbiloin; eu ergo his oaHibnn in nostris problcnuitibu.s locui 
ml/oliil;. I loo autom ovonit, si fuorii; ipsius ;c lnmismodi fnnetio 

/* — “ - I- Px 4- yx- + dx :i 

mu mtegrationom absolute admitted 


COIiOi VLARJ U M 3 


(ill. Konuuluo ergo intograbiles cum suis intcgralibus enint pro 
wins n vuloribiiH soquontes: 


adf) ■— ay 

(« ■■ !>:, 

•(« . m („ , p x + 2yx)yjt + *„ 


./.f 2 v '~ 1 1 ' ‘ v ' ru-s 

.(„ flx -l-yj? ; (a l fij! h y vl , , _ (p 2y , + 3 4; 

+ (2 y + 8a*)^~ 


SC1-10 LION 


1)4. Progrediamur orgo ad formulas ordiuis seeuncli, cum reductioni e 
piao Hunt primi ordiuis, iam tantum siinus immorati, quantum q 
u’oCcotiiH in Imc mothodo Cacti adhuo permiscrunt. Quoniam vovo ad on 
ceiiiiduui oils rotulimus formulas, in qoibus utriusque variabilis .r ct y 
ontiaJia dx ot dy insmit, eao sino dubio sunt simplicissimao, in quibm 
>imt clifTcrontiulia plus una dimonsione non obtinent, cuiusmodi in gene 
i hoc formula 

J ( Vdx -f Zdy), 

ibi V ot 7j sint functioncs quaoonnquo ipsarum x ct y. Nam si unicum 
lifYorontialo dy, quanquain in do posito dy — pdx, littera p in fimet 
ngreditur, tamon manifestum cst, binas variables a: et y ease commuti 
,tcjuo formulas \Zdy porindo tractari posse, ac fZdx. Quibus ergo o. 
uiiusmodi formulis 

\{Vdx + Zdy) 

alores algehraioos conciliare potucrim, explicabo. 


algebraicam inter x et y, ut hacc iortnula 

J (Vdx + Zdy) 

algcbrnicuui obtineat valorem. 

SOLUTIO 

I. Dispiciatur primo, utrum altera pars 

J1 7 dx vel [Zdy 

per lemma reduci possit, ut fiat 

vel [Vdx = P — [Qdy 

vel [Zdy = R — [Sdx. 

Si alterum onim succedit, solutio erit facilis: priori oiiim casu h 

[(Vd* + Zdy) = P + [{Z — Q) dy, 

posteriori vero 

J(Vdx+Zdy) = Ji + $(V — S)dx. 

VJtravis autem haec formula nuilam liabet difficult-atom per problem a ! 

II. Si hoc moclo reduetio inveniri nequeat, indagetur funotio al 
ipsarum x et y , quae sit = P, ut 

Vdx 4- Zdy 
P 

fiat differential© fimetionis oniuspiam algebraicae Q ipsarum x et y, 
casu fiet 

J (Vdx -f Zdy) — [PdQ, 

quae formula nulla diffieultate ad integrabilitatem perducitur per pr< 

III. Saepe etiam liuiusmodi functio algebraica ipsarum x et % 
inveniri potest, cuius differentiali existent© = Pdx -f- Qdy, si ponatu 

[(Vdx + Zdy) = T+ [(V — P)dx+(Z — Q) dy , 

ut haec formula modo vel primo, vel secimdo reductionem admittat. 

IV. Intordnm quoquo iuvabit, in looum unius vel ambarutn vo 
x et y nnain duasve novas l et u introducer©, ponendis x et y aequali 


onibus quibuspiam harum duarum novarum vambiliuin l ot a, ita ut 
ihstitutiono formula huiusmodi obtineatuv 


J (Vdx -I- My) = J(iVj + 

» mill l‘ ot Q sunt fimotionea ipuarum l ot u, quae aliqno expcsitonim n 
mi roduetionom achnittn.t. 

V. Casus ftdlmu singularis est memorandum quo V et Z sunt funct 
miogonone ipsanun :i; ct y oinsdem tunbuc linmeri dimensionum, qui sit 
osito onim y — tx fiot 

V — Px tl ot % = Qx n , 

viNtentibus /* otfd fmietionilms ipsiusA Turn oh 

dy = tdx -|- xdl 

innulu proponita trunsibit in hanc 

J {!’x n dx + Qtx»dx + Qx^Ult), 

J (/> ]- Qt) x«ilx (P -|- Qt) x’"< — —j jx»>d(P + Qt), 

xlo reduolio rovocutur ad huiusmodi forniam 

J 'x«+'Sdl, 

si sit n — 1, cxistonto S functionc ipsius 1. 

SCHOLION 

00, Sufficiut has oporationcs in genero oxplicasse, quoniam exeinpla, c 
mm quoinpia.ni momorabilem habere videantnr, non snccummfc. Int( 
-nion notanclnm est, plurhna cxcmpla proponi posse, quae vel difficu 
d plane non, per ullam harum operationuin roduoi queant. Cuiusmodi 

rolatio inter x ot y quaorenda sit, ut haeo formula integmlis -f- 

loroin algobraiuum obtineat, noque eniui video, quomodo huic quaest 
.tisfncionchnn sit. Quamobrom multo minus taliu attingo problcmata 
libus duae plurosvo Iniiusmodr formulae ad integrabilifcatom pordnoi dobe 
quo otiam formulas suporioruin orclinum gencraliter pertractaro hoc 
’tiofccr casum in sequenti problemate contontum. 


quantitates finitae x et // in cam non lngveuuiniur, act integmmii 
bane fovmulam jZdx. 


SOLUTIO 


Cum formula differenlinlis Zdx ita sit comparata, ut prno 
constnntes nonnisi differentials dx ot dy continual, quae p 
dimensionem adimplebunt, cuiiisvnodi sunt hae formubio: 


+ bdxdy -f- *&) ; 


ad :i : 2 -{• hd ip , 

\'{dx 2 -j- dy 1 ) ° 


ponntur c ly =■-- pdx y atquo fovuuila proposifcn \Zdx iuduot 
J Pdx, ita nt P fiat fmictio qnantitatis y tantinn, noqne x ueq 
Efficieudum ergocrit, nt non solum luiec formula jPdx, wed otiai 
hacc [pdx, algebvaieum nanciweatur valorem, quocl pov probloi 
modo pvaestabituv. Cum cniin sit 


bat primo 
eritquo 


unde fit 


'MU - \Pdx ----- Px - - f xdP 

!/ P x — J.'fc/y), 

\xdP = M ct \xdp - N 

dM dP 
• t: ^ dP ~ ~dp ’ 


dP _ dM 
dp ~~ ilN’ 


ot quia cst fmictio ipsius p, inde valor ipsius p erui deb 
habebitur 

dM dN 

dP dp 5 

ac deinoeps 

y ~ px — N , 

qui valovcs praebebimt 

fZdx -- Px — M. 

Pro altera solutiouo ponatur 


\xdP = M, 


Dnatur \Md~ t = ft function! ipsius p cuicunque, ae rcporietur 


M=d!iid-pp, 


lore ipsins M invonto prohibit porm: 

(hV 


it 

natur 


dN . 

—-r llOt 
Op 


IUH J\lOl) . 7 * 

x — ( ip> y ~ —(ip 

J/rfa? -= Px — M. 

J xdp - N t 






<u i 

N=dS\d--r\ 

dp ’ 


dA r 


x- = — ot ?J = P X —N> 


;us cfficifcur 


IZd.r. = ^ -|- ,<?. 


COROLLARTUM 

. tSimili modo sohilio cxhibori potent, si dime plnrcsvc huiusmo 
ic jZdx proponantur, quibus valorcs aigobraici conciliari debean 
onim dy ----- pdx, praetor banc formulam jydx, dime plnresve huni 
'Pdx, IQdx etc., nbi P efc Q etc. sint funotioncs ipsins p, intograbil 
fJiciendae, quod per mofchodos supra traditas facilo praestatur. 


oy. ut> lgitur miem muc cnaqmsittom mipouam, oximnun e 
solvendis prnecipuis huius generis problematibus, quae quidcm 
agitata, ostendam. Versantuv auteui baee prohlemata potissirnum 
rectificabiles algebraicas, quamobrem ex mothodis bactonus tr 
derivabo regulas, quarum ope tot, quofc lubuerit, ourvas algebra! 
biles reperiro liccat, unde simul patobit, quomodo eiusmodi curva> 
sint inveniendno, quavum integmtio a data pondeat quadratura, i 
problemata, quae ope cuiuspiam quadraturno sint construct} 
rcotificationem cmrvae algebraicae expediri possint. Turn vero nc 
difficile eiusmodi curvas algebraicas exhibere, quarum rectificatic 
data quadratura pondoat, quae tamon rtihilo minus imurn \ 
praecise tot, quot lubuerit, liabeant arcus definitos algobvaice 
Denique solutionem mai illius problenmtis de duabus curvis, in qu 
communi abscisaao respondentium summa fiat algobraica, ox 1 
deducam. 

PROBLEMA 17 

70. Invoniro curvas algebraicas rectificabilcs, sen quarum 
algebraico exhiberi quoant. 

SOLUTIO 

Sint curvac coordinatac orthogonales x et y, arcusqno his 
respondens — z . Primo igitur quacritur aequatio algebraica in 
doinde valor ipsius 2 indo emergens debet esse algcbraicus, Cu 
2 = + dif), bacc formula intograbilis crit reddenda, qu 

bus modis praestabitur. 

I. Ponatiu 1 dy = pdx, atqno liae duae formulae 

V = J yds ct z = \dx 1/ (1 -b pp) 
algebraicae sunt reddendae. Gum igitur sit 


z = x\/{\ -f pp) 


px — j xdp 

y] Jvv + w) 


sumantur novae cniusdam variabilis % functioncs quaecnnque 
P et Q , pouaturquo 


ydP = dQV(\ + pp), 

dQ 

P V[dP 2 — dQ*) * 

orgo p ]jor functiouo/n quaiidam ipaiua u, quae ob 

dP n t tl Q • i dP 
,77. 7~ mcoque - 77 = 

du du 1 dQ 


ton afgubniicaa, ipsa erit nlgcbvaica 


V ./i.Tin 


dQ 


uibobitnr porvo: 


y[dP*—dQy 


UP 

:1: ^ d v ’ y ^ P* ~ ] > e t z=x )/(l + pp) — Q. 


Q = u at P — V, 
fxj.sk/> du aon-sbiifte cst 


iv s 


dp r= 


— dudVd dV 
{dV* — du*)% 


> 


du 

V ~ yJJfv^dW) 


— (dV* — du*)% 
</«/W 


?/ = 


— (dF® —d» a ) 
ddV 


~V 


— dV{dV 2 — du*) 
duddV 


>1 P.ui.nur Opora omnia I 22 Commontutionca analytical 


ufc V sit functio qnaecuuque ipsius u, ob 


p = 


dV 


p(i/n 8 — d V 2 


et dp = • 


du 2 ddV 

(dut — dVrf 


posito du constant©, erit 


(du 2 -~dV 2 $ 
duddV 


x = 


dV(du 2 — dV 2 ) 

y = tttt— — u 


duddV 


difi — dV 2 


ddV 


- —F. 


II. Posito ut ante ily == pd:i sit 


uncle fit 


Ponatur 


\xdp = M, ideoque x 


P xpd p _ _ pdM __ pM C 

J F(1 + VP) J V(l + l>p) ~ ?(1+ ?7) ~ J ( 7 


H - P?>) 5 


/■ 


~= P 


(1 -f- 

function! cuicnnque ipsius p, fietque 


dP„ . 


uncle evil povro 


©t 


M = ^d + pp)\ 


dM 

x = if > v = ~ M 


Z = X}/ (1 'J- pp) --L p 

1 V{1 + P‘P) r 


Sen posito dp constante ob 


ddP 


dM = Iff (1 + PP* + 3prfPl/(l + pp) 



t: 


ddP .. .2 3 pdP , , . 

= 4 ~i^r^ (' + vv) 

pddP M . x 2 . (2 pp— \)dP 

•V - ^,2- (l + PVY I- ■— 7 ~— 1/(1 -! M>) 
'''"'(l-t-pp) 1 I" + 7>. 


d p 2 


ill. Sit 


erit tM. 

J y(l + pp) pdp 


oquo 


mtur 


fxtlp =J^ 1/(1 + PI») = JV (1 -h vv) -H JV P w?7rt ■ 

j* IVdp 


ppvo 4- pp) 




ctioni ipsius p, eritque 


quo valoro crit porro: 


_ dNV{ 1 4- pp) 


_ ppdPyji + pp) 

dp 


N 


- — * y = — jV 1/(1 “I- ?>7>) — ^ Ofc 2 = X \/{\ 4- ?>/>) 

iito autem dp oonstante ob 

-^k-k+w) + ( ’•" ivy ) 

! • 

_ pdd/^l + pp) , d/»(2 4-3pp) 
dp 8 ^ dp 


y 


ppddP(l 4-pp) , pdP(.H-2pp) n 

- dv * -r , t „ - r 


dp 


_ pddP( 1 -f- pp)§ 2dP(l -f pp)^ 

dp 2 dp 


M^ri) erit & = ^M±i). 

^ 2«jr * 2g 


IV. Ponatur 



Hinc fit 


2 -(- y -= 


, fd x 

©t « — ?/ = / — ; 


duae ergo hae formulae intograbiles sunt reddendac, Ponatur 


lit sit 


ergo 


\qdx = qx — jxdq = qx — M 

£ , N 

J 3 3 r J 77 7 " 

t _ dM __ qqdN 
dq dq ’ 

I /dAI 

1 = \fdN- 


Sint iam M et N fuuctiones quaecunquo ipsius ii, ©t ob 



, dNddM —dMddN 
( q ~ 2dNVdMdN 


erit: 

2 dMdNydMdN 



a dNddM — dMddN 



, , UM*UN 

* j d- dNddM — dMddN 



2dMdN* 

* 11 ' dNddM — dMddN 

+ N, 

ergo 

dMdN(dM--dN) 

M + N 

V dNddM — dMddN 

2 

et 

dMdN {dM -|- dM) 

M — N 

z dNddM — dMddN 

2 


V. Iisdem positis fiat [xdq ~ M, ut sit 


erifc 


[qdx — qx — M, 



ot 


'‘dx 

<1 


x CdM x M g T Mdq 

<1 ^ J 77 ~ 7 ^ q 3 '~ ./ —f~ 


= Q , ideoque M — 


Iam sit 


I 


dlU '? d f Q - + IqqdQ, 


in proptoroa 


.. Vol fiat 


_ r /hlilQ 3 ([q( IQ 
X ~ ' d(f ' dtf 

<fddQ 2 fJQ 
z y,i(f ~ h d<i 

, - n = <Hf“h.. i vM + 2 Q 

• 1 <lq % ' dq 

_qq{q(l -\)JdQ q[qq — tydQ_ _ Q 

It 2 '(If ‘ d( l 

__ 177(77 -h ))djlQ , 

2 “ ' 2<l(f ll <] 


‘ xd A = N, 
VI 


boatur 


HmatUr ]Nqdq=Q 

into Q fuiifcUono (iiiftcunquo ipsius q, atque ent 

•-a.—** 


'llB ct \xdq = SqqdN = qq$ — 2JA T ?^7- 
(t(j 


z -i- y 


_ tjqVli^ ' 2qdQ 2Q 

— dq 1 dq 


dUQ 

Z—y = " ~dq* ' 


q>uamoorem nancisouiniu rum 


1UJ. Ilima.l 


qddQ dQ 


X “ ” V d'r/ 


(r/7 — l)(/dQ 
^ — 2(/r/ 

qdQ n 
dq 1 W 

fa? -1- 1 )ddQ 

Z ~ 2 dq 2 

-’f + O- 


eritque: 


VIT, Ad alias formulas iuvenicndus ponanuis: 

dx = 2 pda, iUj = du {pp~~ 1) et dz = du {pp -|- 1 

x = 2 \pdu i y A r z — %$ppdu, z — y = 2 u, 
ergo quaestio ad has dims formulas reducitur: 

J pdtt = pu —\udp, \ppdii = ppti — 2 J upd'i 


Sit nunc 

\udp 

erit: 


ideoque 

dN 


v ~ dM 

uncle 

U = d 

Porro est 

\pdu ^ 


_ (LU _ dN 

U dp — pdp* 


(IMddN — dNddM 


dM* 


(UP 
z — y 


2 


UP dN 


et 


Ippdu 


_ z + y _ 


dMdN 2 


dMddN — dNddM 


— 2/V; 


ergo 

2 dMUN 0 „ .. dM{dN* — dM*) 

X dMddN — dNddM ZI1 ’ 1J “ dMddN — dNddM 

atque 

dM jdN* + dM 2 ) n „ 

~~ dMddN — dNddM 






‘idMilN_ — 2il/ 




(I dN 
dN 2 —dM 2 


ddN 


2 N 


W + dM* 
ddN 


\ r IH, In pniccedeute solutiouc ponatur, ut ante 


ot 

am sit 

ndo fit 
tquo porro: 

t 


r t u uju 

\ud'i)—M sen u~~r~ 

J dp 

jupdp Jpr/A/ = pjVf —JJlfdp. 

]Mdp = P, orifc M = jy ct dM — -j-~ 

ddP 

U ~ dp* ’ 

. i _ pdtlP dP z — y _ddP 
j:t ' dp* dp * 2 dp* 

z_±_ y _ pydd P ___ 2pdP , 2 p 
2 dp 2 rtp ' 


lincqno oliciuntur istae formulae: 

_2pddP 2 dP 

‘ i: dp 2 dp 

(pp~l)ddP 2pdP , 

= -rf?- dj- +2J 

_ {pp~\- \ )ddP _ 2pd P np 

Z dp 2 dp 

LX. Loco proccedontis operation^ fiat 

jupdp — N, sen u = - Ji , 


rilquo 


lam sit. 

fietque 

unde 

at crit 

ergo 


r ^ = p, 

J pp 

jV . = W'^ et l lN = rvpi + 2 V dP 

dp dp 1 

pddP , 2 dP _z-—fi 
U ~ ~d^~ + ~dp "If 

2+J/ _ pH dP j r — VpddP ,pdP_ 
2 f/p 2 ‘ ‘ dp 1 ' d p 

x ^ ^VP!b l Jl _i_ ?P_i^ _ 2 P 

dp 2 ' dp 

_ PiVV — 2f/7 J 

dp 8 dp 

- — p(pp -t i)(P/p 2(/p 

' “ dp 2 7/p • 


COROLLARJIJM 1 

71. Si rectificatio curvae non debeat esse algcbrnioa, se 
pendore, hoc ope regnlae primac no secundae facile pra 
enim regula pro V eiusmodi capiatur [posito P — n ot Q 
cendens ipsius «, quae datum quadratuvam puta [U<hi in 

ilV 

du c l UfU1 ^^ as algebraica, si sccunda regula uti volim 
functio transcendens ipsius p accipi dobet. 


COItOLLARIUM 2 

72. Utravis autoin regula adhibeatur, id facile oxpec 
blematia 2 ut curvae rectificatio indefinitanon solum a data 
sed lit iu eadem curva tot, quot lubucrit, extent arcus 
algebraice exprimi qneat. 

SCHOUON 

73. En ergo novcm formulas specie quidem diversas, 
biaicae, reetificabilcs, eontinontur, vevumtamen quaelib 



it'icom i , cdneimtm\ Jta. solutio quarta ud priiuam roducitur ponendc 
M = n + V ob N — u — V. 
si in scxta ponatur 

Q = Qg<u 

itur ad quintan). Do his autom solutionihus notandum cst, cx singulis 
mu fimtum sou /initis qmnititatihus oxprcssam inter Ires quantitate? 
z reperiri posse, cum diAorontiaHa indc olimiimri quoant, pro singulis 
ilutiouilms hao rolatiomis fiuitae ita so habebunt: 

I. dat (z -[- Yf - x* -[- (?/ -I- nf 

II. dat z]/(l + pp) a- -f VH -f ^J/(l -|- pp) 
liT. dat z ]/ (1 -|- pp) = x py -f- Pp 

IV. dat (z -|- y -|- M) (z — y — N) — xx 

V. dat 2 (1 -I- qq) 2 qx -|- {qq ■— 1) y -|- 2 Qqq 

VI. dat z (] -|* qq) — 2 qx -f (qq — 1) y -|- 2 Q 

Vi L. dat (z -|~ y -|- 4 N) (z — y) (.r ■ j- 2 il/) a 

VTII. dat (pp -|- 1)2 — 2 px -\- (pp 1) y -f 4 P 

IX. dat (pp -|- 1)2 — 2 px -|- (pp — J) y -\- 4 Pp 

tet solutioues 11 et lit in miain conlesoero, si in scomida poiiatur 

p = _^_ 

>/(l -J- pp)' 

ortia 

p __ n. 

v y 

m prodit liaeo solutio simplicior: 

x „ ii ±J>P)MR_ , __ R 

dp' 1 r dp 

_ p ( 1 -j- pp) ddli dll 

^ dp 2 dp 

„ (1 + ppftddll 

" dp® 
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ut tantum rcmancaut 4 solationea quae pro diversis liaberi quoant: 

(I, IV), (II, ril), (V, VI, VIII, IX) et (VII). 

atuor igitm* lias aolutionea principalea hie conapectui cxponerc coaver 
nis oaram ita pamuper imimitntis, ut in singulis sit P faactio quaecua 
'us p. 

SOLUTIO r 

{df--dP 2 $ 

"dpddP~~~ 

dP(dp 2 — (IP 2 ) 

* = pdd? -P 


z 


df — dPj_ 
ddP 


(2-|* P) 2 = .r 2 H- (1/ -I- 7>) 2 . 


KOLUTIO II 1 ) 
dpdP 

x = ~ddP “ P 

rfP 2 — „ 

? y = "2rfT/--“ ? 


2d (IP 

(z + P) 2 - (a: + p) 2 + (?/ + P) 2 


SOLUTIO HI 

_ ( ] + yp)d dP -pdP_ __ p 
r/p 2 ' rfj? 

_ JJ(1'I-pp)rf(iP dp 

y tip 2 dp 

_(1 + ppfiddP 

dp 3 

_ 21/(1 -l-pp) = a -h M + P 

1) Haeo eolutio ccmlflrfcet in solnlionem VII, quao Boquuntur couloscont in Rolntumes IT 

H 



SOLUTIO IV 


_ pdrip _ d r 

dp 2 dp 

... ^ipp — ^ddP ydP . „ 

J 2dp- 'dp 

_ (VP± I ws _ v<li> , p 

2dp* 'dp h 

{VV I- =■" -f {pp -- 1) y -p 2i J . 

igitur, si }>ro /> fimoiioncH siniplioioros ipsiws p substitmuitur, cm- 
raiouc smiplicioros, quae sunt rcotificabilcs, obUncl)iintm , 5 nc paraholi 
m ox Ill cnu obacvvo, si pouatur P -- A -J- Bp* -!- Op 4 Dp* 4- i 
dTiciontcs debito dctenninentui-. 


PROBI/ISMA 18 

4. Jnvonire doas curvas algobraioas ad otmclom axom rolatus, qimr 
{quo roctificatio a data qmidiutura pondoat, ita ut tamcn ut.rius< 
m oidom abscissao rcspondontium sununa algobraiec oxhibori quoat 1 


SOLUTIO 

>it absoissa communis — x , 

iua ourvac applicata — y , arcus -- z; 

Itora ourva sit applicata -- u, ct arous w. 
.in- dy ~ pdxy ct dit =--• qdx t oritquc 


pro ourva I 


pro ourva II 


y s= px — \xdp 


z = x]/{\ -\-pp) — 


xpdp 

7 ( i -T- vv) 


u = qx — 


W = X}/(1 -hqq) — 


xqdq 
V{\ + qq) 


,so cst orgo primo, ut formulae fxdp et \xdq valores mnciseantur ai 
a, dcindo ut summa arcuitm z 4- w sit paritor algebraica, tertio 
uo arcus scorsim smntus, vcl, quod eodcm redit, arcuum difforentia z - 
a quadratura pondcat. 


) Vido L. Eulrui Coinmoiitulionom 48 indiois J£ncatrocmiani\ p. 76 Julius voluminiH. 11. . 


ut sit 


]/{l + PP)— |/{1 + <?'/) 

v/ — p.t - fedp, w = qx -— Jay/tf 

2 = — ^Jo.'{(/r -f ds), u> = ,T ^ 2 ^ — l\x{dr - 

2 i- ?y = #r —- J.Tdr 
2 — io — xs — ja;ds 

Efficicndum ergo cat, ut hae tres formulae: 

fedp, fedq ot fedr fiant algobratcao, 
shmilquc ut formula feds a data quadratura peucleat. Ad hoc pc 


dL 


fedp = L t crit a* ^, 


et 




r * nr dr Ldr - dr 

\xdr = (It — = -f Ld‘^r- 

J J dp dp J dp 


lam ponatur 


fads = \dL- d - = _ \Ld d ^~ 

} J dp dp J dp 


!Ld^ = M, ®u £= dq 


dM 


orifc 


dp 


dr 


d-t 


\Ld-~-= feM =: M-% - \Md — d Z 

(l P J rf.fli d. dq - J ,i.*l 


i dr 
d • -j- 
dp 


<!■ 


dr 


et 


dp 


dp 


dp 


d-t 


, da 
(1 • 


&*■%, = W~S = M-%-!Md. 


, da 
d-~r 
dp 


d.'^L 

<lp 


d- 


dp 


d-' 


dq 


dp 


~ 1' 


if; 


d- 


dr 

dp 

~dq 

dp 


li¬ 


ds 


/.l Gt ~ 

dp 


= M fl -lMd,i 


\Ld-^ = Mv-~ jMdv. 

mi’OHl, at formula \Mdp rcddatnr algcbrnica, altera vero \Mdv a da 
dmtaim (jondeat. Sit ergo 


jMdp - N 


sou 


dp 




N^- S Nd- 


dv 

dp 


iam P oiuHinodi fuuetio traucendons, quao data-in qaadrataram involve 
poimtur: 

\Nd-~~ P, at sit N ~ , 

J d > i d4- 

dfi 

» valoro in praeoedoiitibus forinulis sabstituto roperientur binao curvaealg 
ioao qaausito Hulisfucieiites. Samatar scilicet pro q functio qaaecanq 
uh p t ifca ut r ot ,9 limit fimctioncH ipaius p, oraiitqne efciain p et v function 
uh p; quaro pro P enpi debebifc functio transccndens ipaius p, quae quide 
powita-m qaadrataram involvat, ltocqae modo N dabitar per P, unde dei 

h utroqac oarva dofiniotur. Hinc autem cum ~ sit funotio ipsias p , a 

itio oxhibori potovit. 

►Soilioot poimtur: 

JMdp = R et fMdv = S t 

ut R sit functio algobroioa, 8 vero datum qaadrataram includat, eritq 


Af « 


dll__(lS 
dp ~~ dv ’ 


unde fit 


dp _ dll 

dv dS 


mitiqutt curva. invonieiiiiu. 


SCHOLION 

75. Haec ium sufficere videutur ad ostcndenclum quousqiu 
cultura huius novae mofchodi lulhuc portiugerc Ueuit; neque d 
specimina aliis ansam sint praebitura, vires suas ad bane me 
promovendam intondemli. Si enim nicthodus, quae Diophautoi 
quondam ab cxcellentissimis ingeniis omui studio est cxculta, 
mothoclus, quao in (juaestionibus loago sabltmioribas vorsatu 
tiono digna non est aestimanda. 


mo 
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SUMMARI UM 

Singnlurcim alqrm umniiu) nuviim molhodmn, nequationcs difl'erentinles seoi 
kIiih l.nu'liiudi, Amdor l-indiUmi*, .slaiim obsemit, plurima ntquo adeo infinita caj 
oi’um ©volutin olhunmun in Mulliom doKidonmUir, ad Analysin ac potissimum 
lolnlionom noqualionum dilVortmiialium auouiuli gradua reduoi. Quotiea onim qua? 
parlom qdtimpiam MalhoaooN, uli voonri nolot, applicatao suscipitur, eius enod 
al)un opotaliambuH almolvitur, quunim alloiius ox piincipiiu iati parti propriis sol 
)ioi|uiiliom)H ntmlytioan rovooutur, allora aulom in harum aeqmitionutn resolut 
iiHi/mil.ui'. lam vnro prinoipia Meolmnioao, sou Sciontiao motus, tarn aolidorum, qi 
idurmn, Lniii otiam AHtrowmiiao theoreticno, ita sunt oxctdfca, lit vix quacstio cxc 
■i jiosait, ouiiiH fiohitionom non intonim prinoipiortmi bonc/icio ad aoquationos analyf.i 
«pm ut. plmimum dilVoiimliuloH Hoonndi grmliiH, porduoero licoat. Ex quo nmnifea 
pmooipunm MuIIiosooh povfcotionom, qiuun quidcm spcraro licot, in liuiusn 
:puili<mum ronulutiono ohho cpiaovomliun. Quam ob causam Cel. Auctor, cum 
jpiuH in lino nogotio viroa hiuih oxorouissot, ac vat ius motliodoa particularea, quae sae 
uoum vuoari quonnt, in medium atlulisset, Inc omnino novam latissiuiequo paten 
un ingrodiUir, inlim iiequalionoK tmclandi, quao in lioo consistit, ut lnultiplic 
.'Oal.igofcur, in quoin luiiuHinodi ncquatio ilueta Mat inlegrabilis: Quin otiam promint 
it dubilnt, ouiuKcmnquo fuorit ovdiniu acqmitio difTovontialis, soinper eiiismodi nr 
oatorom nogotium oonfioionloin dan, atquo in hao disaerfcationo nonnulla Imiusu 
pialionum genera, quao aliiH mothodifl inacoessa vidontur, liao method© felicitoi 
pial.imiCH di/Torontialoh' primi gradun rcduxit, nequoiillum estdubhwi, quinhaeo mo 
h, »i uboriiiH oxeolalur, maxima inuromonla in Analysin eit allatura. 


qUUOSUU LIU Idl 11111 < IA' 111, mi tuuujuiwis 

ncm continoro dicuntur, altera vero pars in ipsa harum aequ 
occupatur. Si quaestio ad Mathcsiii mixtam, vel applioal 
pars petenda csfc ox principiis, qmhus ista disciplina Mai 
kuicque scicntiae quasi cst propria; pars aatom posterior ; 
puram est referenda, emn tota in rcsolutiono acquatiou 
quaestio, vcl ex Mcclumicn, vel ex Hydrodynamica, vcl c> 
dcsmnta, ox principiis cuiquc harum disciplinarum pi 
prinuim ad aeqiiationcs rcduci oportet, turn vero istanmi 
hitio artificiis, quae quidem in Aualysi coinperta habciu 
quonda. Ex quo satis est manifeslum, qnanti sit momonti j 
M atlieseos partes. 

2. Principia autein fero omuiuin Matlieseos applicat 
sunt evoluta, ut nulla propemodum quaestio co pertinous ] 
solutio non acquationibus comprehendi qneut. ftivo on 
aoquilibrio, sivo do motu corpormu euiuscunque indolis, t* 
fluidornm, cum ah aliis, turn a me, principal certissima su 
ope semper ad aequationos pervenire licet: atqao si corp' 
quibuseonque in sc invieem agcrc statuautur, omnos pertu 
in corum motibus offioiimtur, non difficulter ad acquatiom 
si lias aequationes rcsolvere valcremus, nihil amplius suj 
soientiis dcsidcrari posset. Quocirca omne studimn, quod 
tur, utilius irnpendi nequit, quam si in limitibus Ana 
elaborenuis. 

3. Quotics autem problcma ad Mathosin applicatam 
rarissinie in aequationos algobraicas incidimus, quarmn re 
dum ultra quartum graduin sit porducta, tamcn ope a 
oxacte perfici potest, ub pro perfecta sit habencla. Perpot 
vimiir ad aoquationcs differentiates, et quidem maximan: 
tiales seoundi ordinis; principia quippe mechanica statim 
gradus implicant: ita ut sine Analyseos infuiitorum snbsi 
soientiis praestari lioeat. Cum autem in resolutione ac 
tialium primi gradus non admodum simus profocti, mul 
dum, si aqua nobis haoreat, quaudo quaestiones ad aequ 


nitatao, tit oortis taulum ctisibus, qui non tidmodiim frequenter occurn 
iiNiim voo/m queant. H uiusitiodi antem regains plurcs expostti in Comment) 
[•.mlotuitui JV.tropoUtfinao ot Voltimine VJJ. Miacolianoormn deroliticnsitt 

'l*. Interim tamou iam saepins oiusmodi ae milii obtulcnuit caaua ae( 
)imm rlifterontmlium soumidi grades, qnaa tametai ope regularum ilia: 
neUm; non licuorit, tamon aliunde oartnn intcgralia lmbuerim perspe 
‘quo alia via directa patobut, qua liaec intogmlia enii possent. Huiuan 
isua oo iimgis Hunt notatu digtti, quod comparatio illanun aoqttafckmum i 
is iiitegrnlibus tuUsaimam viatu patcfaceve videatur, carum reaolutioi 
s’ oerfaH mothodos pofftciondi. In quo negotio, ai oventua apem non fefelt 
ilium ost dttbitnn, quin method! hmic in frnern detcctae, multo latius pate 
• nostrum faoultatom, acquationes diflcrenttalea aecuudi gradua tracta 
)u mculiocritor 7 >roiuovcant. lis ergo, quos liumstuodi atudia ittvant, 
gratinn fore arbttrur, si casus illos mihi oblatoa commcmoravero, ut o 
rmem itulo adipiseantur, in lmc parte Amilysia amplificandi, turn vero 
olhodos expoimtu, qtma horum enamun coutemplatio mihi sappeditavit. 


5. Primum liuiustnodi exemplmu milii oecarrit in Mechanicae meac 2 ) T 
pug. 405, uht ad Imite porveni aequationem difl'erontialcm aecundi gra< 

■>)-] 

2 Hxddx - - 4 Btlx* -- a; ,u6 (/p a (1 -f- pp) * , 


qua di (Torontialo dp samtum cat conatana. liina autem integrale alii 
lilii oouatabat in hae forma contincri 8 ): 


< is toil to 


H+_l 

x 1,yh dp l (J ~|- pp) 2 ~J- Ods 3 = 0 
di* = (1 -|- PV) dx 2 + 2'pxdpdx -\- xxdpK 


otomm otiain notaro valorem Indus eonatantis C ease — —{n -f- 1) B. 
tin temporis oporam inutilitor pordidi in mothodo directa indaganda, o 


t) !.. lOui.iiio Coinuiou(at.ionos 10, 02, 188 indicia Eneslroemiani; vido p. 1, 108, 181 
iluminiH. 

2) AfvcImnicM aivc motus scicniia analyticc cxpositu. Tom. I, Potrop. 1730, § 1080. Lew 
ui.niii Opera omnia, hohoh II, vol. 1, p. 393. 

3) Vi<lo § 13. H ‘ 
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ope istam acquawoncin mwgiaiw.i ^ - 

posscm, neqito iilltim urtificium cogmtmn hue dodaoorc 
noturi convcnit, integrate hie cxhibitum tantimi csso p 
continet quautitatera constantcm ab urbittio nostro p 
mtegrutionem asset introducta, inlra autem ostendam c 
adiici posse huiusmodi termiinun lCx i dp i . 


0. Jo aliud simile exeinplum incicli in Opusculoruiu i 
tiotie 1 ) pag. 82, ubi motum corporum in suporftcicbus nn 
tatus: perveni auteui in cvolutione certi ciiiusdaut casus 
ditferontialetn seewndi gradtis: 

ddr _ {F+Mkk)*G*dn* _^ 

"r (Mkkrr + F + 2G?i d ^ {it ) 2 


ubi differentiate du smntum oat constant littcrac autei 
denotant quantitates coastantes qnascimque. Nullo 
aequationis integrate eruere potevam, aliunde autevn tic 
oshc: 2 ) 


(/<’ -b Mkkfffldu* 
JlFkrr+~F + 2Qu-lHHu 


|AV -I- 2C?« -f Hun )— 


lldifi {F-\-i\l kk) Q*diP ? 
r i ' 


quod quidem etiaiu cat partioulare, et quia tantoporc es 
minus patet, qtiomodo per integratiouem ex ilia ae 
Dcincops vei'o monstrabo, hoc integrate completum 

adiiciatur , ita ut 0 dcsignet quantitatom 
quae in aequatione differential! secundi gradus insuitt, 


7. Delude etiam alia problemata tractans, perdu* 
acquationes differentiates secundi gradus, quorum int 
condita videbabur. Veluti hums aequationis differential 


1) CommenUuio SO indieis Hneutroetniani: De motu corpora)) 
Opuscula vflt'ii uigumoiiti 1, 1746. ht:omAHui Euunu Opera omnia, sorio. 1 

2) Viilo § 23. 


rdr -(- nrds nnsds — 0, 


3 quidcru aoquatio, quia binae variabilcs r ob a- ubiquo oanmclom di 
mu, per mcbhocinni a mo oliui cxbibitam 1 2 3 ), trnebari posset. Porro quoq 
i ohtulit haco acquat-io di(fenmtio<liffercntiu(is: 

ds- (ass -|- fis -\- y) rrdr- -j- 2 r-'dtlr 

to clomento ds constant©, cuius integrnlo conipletuni dcprehondi esse 
n i (rdr 2 ass -|- (in 4 y 4 . 2rdr(2«« -j /?) ~ 

0 ^ ■" 2 Us 2 + !• 7 di - ’ 

:I, quomudo iudo olioi quoat, baud facile patot. Quin obiam ipsa aeq 
gralis, etsi c.sb differential is primi tnntum gradns, pavum adiuiuenti a 
sfcur, ob iusignom variabiliinn implicationoni. 

8 . Mact; quatuor exompla sufticiiiut, ud ostendcudum, pluros n 
Jiodos dcessc, quibu.s aoqiiaUoneH diilerentmJes socimdi gradns ink 
ant, Mitniil autOYii, quouiam bis qnidom onsibus inbcgralia ooustau 
mi invontiono non osso desporandum. Kquidom post vnria tontai 
jus has aequationes tractavi, compori, totimi negotium on rcdiio, ut ic 
oratur quantitas, por qmim istao noquatioiio.s multipJicatao integral^ 
ibtaut; tali autoin multiplicaboro inveuto, intogratio nulla amplius la 
eultaio. Quomadinodum oniin omuiimi aequatioiuun diffcrentialium 
lus intogratio eo rcduci potest, ut invostiganda sit funotio quaopiam 

; variabiliinn, por quani acquntio mnlt-iplieata ovadut Integra bilis, iin ( 
omnibus acquatiouibiis diiforenthililms sccnudi gradtis, Kano rcgulan 
ito tanquam gouoralom in medium n-fforro, ut statuam sompor oius 
3tioncm variabiliinn dari, por qnam nequatio uniltiplioatn reddatur 
Mlis. 

9. Loqnor autom hie do oiusmodi tantum aoqnationibus, quae 
m variabilcs involvunt, ct qua© ium eo sint perductae, ut difforen 


1) Vido § 36. 

2) Confor Commonlulionos 10 ol 4*1 huiuH volummifi, imprimis j>. 0 ot 65. 

3) Vido § 40. 


1 

1 

I 




ncquationcs diucrontiales cuiusque gracms ad lormas scquontcs : 
constat: 

I. Forma gcncralis acqnationum diffcrontialium primi gri 
p = funct. (a: ct y) 

II. Forma gcncralis acquationum diffcrontialiimi secuiidi g 
q — funct. (x, y ot p) 

III. Forma gcncralis acqnationum diffcrontialium tcrtii gmd 

r — funct. (re, y, p ot q) 

IV. Forma gcncralis aeqnatiouuni difforontialium quarti gra 

s = funct. (a;, y, p, q ct r) 
ot ita porro do scqnentibus altiorum gradnmn. 


10. Cum igibur proposita quactinquc acquationc diffcrontiali 
p — funct. (a; ct y), semper dotur eiusmodi functio ipsannn x ct 
ilia acquabio multiplicata reddatur intcgrabilis, ctiamsi sncpcn 
functioncm assignarc non valeamus, nullum cst dubium, quii 
aoquabiouibns dillcrontialibus secundi gradus q = funct. {x, y ot 
multiplicator existat, qui cas rcddat integrabiles, ideoquc ad 
primi gradus rcducab. Iain vcro hie casus disbingui opovtct, quibi 
plicator vel binarum tantmn variabilium x cb y functio existat 

quanbitatem p , sou rationom differentialium involvat: ob hoo 

men ipsa multiplicatoris inventio modo facilior, modo difficilior c 
auteni ovolubu facilliinus liabobitur, si multiplicator alterius tant 
solius fnerit functio. 


11. Si igitur litterae P, Q , R , S, T sumantnr ad designandas 
funebiones ipsarum variabilium x ct y, soquentes ordines simj 


Multiplicator orclinis priini 
Multiplicator ordinis secuucli 
Multiplicator orclinis tortii 
Multiplicator orclinis quarti 

etc. 


P 

Pdx 1 ■ Qdy 

Pdx 2 -\- Qdxdy -\- Hdy 2 

Pdx? -J- Qdx?dy -\- Hdxdy- -f- 


Hi quidom sunt ordincs simpliciores, quibus p *!Jl t V ol ad imlliur 

(t «!' 

main, vol dims, vol tros dimensioncs nasurgit: facile autom colligitm 
3 ( 5 , ut littora p vel per fraetioncs, vol irrationalia, vol adeo transccndc 
tiplieatorom afficiat, cuiusmocli casus ingcnlom campnm novarnm 
atiouum apcriimt. Hie quidem tautum in formis expositis vorsari eons 
i oao sufficiunt cxcmplis ullatis expedieudis, simulquo nos ad aoquat 
to goneraliores eanmi ope resolnbijes manudneonb. 


12. Propositu orgo aecpiatioim qimcnuque differential! .soemicli gr 

q = funet. (a;, y et 71 ), 

o .suinto dx constant! ad liano form am redigotur 

ddy dx 2 funet. (\r, 

xd.ur primo multiplicator primao formao P t iniui eius opo into£ 
3 odat; sin minus, sunmtur multiplicator fomino soeundue Pdx-\-Qdi 
nogobiuni conliciat, roenrratur ad imiltiplieatorom foriuae bortiuo, 
rtac, etc.; mox autom colligero licobit, utrum por tactoros liarom form 
jgratio absolvi quoat, nec lie; quo posteriori cash nd formas niagis co 
is orit eonfiigiGudum, ao diunmodo huiusmedi calculo fuerimus as 
iltatom nobis compavalnmus, pro quovis easn oblato idonoam mu 



1) Cf. Jj. Kut.icki CommonOiUonoa 420, 431, 700 indicia Encstrocmianii De vnriis integral 
r ibu8. Oonsidcralio ncgunlianis di)}crcntio-di))erc,nticilia : 

, , , . dxdz zd.v* 

(a + bx)ddz -J- (0 + cx )-~— -]- (/ h f/ro> —- « 0 . 

i comment, ncad. no. Polrop. 17, 1773, p. 70; 17, 1773, p. 125. 7)e jormvlia diffcmntidlibus 
us, quae inlcymlioncm admittunt. Nova ue(n aciid. ho. Pulvop. 11, 1708, p. 3. Vido (juoquo . 
on calculi intcgralis vol. It § 805—028. Luonuaudi Eulum Opera omnia, sur/os .1, vol. 23 
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13. Propoaita aeqiuitionc dillcrcntiali sccimcli gvadus: 

1 1 

2 ayddy — 4 adif — y u + b dx 2 (1 -J- aia) 3 — 0, 
in qua differential© dx sumtum c.st const-ana, cius integiulc inveuir 


SOEUTIO 


Factorem primao fortune Ptentauti mox patebit, negotinm not 


nisi ait ?t — — 2, quo qnidem ensu forot P -- 3 - eb ttequationia 


2uyddy — -lady 2 


dx ~— .» 


integral© csset 


2a dy 


(l + a:rs) >/(l -f- xx) 
xdx 


yy 


\/{\ + XX) 


zrr = adx t 


cleiiuoque iulcgrando habeieUir 

2 ft 

— “■ — VO- + aa) = ax -|- ft ; 

iba ut hie caaus spceiaLis nulhim habcat diffieultatcm. In gotten 
valore quocimque exponontia n, tontetur factor forma© sceimdno i 
eb ©equation© ad liano apeciom redueba 

2 addy — y n+i dx 2 (1 + an;) 3 = 0 

produetum erib: 

-f 2aPdxddy-^i a ^-- Py»"d&{l -|- xx)-* 1 

y _i 

4nQ/3irf ” -1 — 

+ 2aQdyddy -———— Qy n *‘ i dx 2 dy(\ -|- xx)' 2 ~" 

y i 

quam per hypothesin integrabilom esse oporteb. Duo autem pri 
qualescmique P et Q stub functionea ipsarum x eb y, nonniai ex diff 
liorum 2aPdxdy -}- aQdy 2 orivi pobuerunt; unde liabebimus pm 
integrate 2 aPdxdy + aQdy 2 . 



tio orriimita crib: 



n-t 

,l+ ' l dx 2 (1 -j- .r.r) a 


Qr*Hx'dy( 1 _ i«Wj 

y y I 

- {%)" 2a<t*d V *(fy - «dy>^ 

-adxdy'l^) 


~>l) dx sumtum eonstans uullo mode iutcgrabilis esse potest, nisi torn 
d ob dy % affoeti scorsim sc tollanfc. Nocosse ergo csfc, sit: 



t ex aoquatiouc priori valorem i})sius Q cniamns, apeebomns a; ut c 
eritque 

at enim dy iucrcnionfcum ipsius Q ox solius y variabilitate orfci 

cum sit 4 Qdy -|- ydQ 0, ohtincbimiis iutograudo Qy x = K fnnoti 
x tanfcum, itn. ut ait 



-^ J orit functio ipsius x, Nimo in altora aeqnatione quoque x soma 
ins, fiotquo: 

4 Pd *+ 2 ^’ + %t.)= 0 ’ 


per y midbipKcata ot intograta dat: 


ideoque 



ubi L dcnotab functional! ipsius x tantum. Dcstruetis ergo isti* 

(dP\ ___ 1 (dL, , J (ddK\ 

' dx\ ~~ yy\dx) 1 2?/ :s \ dx* j 


erit allera pat's integralis: 

-dx> j’|(l +**)»'( L^dx+lr M rf*( aij+ K »^V))~ 2 ( 14 x 2 i{ d yl(!l 
quae oiiDi constct duobns membris, pro priori esse debob L = 0, c 


J (i -f- 8 "(/?/) 


integrate crib 


^d+4^. 




Snperesb ergo, lit rcdclatur 

+ «)“- c/AT(] 

2 (n — 1) Kxdx = (n — 1) dK (1 - j- xx). 


sou 


Atque liino elicitin’ K ~ 1 + xx; ifca ut alberius partis integr; 
prius sib 




« + J 
2 


ab membrum posterius ob L -- 0 et 


•ddK 

lx*' 


= 2 fiob 


— 2adx* 


‘dy __ odx 2 
y* *” yy ’ 


cuius inbegratio cum spontc suocessci’it, totum nogotium est 
integrals pars altera erib: 


/<IK\ 


oindo sit L — 0 ot K — 1 -j- xx, ertfc ) = 2.r, hincquo fiofc: 


" ot Q= l - } ~ 
?/ 2/ 1 


integrals pars prima Iwibobitur 


2a xdxdy 




a (1-1- xx)dy 2 
V‘ l 


•ua ncqmitionis clifToroiitio-diiTovontialis propositno adhibito tonnii 
ntc Gd'j? integrate complotmu oril: 


dx~ 2axdxdy a(l-| -xx)dy’ 

yy y' A V 1 



m i 

y n ' l d:t: 2 (l I- .■K.r) * — Cdx* ; 


v ?/ 4 nmJtipHoundo: 

»-t i 

^ ?/ nir, dx 2 ( 1 -|- .ra*) 2 = a (yydx 2 -|~ 2xydxdy -f- (1 -|- xx) dy 2 ) — Oy x dx 2 


grcgio eouvenit cum oo, quod auto |_§ 5) por niothodum ijxlii-octam era 
bus. 

OOROLLAU.IUM 1 


L Aoqunfcio ergo cli/Vw’entio-di/roronlialiN 

Zaddy — y»+Ul&(\ + xxf ‘ --= 0 

bilis rcdditur, .si mulbiplicetur per lame faotorom 

xdx (I -[• xx)dy 

V ... ¥ . ’ 

diuudocogno.sci potuissot, integrntio sine ulla clif/iculfcato perfccta fuissc 


COROLLAIUUM 2 


Vicissiin ergo si aequa-tio intugralis inventa 

iydx 2 ~Y 2 axydxdy ~b a (1 -f xx)dy*_^ 1 

y 4 n + 1 v ' ' 


k+i 

-p xx) 2 


Cdx 2 


Ail /)! Eur.Bia Opera oninia 122 OuirimoiUatiorKia annJytieao 
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rgu banc 


xdx (I -{~xx)dy 

'¥ “* y~ ” 


xydx -f- (I + x%)dy, 


ob divisiouo insbituta ipsa demum aoquafcio difforoiitio-clifferontiali 
provcnicb. 


COROLLARIUM 3 
16. Si aequatio proposita per ——- 4 —~ multiplioetm*, ub liabe 




2a 


y I y 

nmltiplicftbor earn reddens integrabilcm crit: 
x yd x 


Ut \+. ”) _ y«dx* (1 -I- XX) a = 0 , 


7(r+!Ta:7 + =d ' y 1/(1 

Qnare si pomitur 


y V (1 -f aa?) = 


liaec obtinobitnr aequatio: 


2addz{\ -f- rr) 2 4 <nh? (1 -f- r.r) 3 4rt.rd.rd2 (1 + rr) 2 adx- 




quae per dz mulliplicata mtegratronom admibtit. Evil eniin integra 

c f>! + “if!-> .**. = GdxK 

2 1 1 zz n -f 1 


COROT JjARIUM 4 

17. Hinc ergo pabeb, quomodo per idoneam substifcutionon 

sublevari queat; ouin enim aequatio proposita per subsbitubionem y 

in lianc posteriorem formam fuerit transmubaba, non amplius f< 
integrationem peragcro. Bed praeborquain quod balis substitute 
occiirrat, si mulbiplieabor fuorit ordinis terbii, vel ultioris, huiusrn 
ne locrnn quidem habere potent. 


.. .juiii iMugurtui caicuii, qua act pin 

umruin iiilroductioncm vitundam difTercntiak', fmictionis P dnanmi v 
uni cv eb y oxprcssi pur 

hip 

moi ‘0 iam satis usitato, dx deuotat iucrcmcntiiui ipsius P ex 

iabilitalo ipsius x ommdum, ct dy oius incvomcutum, quod ex v 

tat.o solius y unscitur; constat autoni hacc duo iuoremonba addita prac 
•lplofcmn difforentmle ipsius 1* ex utra variabili x eb y uatuni. Hine foi’iv 

j ot donotul/imb fimci-ioues limtns variabilium x eb y, quippe quat 

droniiabioncm omissus diiTorontiuIibus habcutur, iba si sib 


p — y V (i + 


dP 


\d.v 


xy 

V(T+ xx) 


ct 



— \/{\ -i- XX). 


in voro coguita altcm pavbo huiusniodi diffcrentialis vclubi dx 
mtitas P iudo ox purto eognoscitur. Spcetata enim sola x ut variabili 


P = 



lotanbo Y funotionom ipsius y tan bn in, atquc cx hoc fonbc in solu 
oros quaubitabiim P ot Q dctcrminavi. Manifcstiun esb quoque, si K f 

icfcio ipsius a; tantum, turn dx^-J ^j cius eomplctum differentiate iam e 
iro, iba nt sib dx tlK; porro antcin haec scriptio (^) dei 


quod ^11 si ponatm-(~£) = h, orit(~-j = Erifc 


m 


iter h funofcio ipsius x tantum; ita si sit K = ]/(1 + aa;), erit 


'dK\ __ *_ . (ddK\ _!_. 

dx) \/(\-\-xx) \dx 2 1 (1 -f xx) 1/(1 -f ’ 


squo modo ultorius progredi licebit, ut sit 



atquc hacc ad inldligeutiam tain Imiua solutionis, qnam seqi 
necesse esb visum. Cncteruni eonsidoralio huius solutionis 
sequcns Thcorema gcncralius. 

THEOHiflMA 1 

10. lata uequabio differcntialis sccumli graclus, posito 

2 »"1 

addy — -f y n dx 2 (a-\- 2ftx yxx) 2m ~' 
2/ 

intograbilis redditur, si niultipliccbur per lumc faotorem: 

Jf>_+yx)dx_ ^ (a + 2 fix -|- yxx)dtj 
(m—1 )j/ 2 " 1-1 ' y z,lt 

atque aequatio integralis orit: 


aytfdx 2 + 2 (m — i)a (/? + yx)ydxdy (m — l) 2 rc (a -\~ 2fi 

2{m — l> 2 ;/ 2,, ‘ 


+ il2^i( a + 2 f }x +V XX '> M = Gd 



■* -- 01 ouu.im-muH y = pj *•«*, aecjuatio nc 

diflrorontialis primi ordiuis: 

adv - uuvvdx -I- ---0 

' (n + Zfix + yxx)*'"”’ 

(iuiuH orgo inlcgralis crit 


ayyi/dx* -|- 2/iu(fl 4 yx)ydxdy -|- ,?a(a + 2fix ■\■ yxx)dy* 
Hon pro ?/ vaioro suo substitute) 


ay |- -|- yx)v-\-, i Hi(a -|- 2^.r -|- yxx)vv -— -= 2 uu 

' a-\- 2 ffx-\-yxx rA 

COKOLLA1UUM 3 

22. Ntutim orgo aoquationis difiomitialis propositao: 

d zc 

adv — iiavvdx -f -— .-inr -■- 75 — 0 

* 1 (a -|- 2 /fa; yxx ) 2 

posilo 0 0, habomns acqualioncm intcgralom particularem, quae 

0 ay-|- 2fta(P-\- yx)v -|-/( 3 a(a -|- 2ftx + yxx)vv — — 

ox <pm por motliodum a mo alius oxpositam 1 ) integrate completion erv 
Quin otiam, si ilia uequntio diflerontialis per hane formam integralen 
tur, inlograbilis roddotur. 

PR013LEMA 2 

23. Proposila anqualionc differential! secimdi gradus 3 ): 


1) L. I'JiiT-Kiu Cotmi)on(»tio Ofi § 8 ol !); vide p. 107 huius voluminis. Cf. In&tiluti 
intcyralie, vol. I, § /341; Gommontatio 784, § 4. Lkonuaudi Kuu-'.ni Opera omnia, shium I, v< 

2) Pro cuftu o=0, vitlo Coinmontationom 2(50, § 07, p. 371. Vido qtioquo Inalilulioi 
inlcgmlia, vol. II, § 000—010 nl Commontationom 734: Inleyratio acqualionis differential™ 

dy + y'dx = (a + 2 iT+^V 

M6moiroH mmcl. ho. Pol-ornb. 3, 1811, p. 3. LtiOMAum lihiLF.m Opera omnia, sorios I, vol. 12 ot5 



dilTorentiale dx smntum est constaus, oius intcgralo invoi 


in (iua 


SOLUTIO 


Tentelur iterum integratio per faetorcm Pdx + Qdy, ae pos 
gratia 

a -h 2 ftx -l- yxx + cyy = Z, 


convortatur aequatio in hanc formam: 


ddy +^ = 0, 


quae per Pdx -p Qdy multiplieata praebet: 

t> r 7 ; , m 77 i aPydx* . aQyd&dy n 

Pdxddtj + Qdy ddy -\- - ^— — U. 

Quae cum integrabilis esse debeat, dabit statim 


I. primum iniegralis partem = Pdxdy -|- $ Qrfy 2 ; 
superest ergo, ut integrabilis rcddatur sequens oxpressio: 


+as?- 


(IP 

dy 


Primum ergo necesse est, ut sit (^) — unde fit Q functio ips 


quae sit Q = K\ tnm vero etiam termini dy 2 involvontes doa 
ex qnibus fit: 

f)+ 2 fH 


sou sumto solo y pro variabili: 
cuius integrate est 


dsi^\ + 2dP = 0, 


„ r 1 (dK\ 
P = L--y 


2 y \dx) 

denotante L quoque fnnctionem ipsius x. Quare ob 


snmtum coustans, altera pars iutegralis cril: 

) 

raKydy K I*_ ydy _ 

J 77 J (a -f- 2/?a* yxx + cyy)* * 

pro integral! nascitur 


, , tt K<lX 2 

11. pars —■ — _ —r 772 " •,--— — 

1 2c a - - 2fix -\- yxx + cyy 


[uo dcbct esse: 

a V (T j 1 ,*-\ a (a -}- 2fix yxx -)- c,yy)dK — 2K(lx ([t-\-yx) 


ydx — \-(tc,yydK = aKdx (ft |- yx) - ~adK (a -|- 2ftx -|- yxx -j- cy\ 


achydx = aKdx (ft -|- yx) — ad 1C (a 2ftx yxx). 

)icuiun ergo est, csho dobcro L = 0 el I( a -J- 2ftx -|- y:ux*. Quarc 
= 2 y oi'it 


111. ultima pars ivlegralis — -j- -^yyydx 2 . 
igitur sit: 

P = — y (ft + y#) ot Q — a -1- 2ft x -\- yxx, 
lostor mnltiplicator: 

— ydx (ft -|- yx) -I- dy (a -|- 2fix -|- yxx) 
logralo quacsitum habobitur: 


- ydx Ay (ft -|- yx) + ' d)f(a + 2 ftx -|- yxx) — 


-I- \ yyydx* — Cdx\ 


[ ponatur C — a C , orit hoe integrate: 

C 


= uax*. 


2(a + 2 flx+yxx -f cyy) 


Qnao forma convenit cum ea, quam supra [§ 6] exhibui. 


THEOREMA 2 


24. Ista acquatio differentialis seeundi gradus posito dx nonstan 


7 7 , ay^dx 1 A 

ddy +--= 0 

(a+ 2 /?x + yxx + cyy) 2 

integrabilis reddotur por multipLicatorem: 

— ydx (ft -H yx) -|- dy (a -f 2fix 


et integrate erit: 


9 yyydx 2 — ydxdy {ft + yx) + \ dif (a -|~ 2 fix + yxx) 


ay n+2 dx 2 


d- ^ " ni*=Cd3t?. 

(n-\-2)(a-\-2(ix-\-yxx-\-cyy) 2 


COROLLAltlUM 1 

25. Casus problematis naseitur ox Theorcmatc hoc, si ponati 
Ceterum integrate in Tlieorematc exhibitum simili modo olioitur, 
tionom problematis oxpedivimus; unde superfluum forot, eiusdoeions 
adiiccro. 

COROJXAUIUM 2 

26. Si ponatur c — 0, casus habebitur, qnem etiam ex Theorom 

dcrivaro licet, si ibi ponatur in — 0. Diim enim pro a seribituv ~ ot i 

n, integrale ibi datum perfecte congruit oum hoc, quod istud Thooroi 
ditat pro casu c ~ 0. 

COROLLAR1UM 3 

27. Hoo autem Thcorema adeo priinum in se complcctitur: acqu 
primi 


madv 2 1,1+3 

addy - - J - + y n dx*{a + 2fix + yxx) 2 ’"- 2 = 0 , 

• J 


_!! »» — 4 w+ 3 

ddz -(- z l ~ m dx 2 (a + 2ftx -f- y.ta:) «m~a =E o 


addz " ”* 7 n ~ i Vi+ ' J 

+ * v ^ ;3 (« -f 2 fix + yxx) a «-2 = 0. 

iam statu atm* - n -}- I, ut fiat » = 1 — M (m — 1), 

io liftoo alvibit in istam formam: 

(l (l <1Z — i i—4 

+ - 1 “c^* 9 (a -f 2fix -j- yxx) »"' = 0 , 

at casus particulars praoscntiH Tlicoromatis, ox quo quippe nascitur, 
o c — 0. 

COKOLLAR1UM 4 

. Piuchous orgo Theoroina latissimc patot, atqnc eiusmodi casus diffi- 
\ in so complectitur, qui uuIIo alio modo rcsolvi posse videntur. Si euim 
fortasno roperiotur motiiodus negotiant couficiens, propteroa quod 
Ioh no)i sunt invieom pormixtae; at si c non = 0, ob permixtionem varia- 
milla iiiotliodim eognita bic cum siiocessii in usum vocabitnr. 


OOROIJjAIUUM. 5 

Cnsus i)ie impriinis notatu digmis Iiic occurrit, si a = 0, ft = 0, 
= 1, quo habotur Iiaoc aoquatio: 


•go iutogralo cst: 


? 7 , uy n + l dx? ~ 

ddy ^-= 0 , 

{xx + yy) 2 


:Aydx — xdyY -|- 


uy Mi tlx 2 

I 

PH- 2) (xx + yy) 


Cdx*. 


r i/- ux y orit ydx — xdy ~ — xxdu, 


hdi lOur-iciu Ojiora omniu T 22 CununonluliouoH aniilylicao 
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ideoque 


>1 + 2 

(IX _ rf tt(l-f-MM) 4 __ 

l /(2C(l + ««)"5 L '-^p»" +,! ) 
quao ob variabiles separates denuo intograri potest. 

SCHOLION 

30. Hie quoquo mulfciplieatoris forma substitutionem idonoa 
cuius ope aequatio differcntio-differentialis in aliam traotatu 
transformabitur. Statui scilicet oportet 

y = z ]/ (a -|~ 2 fix + yxx). 

Hanc vero ipsam substitutionem suadet formulao indoles 

M + 4 

(a H- 2/fa* -\~ yxx -f cvyyy) 2 , 

quia hoe pacto unica variabilis in vinculo rolinquitur. At per ha 
tionoin ipsa aequatio multo magis fit perplexa, ita ut, otiamsi p 
simpliciorem 

dz {a + 2fix 

ad integrabilitatem rovocetur, id tamen minus pateat. Vornm si i: 
fuorit ordinis tertii, seu altioris, ne huiusmodi quidem substitut 
invoniri potest, uti in duobus reliquis oxemplis usu venit. 

PROBLEMA 3 

31. Proposita aequationo diffeventiali seenndi gradus: 

yyddy -j- mydy z — axdx 2 , 

in qua differentiate dx sumtum est eoustans, eius integrale inve 


x ^unui viuiiue oiujucuib, u a i 

iftio ilosuinfit.ur. Porduc.ta orgo aequafcioiie ad hanc formam: 


idy+V*L_**4* = o 

y v yy 


nilMplicotiir ou per Pdx* |- ZQdxdy + 3 Rdif, unde statiin habcbitur: 

. 'prima -pars inlcrjmlin Pdx 2 dy -|- Qdxdy 2 + Rdy* 
intcgrando rolinqnitur Imoc: forma: 


aPxdx* 2 uQx d x B d y 3 aRxdx 2 dy 2 

yy yy ~yy 


_j_ tnPdx 2 dy 2 2 mQdxdy* ^ 3mRdy A 

- dx3d « © - ~ dxdys © - dyi (S 


lace uutoin fonna iulogrnbilis csac nequit, nisi membra, quae cb/ 2 , dy 2 
nplioant, dcBlruuntur. Priunmi ergo pro dy* liabcbimua: 


— (^y) ~ sou 3 mlidy = ydR , 


bi x Hiiniitur pro eonstanto, unde fit R = Ky 2n \ denotaiite K funct 
)siii8 tan turn, sicquo crit: 




Tz=y”\dn- 


am pro destructiono tormiuorum dy 2 contincntium fict: 


^ o 

y \dy) J \dxj 


ou sumto x constant©: 


2 mQ d y — y dQ = y 2m *Hy (j- 


ua© divisa per y 2m + l ct intograta dat: 




y2ui m-f \dx 


sumta cienuo L pro ninctione ipsius x, iui uo mu 




ideoque 




1_y3»»+l ‘ ddK 


in -\-1 


\ dx 2 )' 


Dcstruantur denique etiam termini dy 2 continentes, undo prodit: 

“3“*V-* -»*-© + —.Jf—gif) -I" f '~(i 

quao sumta x coustante per ydy multiplieata pracbet: 

<IL\ , 1 


— 3 aKxy* m -Hy — + - n -hi mFd V- 


quae per y mU divisa ct integrata dat: 
— 3ft 


Kxy 2 "- 1 - ^ r*‘(§) + j (ir qnj5» 


2 m i2 


dd K 


2m —1 J m + l J \dx)^ 2(m-i-l) 2J \dx 2 

donotante M funcbionem ipsius x tantnm. Ergo fit 


P 

■i tin 


3ft 


P- My”'— — Kxy im -^ 


1 


?» -f1 


^" +1 (af u - 


1 


2{m -\~ 1) 


_ i Va y 


3 ?/ 


ideoque 


dP 


dx ~ V \ dx 


dM- 


3ft 


2m- 


- Ky 2,n ~ 1 - y* »-i (—\ _!_ ? / 

l * 2m —l* \dx) »» + l ?/ 
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+ Zw: 


.^3 


Nuno termini 


2(wi + l) 2 * \dx*f 

integrate a: pro constante sumta, suppeditabunt 
JT. alteram integralis partem: 

— 2fmZa,’ 3 (~—!— -Ly 2 '*-' -_- \ tu-j™: 

\2m — I y %m{m + \) u \dxj ) a 


dx 3 (■ —- y ,n+1 
\?tt+ 1 ‘ / \dx 


m{2m — 1 ) 


ZTn Ky Zm — 


ax 


m(2m — 1) y 


.317» 




2(m + l)* y U^ 3 / 0(m + l)3^ 3m+! '(dajaj 


tins ergo differential posito y eonstante sumtum aequale esso debet res 
'ti-y ) ~—> unc ^' I )0r dx i diviso habebinius sequontem aequationom 


t3»! 


... „ 3aaxx Tr „ „ ax *!dL\ , ax *„.(ddK\ 

Ky »-» _ j -|- (^-) 

2a r 0n , i , 2« .,JdK\ 2ax 91B ,/d/A . 2«.r 

2m--I LlJ S mT(m l ^.r) 2m — 1 ;?/ \Ux) 3?w (m + 1 )& 

_ L..ym J d _ dM \ i _ JL - 7/ 3,.( V/ -L _ 1,1 

\ tlx 2 j r 7ii(2m — l)' 7 \dxj r w(2w—l)' 7 \ dx j 

_|_ — _]_ . 1 _«aw+2 __^-«3m + l 

1 7,i(2m~l) // [tlx 2 / 1 2(m-\-\)' tJ Us 3 / 0(m-f-l) aJ Ida; 4 / 


/ ^ jy \ 

= function! ipsius x = [■< — ). 


3 iam siugulac clivorsac ipsius y potcstalcs seorsim ad nihilum rediganf 
a y m ~ 2 ct ?/ 3m ~ 3 somol occurnuit, nisi sit vol -in — 2, vcl m = I, habo 
= 0 ct K =- 0; ct supcronuit tantum termini per L affccti, inter 

itarius est ?/ 2m+a ; undo osso debet = idcoquo 


L -- a -\- 2 ftx yxx, 


,qui per ?/ 2,,,_1 afl’ccti dant: 


2ax((l -\-yx) 2a (a -|- 2 fix yx x) 4k ax ( ft -[-yft ) 

77i-]-l 2?n. — 1 2 in — 1 ~ 


ne debet esse 


a 


= 0, ot = 0. 

’ m-f- 1 2ttl — 1 


ibus conditionibus in gonoro satisficri noquit; constituendi ergo sunt 
uentos: 

I. Si a = 0 ot y = 0, fiot in = — ita ut aoquatio proposita sit: 

Z 


yyddy — \ydy 2 — axdx 2 


dd y- d jl- 5 ^ = 0. 


2?/ yy 

m igitnr sit K = 0, L = x, M = 0 ? erit: 


JK«0, Q = -- etP = —2 

2 / 


et noster multiplicator erit: 


- u* + 2xd — J 

y 

ideoquo integrate quaesitum: 

— 2 dxHy - 1 - = Cdx\ 

J y 1 yy * 

sen per dx dividondo 

axxtlx* -\- xydif 2yydxdy -- Cyydx 2 . 


II. Sit a -■ 0, ft — 0, ent m = — 


proposita: 


ddy 


2 dy 2 
0 V 


2 

— et aeqimtio ditTcrcntio-< 
__ axdx* __ q 

yy ~ 


Cum igitur sit K = 0, L xx ot M = 0, orit 


_i ] <i _1 

R= 0 , Q = xxy 6 , P = — -jxy 5 , 
unde noster muitiplioator fiet: 

10 - 1 - --- 
— y®?/ 8 ^ 2 -|- 2xxy 0 dxdy 

et integrate quaesitum 

— Yxy ( 'dx 2 dy + xxy & dxdif-\--®-ax 3 y *dx* -\- — i/ 6 dx 3 = 

n 

sen per dx dividendo et ?/" 6 multiplieaudo 

— y vyydxdy + xxydif + jax 3 dx 2 + ~ yHx 2 = CyHU 

HI. Ante vero iam duos casus commcmoravimus, quibus cat 
vel m = 2. Sit ergo primo m = 1 et acquatio proposita 


ddy+W_\ 

J ' y yy 

ac fieri debet 




tincmua M — 0, N — — 3 aa\Kxxdx ct 
jdL\ r n 35 (ddK\ 7 j(lK\ /d 3 L\ A A 

*(3») 2£=n°, 0 3 ^U 2 -)+tU-)=°- U*)“* 0 ’ M~°- 

litionibua satisfit, si sumatur: 

L = 0, 7£ — l, il/ — 0 cl> A r ” - - 


: ft == y\ Q = 0, P = — 3 «a,7/ 3 . 
iro nostor multipficator orit: 

— 3 axy^dx 2 -|- 3 ?/ 3 dif 

i’alo quucaitum: 

— 3 axy 2 dx?dy -\- if dif -\- aifdx 3 --p artaPdx* ■ - Cdx*. 
Sit iam m = 2, ut aequatio nostra liat 


: j,if (K 

' y yy 


icri dobot huic acquationi: 

J )= aMx ~ - b il < i/3 - ax HS) ~T^(W) 

1 0 a ' y \dxj ^ 18 ?/ \dx*j h 3 J \ dx 2 j 1U2 ?/ U/.'cV* 

p jY = u$Mxdx> ac Htatui potest L — 0, K = 0, M — 1, undo fb 
xx. Hiito voro fit: 

^ = 0, Q - 0, P - 


ldtiplicator futmus ait ifdx 2 ct intogivdo 


yydx 2 dy - -r-axx dx 3 = CVAc 1 


2 ?/ycfy/ — axxdx — 20 dx. 


COROLLAR1UM 1 

Caaus ergo ultimus, quo m = 2, eat omnium facillimus, cum per multi 
m adco primi ordinls confici poasit, quin primo intuitu aoqnationi 

yyddy -i- 2 ydy 2 — axdx* 



patet. Casus autorn primus ct accundus, quibus est m = - 
multiplicatorom formae secundae, ob R — 0, resolvi potu 


COROLLARIUM 2 

33. Solus ergo easus tertius, quo est m -- 1, rcsolutu 
requirit multiplicatoreni formao tortiae. Quare notctur, 
ncm differcntialem secmuli gradus 

yyddy + ydy 2 — axdx z = 0 

intcgrabilcin reddi, si mnUiplicotur per 3 ydy 2 — 3 axdx z 
ot intcgrolo osso: 

y 2 dy 2 — 3axyydx 2 dy -}- ay^dx 2 aax 2 dx 2 

COROLLARIUM 3 

34. Poito autom notandmu ost, Italic oxpressionom 
pliees resolvi posse. Si enim ponatur brevitatis gratia a — 

j_ w _3 

ot v - - g -, aequatio hacc integrals ita rcpracst 

(ydy -b cydx -\- c z xdx) (ydy -[- (xcydx -\- vc 2 xdx) (ydy -[- vcy< 

COROLLARIUM 4 

35. Hinc si constans C smnatur = 0, tres statim ] 
integrales particularea: 

ydy + cydx -b c z xdx = 0 
ydy -[• jtcydx -b vc z xdx = 0 
ydy -b vcydx -f y&xdx ~ 0, 

quarum prima continct oasum iam supra [§ 7] indieatm 
sunt imaginariao. 


osito 


ds 2 (ass -j- fts -\- y) = rrdr 2 -{- 2 r 3 ddr , 


• . 2 — — 2 - 1 2 —- 
r - y 8 , ut sit dr — y Q dy ot ddr — -y 8 ddy — 8 dy 2 , 

lnuic formam: 

^y 3 ddy — ds 2 (ass -j- fls -\- y), 

ro antom obscrvo, si habcatur huiusmodi acquatio: 

Sds 2 — mr> l d?‘ 2 np'+'ddr, 

n 

l* substitutionom r = i/ wl + M rcduei ad hanc formam simpliciorcm: 

l‘ ii-mj-ii 

Sds 2 — ——— ?/ * rt + M rfdi/. 

m -j- ?t ,y ,y 

lodi ergo acqnationos oilmen oomplocti lieot in hac forma geuornli: 

ddy = y ,L Xdx 2 . 

iiis ergo, quibimnam easihus tarn oxponcutis n , qiuun functionis X luu 
o iutegrari queat per liostram mothoduiu. 

PKOiiLEMA 4 

Casus pro oxpononto ?i ot natnrani functionis X invoriire, qnibus ha< 
o difl'erentialis sccundi grad ns 

ddy -\~ y n Xdx 2 — 0, 

est constans, intograri quoat. 

SOLUTIO I 

matur primo imiltiplicator primi ordinis P, ot iiitogranda erit lia< 
Lo: 

Pddy y n PXdx 8 = 0, 


>udi Eolkiii Opom oinniu I 22 Commoulfit ionoa nnalytioiu) 


•11 


unde liecesse oat, sit (^j — 0, idcoquo P fnuctio ipsius x tnutn 
P — K, ot intcgrari oportet ob dx oonstaus: 

<Lx(rKXdx-dy^ f)) 

cuius integrate ncquit esso, nisi 


Oportet autem sit 


y n KXdx* yddK — 0, 
quod fieri noquit, nisi sul) his conditionibus: 

i UUC 


n ~ 1 et X —■ 


Kdx 1 ’ 

ae turn aoquatio intogralis crit: 

Kdy — ydK — Cdx. 


SOLUTIO II 


Sumto multiplicatove sccundac formao Pdx 4- 2 Qdy, intog 
cicnda est haec aeqnatio: 


2 Qdyddy -f Pdxddy -f y n Xdx z {Pdx -f 2 Qdy) •■= 0 , 
unde integralis pars prima colligitur 


I. Pdxdy + Qdy 2 . 

iSiipci'est orgo, ut integretur: 


y n PXdx 3 -J- 2y n QXdx z dy 


— dxdy 2 


dQ 


dx 


dy*( d -Q\ 

\dVI 


\0,ij) K * c ‘ oc l uo Q = A functio»i ipsius .r. 
habohimus 



era pars intogralis orifi: 



tf'LXdx -|~ 2 y n KXdy 


cb/X\j 5 
"r/a : 2 


Jnlilale ipsius v/ ergo eoncluclil.ur «?/rm par-s inleifralis: 

n. , r .. xx _ y g) + !„(«$)jtf), 

ibilitas ipsius ;r jiostulat, ut sit: 

r fjX - , r ~ r" * g) + -Jr« x ft 

/dd/,\ , j , /^w\ 

.+ U| 

* velinius mdoJiuitum relinquoro, csso debet 

(S)“0 et = 


lligitur 


2 — k( (IX ) I- x(~ K -\— 0 

:n U*/ + » + r v U®/” ’ 


y ! at °b('^)= 0 orit 


H + S 

A 3 *=4 
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K = a 4 2/Js 4 yxx, ideoque X = 


ot 


(a+ 2 fix-]- yx-, 

Q= . a-\- 2/?.r -r y.i:a ; P=- ~ 2y (/? 4 yx). 
Quociroa inultiplicator crit: 

~ 2ydx ( fl -f yx) 4 2 dy (a 4 2/5a; 4 yxx) 
ct liuius aequationis dift'oi’cntio-difiei’entialis 


ji i A)f n dz % n 

ddy -j--■ — , 7 + 3=0 


integralc evil: 


(cc2 fix-\~ yxx) a 


— 2ydxdi/((3 4 yx) 4 dy 2 (a 4 2/fa 4 yxx) 4 


tt+1 


4 yyydx 2 = Cdx 3 . 

Supersnnt autem casua, quibus eat vol n — 1 vel n = 2. 
I. Sit n = 1; ot conditionos praeecdentcs postulant 


(a 4 : 


, JJ d l 

+ 2 U: 


sen 


hinc fit 
idcoqne 
et 


iX + (^)=°^ 4 r x (S + St x (^ 

LXdx* + dilL = 0 ot 2IM + 4XtiK + ^d^s) 


2KKX + = Const. 


2KKXdx* ■(- iMir — -i-tWs? = .to 2 

Z 




J3dx' + \dK* — KddK 


2KKAx* 


[denotante E constantem]. Pro priori conditione autem pona 
orit 




atque huiua aequationis 


ddy 4 yXdx* = 0 


' . 2KKdx a 

quo functio ipsius a; snmatur pro K, erit integrate: 


— Vdxdy^] -f Kdy* 4- yyKXdx 2 + ^ GdxK 


UldK 


»Sit n -- 2; ot comlitiones postulant: 


2KdX -I- 5 XdK - 0, LX = \ 



r- 

at X — Al< a , qui in altora substitute pracbet 


ob 


wito 


2 ALK'^dx* = d s K; 

[-£$ ) “ 0, orit L = a.+ fix, 

7f = (a+^r 


2 /I (a -|- /3a:)" 3 - ^(^u — 1) (^u — 2) (a + ^)'‘- 3 |S 3 

~ ; liinoquo 

_ ti o i4 — 2403 

2il=- t - lL v/5 3 ot * =-» =-»■ 

J (a-i-fix) 7 343 (a 4 -fix) 1 

I 8 1 

Q ~ (a -|- fix)'?; P^a- p (3a — T iSy (a + M 7 • 

lontov huius aoquationis difforcntio-differoiitialis 

ddy 4- tfXdx* = 0 

to 

-24/j» 

A =-- 20 

343 (a 4-^) 7 



— fly dx* + 


= Gda*. 

4i) {u + flx) 7 

III. Si n — 2, adhuc casus notari incretur, quo L == a, ct 

- :V'‘, 


crit 

undo fit 

Quavc evit 

ac porro 


1^3 


V- 


2 a Ax *=ju{u —1) (ft 2)a , 

{ , n I .c 24 

= -'} et 2 aA = -^-\ kleoque 


" r 24 V A ■ 

K = x\ L= A - lt -, 


0 ^ 24 fi y 

Q~x\ p = A _!_• 

7 x 7 


Con.soqucnter huius aoquationis 

, Wy + dS^ = o 

integrate orit 

24rfa?djr flffrfsrftf , Jf rltA , == 

"8483-- + X ( •" + 


lx 


3a; 7 


49£ 


SOLUTIO HI 

Sumt-o lnultiplicatoro 

Pdx* + 2Qdxdy + 3 Rdy*, 

prima integrnlis pars existit 

PdxHy + Qdxdif + ltdy 3 , 

et reliqua oxpressio infcegmnda 


■if PXdx* -j- 2fQXd.iv 3 (Iff -|- Zy»nXdx*(Uf 

idP\ , , n idP\ 






q statim, lit ante coneludinnia, H -- K fiinetioni ipsius x, turn vero 
/, / if//<\ (dQ\ (dL\ tddK\ 

Q-=^-v[^y ct s° y=y.yy 

ide dostmutio terniinormu per (hf affeetorum praebet: 


pio (it 


71 - M ~y ©+-i-Mw)+ 


i ergo sit 


dl\ idM\ jddb\ , l UPK\ , :i „(dKX\ 

7/J l (U-) y '2 y y\dx*) + ?yM \ <Zaf) ’ 


2y n QXdx*dy 2 Xdx a ^f Ldtf - ■ y n * x dy J 

liui per dy adeeti praobont allv.mm inlegndu ■partem 

2 r \r mi 2 tt , 2 vl dK \ ( dM \ , 1 fddL\\ 

+ T LX V - ~2 ?y A U)“»( 3 *) + T»»(» ) 

- 1 . ( 1 3 J- ) _- 3. _ 7 y« V2 / \ J_ iV I 

Wa 9 ) (a -l-1) (w -h 2) ^ \ dx j 1 ] 

voro, oh prinuim tonninum ifPXdx 4 , cssc oportot 

0 = r MX-r«xl£) + ^ y»»xxx 

?t + 1 \ dx j ^ 7i -|- 2^ \da fi j ^ w-p 2^ \rfa:j\rfa:J 

v i d /m_±,.J?£\ , ± ? ,/y*\ ,_s_ 

*y da 8 / 2^'\dx d l 0 \rfo: 4 ^ ^ (?i-|-1) (n+2) •' \ c/# 3 / dx 


da 3 





hie casus ad praecedcutem dodiiccrctur. Consideremus ergo easi 
1. Sit n = 1; critquo 

^ ~ 0< MX + i^) = 0; 


unde ne X ad priinam solulionem revocctur, iieri dobot M ■--- 
habebitur. 



Ac ne X ad modum casus praeeodeutis definiatur, quo erat n 
L = 0; unde X ox liac ncquatioue defuuri dobet: 


Y KXXdtf + \xdxHdK + --dxHlldX + -i- KdxHdX + - 
II. Sit n eritque 


2KXX — i-(^) = 0, M= 0, N = 0, 



13 Y jddIC\ ±(dX\ (dK\ 4 fdd-KX\ _ n 
'id l da? j ~G \dx ) Via; J + G \ d& ) ” U 


sen 

~~ XddK + 1? dKdX + 4- KddX = 0 , 

10 5 5 

sed huiusmodi casibus non imraoror. 

SOLUTIO IV 

Teutetur etiam factor tortii ordiuia 

Pd$? + 2 Qdx 2 dy SRdxdy* -j- ASdy*, 
undo nascitur integralis pars prima: 


PdsPdy -|- Qdx'dy 2 -|- Hdxdif -(- Sdif 


rcliqua oxprcsaio integranda crit: 

PXdx n -\- 2 ifQXdx'dy -\ 3j/ n RXdxPdy 2 -\- dy 11 SXdMdip 

M:f\p 

-dxhly^~dxdy'^) 

— dx dy 1 ^ — d y 5 ( 

it orgo 

8 ~ K > R = L -y^) 

[11(3 

4 r KXd U -m-d V i^)- { . »*„(!§)=--0. 
i hio in oalouloH minis mclealos dclabitinnr, [minimus 


n ob 


K --- A , L — B, ut ait & A ot It = B ; 


(IL 

dx 


in vcro habobimua: 



50 


P = BXr « - - v 4-f-rv, ?/ 

n-\- 1 J (a -[- 1) (?H-2) ,/ 


u (3 


q/X\ 

/ 



'MS 
u -h- f 


y 


H+l 


/(/X 

\da; 


_4/1 _ 

(«-M) C«-p2) ,y 


n+a 



no orgo nasoitur alltra into.yralis pars : 


4/1 


(» -I- I) 2 


XXif ^ 2 — -- 


_ ?/ »4a 

} /„ _J 0\ .7 


(»-H) (»H-2) 



4/1 

(«+J) (»+2j>«+3) 



:oquo debot 
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Cui aeqimtioiu ut satisfiat, ponatur 


- 0 et @) = ° 
sou 

X = a -p 2 px -p yxx, 

fintque 

■4/1 ,8/1 G 

(ii+ij"(H+2j' i '(»r+i)>“° Slve 3 

undo crifc: 

2 

-s r = A, R = 0 , = — 6 /ly a (« + 2 Px -p y.v.17) Ot 7> = 36 . 

Quare lmec acquatio diffcreutio-difteicutiaUs: 

(/f/?/ -P y [a -p 2 px -[• yxx) -■= 0 
fit intcgrflbilis, si multiplieetui' per 
1 •<; 

3G y 3 {/i -j- yx) dx* — 12 y 3 (« -p 2 /?a: ~p >;;«:) -f 4 

cfc integmlo erit 

.1 2 

36 ij 3 {fi -p yx) dx*dy — Qy 3 {« -f 2px -p yx'.r) <M?/ 2 -p 
^ » 

+ 9 V 3 (« + 2 -p y.r.xf i/js 4 — 27 yy'dx* = Cdx 1 

atque in Imc solutionc oontinetnr oxemplum quartern. 


COROLLARIUM 1. 

38. Quartuni orgo exejnphim supra alJatum [§ 7 ot 36] aoqim. 
rentialem maxime mcmorabilem contiuot, propterea quod oa non 
tovem tertii orclinis ad iutogmbilitatom perdnci potest, undo oi 
uuilto minus ah aliis mctliodis oxpcctaii potest. 


). Hi vicissim ergo poimmns ?/ = jz 2 , ut sit 

i i r. r. 

7/ a =z 2 ^'/ et y* ^ h 2 f/ff , 

a .L o 1 .. _i 

''/?/= ^fz 2 dz et ddy =?■--fz 2 ddz-^-j-jz 2 dz 2 

uatio proposila: 

A/ s T rfrf2 -|. i/* + 

igrabilis, si nmlliplicclur per 

30i(/?+ f+ «••*!** r/ + 

*•' ' 2 

gralo orit: 

91 k l 

(P -p yx)dx^dzf/j — /(a + yxx)dx 2 dz~f / f -p j (J -/ 4 zz^ 2 4 


«(a +_2/^_-|-r.'':afrf^ 
/Z2J^/ 


21yjzzdx A f/j = Cdx\ 


COROLLAllIUJVt 3 

. Ponafcur // f' j( ~ -* , ut haboatur luicc aoquutio: 

2 z*ddz -1- zzdz* -p dx 2 {a ~\- 2ftx -\- yxx) = 0 , 
o fiot integi’ftbiiis, si multiplicctur per: 


2(/?-f -yx)dx s («-p2 fix yxx) dx 2 dz ,dz s 

zz z 3 ’ z ’ 

integrate: 

4 z (ft -p yx) da?dz — (ft -p 2 fix -p yxx) dx 2 dz 2 -p ~^zzdz A 

+ _ 2 = Cd* , 

Zzz 


jquatio otiam hoe modo repraosentari potest: 

2fix -p yxx) dx 2 — zzdz 2 ) 2 -p 8 z a {/? + yx)dx 3 dz — &yz A dx A ~ IUzzdx* 


41. Si sit a = 0, fl ^ 0 ct y = a 2 , sou ista aequatio intcgvan 
2 &ddz -h zzdz* aax.vdx 2 = 0, 

c?a intogiabilis rcddctni' per huuc nuiltiplioatorom: 

^ a axdx 2 auxxdx^dz ^ d£_ 

ZZ~ z 3 2 


ct aequalio integmlis erit: 

{aaxxdx 2 zzdz 2 f + %<uixz*da*dz — kaa&dtf = E 

sen 

(amends? + zsdz 8 ) 8 — (zdrc — »rfz) 2 zzcitf 2 — Ez 


COROLLARIUM 5 

42. Posita ergo constants E = 0, pro hoc oasu goniina ao( 
particularis habebitur: 

1. aaxxdx* 4- zzdz 2 — 2 (zeta: — xdz) — C 
II. aaxxdx 2 -p zzdz 2 -p 2 azdx {zdx — xdz) = ( 


quaruin ilia resolvitm* in 


liuec vero in 


axdx -p zdz ~ ± zdx ]/2a 
axdx — zdz = 4 zdx ]/ — 2a. 


SCHOLION 

43. Evolutio horurn exernplornm ita cst oomparata, at non 
in resolution© acquationum differentia limn secundi gruclns i 
cum onim bacc exompla, si nonnullos casus faciliores exeipiarm 
rum adliuc usitatnruin expediri ncquenut, nova haco methodi 
per multiplicatores conficitnr, non solum optiino cum success 
etiam nullum ost dnbium, quin ea, si uberius cxcolatur, multo i 
sit allatiuu. Pai'i autem qnoque successu acl aequatiouos di 
ot altiorum graduum extencli poterit, siquidem eertum est, q 


8. Quod cum ctiiun vcrum sit in aoqimtionilnis ditfercntialibus prinn gradii 
laruni resohitio per methodum tales factorcs investigandi non mediocriti 
inoveri potorit; ubi quklcm totnm negotimn co vcclucitur, ut quovis ens 
a(o idoiKMis mnltiplieator inveuiatm'; atque in nequatiouibus qiiidci 
'orontialibus priini gmclns hie factor semper crit functio ipsarum x ct 
turn, vomm oh hoe ipaiun quocl diversitas ordinnm locnm non habet, eh 
ostigutio nndU> diffieilior videtur, imprimis quaiulo iste factor est fnuct 
iHoomloiiH. Cum autom lincc ratio iutegrandi naturae aequationum s 
ximo cousontanoa, non sine eximio fructn studium in oa oxcoleuda colh 
>i tin*. 
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SUMMARIUM 

Saeculum mox crifc clapsnm, ox quo idea Ditl’crcrituilium et Integral 
successu in Analy.sin est invoctn, undo etinin hacc scientia tanta snbito 
menta, ut, quiequid antca fuevat explomtum, vix comparationcm sustinoa 
nutem hoc novum calculi genus summorum ingeniorum studio ot indefess 
est oxc.ultum, minimo tamon id exhaustum est reputandum, et quo iilteriu 
pcnetrarc licet, eo amplioies campos etiam mmc prorsiis incnltos dotogr 
qui vires humanas longc snperare vidontur. Cum igitur labores in hoc stuc 
tantum utilitatis attuleiint, co inngis bine nnimi Gcoinotmrum inflann: 
omnibus viribus immensum hunc campum perscrutari annitantur. Quorum 
antiquis tantum olomentis sunt adstriota, vel qui a Mathematicis dis< 
abhorrent, uos idea Infiniti, cui subliuiiores istae investigationes sunt mip 
niedioeriter offender© solet, ot voce perperam intolleota, plorumquc si 
snbtiliorem lianc Analysoos partem tantum in vanis ciroa Infinite magna c 
speculationibus consumi, neqne indo quicquam utilitatis ad vera cogi 
obiccta, quippo quao omnia sint finita, oxpeotari posse. Quae opinio, otsi n 
tis, quao subliniiori Annlysi accopta referre dobomus, iam funditus cs 
tamen abs re erit perveraas illas Infiniti ideas, quibus ea innititur, remove 
Cum igitur univorsa diathesis in omnis generis quantitatum contemplatio 
tione versotur, nemo ignoiat, ploraaque quantitates, quas in mundo > 
continuo varinri, ct pei petuis nmtationibus esse obnoxias. Coelum inspioi 
solom, lunam et stcllas situui suum iugitcr nmtaro, sola ilia stella except 
in ipso mundi polo fixa apparct: situm autom per quantitates cognoscin' 
cuiusquo stellac, sivo rcspectu nostri Horizontis per Altitudinem ct A: 


ononnam cognitiono quanl-iiaUmi eontinori, qimrum nliao conlinuas mutut 
mlur, modo maiorcs modo minovcs, aliao vero porpofuo eucdom rnanoant, * 
tudo cuiusquo slcllao tixue, oliamsi nunc quidom hie Icvis variatio sit obsorvatn 
Cigo quuiilitutum, qua« rmtuiu nobis offoi-t, divisio in Vnrinbilos ct Constitutes 
nanifosla, simulque inlclligit-ur, dittioillimiim nostrae oognitionm partom in acc 
ltilutnm Variabilium invostigaliono esse constitutam. Scilicet turn demum porfe 
itiommi motuum eoolostium, voluti planotno, sou oomotne. Humus adopti, oun 
ds tomporc dins locum in eoclo, line ost, cion Longitudinom ot Lnlitndinom, assij 
orituus. IVmamus nobis limac motum hue mtiono esso cxploratum, (pio melius iu 
.utionos figoro queamus; quicquid onim do hoc oasu dixoro, id fnoilo ad omnis gc 
ititatc.s vaiinbile.s tmnsforotur. Cum igitur ad quodvis lompim, quod paritorqimm 
nuir, lunao turn Longitude, quam Latitude, assignavi queaf, ut-mquo lmoo qimi 
;ompus detcrminatur, sou si tompus a corta opoolia elapsum denofotur littora t, 
ritudo, quam Latiludo lunao oxprimetur corta quiidam formula per Lompim l ut.cu 
ila. cuius valorem pro quovis tempore t assiguaro Jicoat*. Huinsinodi formula-gem 
s valor dotonninatus pro quolibot lemporo dotorniinato oxhibori potest, vocal 
ysi Funotio quanlitatis l, sicquo nostro ensu ct Longitudo of 'Latiludo lunni 
upmedam Funotio temporise, cuius riatma, hoc cst ratio compositionis, si nobis 
|)ceta, motuH lunao perfectam Imborcmim cognitionom, quae igitur iota in ra 
im finiotiomun sita osf eensonda. Cum. igitur indo constot, quantum lnutatiOncMU I 
jitudo ct Latiludo quovis tomporo subeat, vnrinlio ctiam, minimo tem])oro fuota, 
10 ot ipsa crit minium, dofiniri, oiiisquo rolntio ad ipsum tompus minimum n-ssi 
rit; t(uao cognilio maximi ost momonti, oum indo mutai.io moinontanoa innotc 
quo hie impedit, quo minus tompusouhim istud cvanoscons sou infinite parvum ac< 
Atquohio ost fonslnfinito pnmirmn, in Aimlysi reooptorimi; ubi probe n otari com 
lain ipsorum parvitatem, quam rat-ionom mutuain, quae uticpio ost linita, considi 
icmadmodum luiiusmodi Infinite parva DilTeronlialiu vooanlur, ila Calculus, ino 
iouo scrutanda oooupatus, 'Difforontialis appellator: noquo hio quicquam do In 
is ost motuondum, oum omnis oaloulns in covum relatione, quae cat fmita, alisolv 
:onua quidom assumsimus indolcm oarum formularum, sou Funotionum, quao L 
lom lunao ot Latitudiiiom por tompus exprimnnt, esso cognitam; vorum si vie 
mutatio momontanoa dnrofur, quippo quam ox viribua lunam nollicitantibu.s ooll 
, turn quacstio ad naturam illaium Funotiomim investigandam rcducitiu', tot 
> thcoriu ipsi ost supomtruenda. Hio igitur ox mutatione momcntanca, bou, ut 
ao loqmmtur, ex data rolatiouo Difl'eronlialium, indolos ao natura ipsarum fur 
dotonninari dobet, in quo Oaloulus Intogralia continetur. Quoniadmodum it 
ibis Did'crentialis docot Funotiomim DilTorontialia, sou potius oorum rationen 
garo, ita vicissim Calculus rntogrnlis ox data Difforontiulium rationo indolcm Fur 
oruondi molhodum tmdit. Utriu.squo orgo vim ita ooinmodissimo doscriboro 
v fucrit Functio quacounquo quantitatis t, ao ponutur Diffcrontialium ratio ^ 
dus DifTorontmlifl mothodum exhiboat, ox indole Funotionis v hano Diifcronlic 


indo natura Functionis v, sen quomodo ea per t detorminetur, 
ox ilia aequationo data quantitatcm p = ~ per t ot v dofinirc lice 

Mdl -j- Ndv -- 0 

nascotur, Diffomntinlis appellate, in qua littcmo M ot N utounqv 
sunt intolligonclao, ct iam qunerit.ur, cmusmodi funotio quantita 
codom rcdit, aequatio rclationom inter t ot v oxprimons requiritui 
ip.sius t valor ipsius v assignari queat. 

Hano igitur quncstioncm in latissimo sensu accoptam Col 
tatione eontcmplatur, ot postquani animadvert,it, cam tantum p 
rcsolvi posse, atquo in liunc (inom mothodos nmxiiue diversas a ( 
inothodum niulto siniidieiorem mngisque naturalom oxponit, orm 
qimo simul viam ad ifturiiuos alios ousus patcfacoro vidotiu-. Quc 
ox ipso Auotoris soripto cat iudicandnm; bio taiitum nolasso in 
Mdl + Ndv = 0 otiam in latissimo sensu aceoptam, oxiguam 
veraae Amilyseos infinitorum continoro, quia tantnm Difl'cront 
pleotitur. Quodsi enim v fuerit functio quaecunquo ipsius t, ot Did’ 

^ — p, ofciam haeo quantitas p ost variabilis, ox ouius variafcio 
potest ^ — q, quae quantitas q Dift'erentialia seoundi ordinis 
cum pariter a t jjendoat, ponatui qiio = r, liaec littora Difforc 

plioaro ccnectur, ot ita porro. Quibus positis Caloulua Intogralis 
methodus ox data relationo DitTorontialium ouiusquo ordinis i 
vestigandi, ex qua ilia Dift'erentialia nascantur, seu, quod eodom 
quacunquo intor quantitates t, v , p, q , roto. quomadmodum quan 
invostigari oportot. Ab hoc autom porfcctionis gradu omnia c 
artifioia multo jnugis sunt remota, ot quae adhuo ignorantur, imir 
illam particular, quam otiamnum ovolvoro lieuit. 

Voi'um no sio quidein lota vis Analysis infinitorum oxhaurit 
funotioncs liio sumus contomplati, qimo per unioam variabilo 
longitudo vel latitudo lunao speotari poterat tanquam Funotic 
qua tempus oxprimitui . Dantur autem utique casus, quibus oil 
runlur, quae simul per binaa, vol tornas, vol adeo plurcs variat 

Huiusmodi exeraplutn se offert, quando motus fluvii dofinir 
tatcra pro omnibus punotis, quae in fluvio oonoipero licet, detori 
autom punoti situs per ternas coordinatas x, yoiz dofinitur, ot oc 
tanquam Funotio temornm istarum variabilium x , y ot z crit o 
relatio inter harum ot ipsius Funotionis quaositae Differentialic 
quam forte ex prinoipiia motua colligove licot, quaostio Uuo red 


do -■ pdx -\- qdij -j- rdz, 

ut,a relatione inter quantitates v, x, y, z, p, q, r.acqiuitionc quacunquo expressa, qi 
quomodo funotio v per vnriubiles x, y ot z oxprimatm'. Turn vero, oum etiam • 
mo «int functioned coordimitanun x, y ct z, eanim quoquo Did'orcntialia, quae ho 
ni« sunt eensonda, in computum ingredi possunt, undo Inino quacstumcin, ut lati 
tat, etiam ad rolationom J)ifTorontiulium Kccundi ultiommquo ordinum extendi 
ot. Qiiodsi tuotus flmuinis otiam cum tempore varietur, turn ad oius cogniti 
ritateni non sohun pro quolibet pimeto, quod iam tomis coordinatis definiUu 
m ml quodvis tompua iisaignari dobet, ex quo ecloritns quucsitu, Lanqimm Vv 
mor van'abiiium, trium scilicet coordinatanun ot lomporia, orit spooUndu. Quc 
iiIiih Integral is generalissimo ita dofmui potent, ut dioatiu' osso mothodus • 
ct.iouein quotounquo variubilium invostigandi, cuius Dilfevontialui ouiusquo 01 
lositum tencaut relationom. Quioqnid autem adlme in hoe gonoro ost pmostitm 
urn fere casinn, qnofmietio unius variability cx data bifTorcntmliinn relatione qimc 
uinn admodiim, quod quidoni ad fimclionen pluriuni variubilium pertinent, in me 
iomotris cut allatum. In quo oum quasi Calouli Intogrulis pars altera sit constitu 
i’i cogimur, cam etiam mine fore lotam inoultam iaeoro. FnLcrmi tamon eortmi 
eiBam Tliooriam motus iluidorum iniio Analyseos parti maximum partem inni 
10 vix quioquam solidi ante expectari posse, qiuun lines Analysoos otiam in lioe g 
1 mediooritor fuerint prolati. Fortiori certo ineitamonto Geomotris hand orit opt 
os viros ml lioo quasi novum Anulyseos gonus oxcolendum intemlant. 


1. Considoro hie aequationes difl'orontialea prinni gradus, quae dims tai 
uibilcs involv'imt, quas proptcren sub lute fomm gonomli 

Mdx + Ndy - 0 

•acsentaro licet, siquidem M et N doiiotcnfc functioncs quuscunquc biiu 
labilium x ot y l ). Bojnonstratinn aulem eat, hmusmodi acquationom bqi 
am rolationom inter variabilos x ct y oxprimcrc, qua pro quovis vi 
m corti valoioa pro altera cloliniaiitur. Cum autem per iutcgmtiouom 
tio finita intor ambns variftbilca invoniri dobcat, aoquatio integrali 
lent ad oiniiom amplitudinoiu exteudatur, novam quaiititatom constat 
piet, quao, dum ponitus ab arbitrio nostro poudot, infinitas quasi ac 
.cs integralos compleetitur, quae omnea acquatioui differential i a 
voniaut. 


1) Confer fnniilulionca calculi iuicymlis, vol. 1, § 441!—038, ubi inngnu pars oovimi, quao i 
mmtationo conUuontur, iuvonitur. Lkonjiahm Evu-:tu Opera omnia, series t, vol. 12. 11 
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Mdx + Ndy = 0 

lot;i vis Annlyseos in hoc consistit, ut aequatio finita inter 1 
.i- et tj eliciatur, quaecandem inter illas rclationcm exprimat, 
I'outialis, efc quidem ktissimo sensu, ita nt coustantom qnain 
quae in difVcrcntiaii non iuost, contiuoat. Verum si haeo qu 
lissimc proponatur, unlla plane aclinic inventa esfc via acl oil 
veiiiendi; atquc omnes casus, quos aclhueresolvero licuit, acl n 
exiguum rcduci possunt, ita ut in hac Analyscos parte, pori 
maxima aclinic incvcmcnta desidoventnr; neque ob hanc cans 
omnium hums seicntiac arcanorum cognitio expoctari queat. 

U. Quae quidem aclinic in hoc nogotio sunt pracstita, 
hos casus referri possunt, quibus aequatio diffcroutialis 

Mdx + Ndy ~ 0 

vel sponto sepavationom variabilium aclinittit, vol por itlon 
ad talcm fonvnnn recluci potest. Quodsi enim introduconclh 
novis vambililms v ct z, aequatio differentials propoaita in ! 

Vdv -b Zdz = 0 

transmutari queat, in qua V sit functio ipsins v tantum, ot, 
totum iiegotiuni erit confectum, dum aequatio integiulis e 

\Vdv -f \7jdz —- Const., 

qiiac manifesto illam eoustantem arbitrariam per general 
invectam complectitur. Atquc hue fere redeunt omnia artiliein 
adlmc in rcsolutione huiusmodi nequationuvn sunt usi. 

4. Nisi igitnr aequatio proposita differentialis sponte sc 
bilimu admittat, totum negotiiuu in hoc consumi est solitm 
stitutioiiea, quae ad separationem viam parent, investigan 
snepius snmiunm sagacitatcm, quam Geometrae ad scopum 
hueruut, admirari oportet. Interim tamen cum nulla certa 
modi substitiitiones invcstigaiuli, lmec methodus minus ad r< 
ticcouunodata, ox quo coustitni, aliam methodum non nova 
tamen etiainmme non satis cxcultam, accuratius perpendt 


:hoclmn, vchifc partem, in se complectifcur. 

5. Aoquationc differential! ad lianc formam 

Mdx -j- N dy — 0 

'luefca, oousidoretur formula Mdx -f- Ndy sine rcspectu babito, quoi 
noseoro dobcat, ct oxaminotur, utrnm oasifc differential© emuspiam fun 
ipsarum . 1 : ct y, noe Lie? Quemadmoclnm hoe ox am on sit instituoiu 
passim ubundc ost explication; ntramquo scilicet fmictionom M c 
arcfitiari oportot, ofc cum oarum difforontialia hmusmodi formam 
ituru: 

dM -= 'pdx -J- qdy ct (IN rdx ~\- sdy , 

nciatur, ntrum sit q — r, ncc 11 c? Quodsi enim fucrit q — r, lioc infall 
eritorimn, fommhtm Mdx ^ Ndy csao intograbileni: at si non f 
r, aequo ccrtmn esfc, istam formuhtm cx nullius finitao funetionis ipsa 
b y difforcnthitiono cssc ortam. Kx quo tota quaestio ad duos casus r 
r, quorum alter locum habet, si fuerifc q = r, alter vero, si hao qnantii 
!; r non fuorint inter sc aoqunlcs. 

0. Ad aoqualitatom igitur, vol inaoqimlifcatoin, qnantitatum q ct r a£ 
dam, no opus qnidem cst, ufc funetioncs M et N ponitns per differo 
icm evolvantur, sed suffieit in functiono M, quao cum dx cst conim 
ntitatem ;r ut constanfcom Hpectaro, camquc tantum oius diffcrenl 
tom quaororc, quao ox variabilitato LpsLus y tantum nascitur, si cjni 
modo membrum qdy obtiuotnr, valorem anteiu ipsius q sio erutnm 

pfciono denotarc solco. Simili modo altera fmietio N, quao cur 

coniimefca, ita clifforontictur, ut y pro constanto tractotur, ot ox v 
,ate solius x impotretur differcntialis pars rdx , ubi valorom ipsius r pa 

(^~j exprimo. Quodsi orgo formula Mdx 4- Ndy ita fucrit oompa 

jit 

/(IM\ _ fdN_\ 

est integmbilis, eiusqnc integrate soquonfci modo invoniri potent. 
0 , si boo critcrium lioli locum habcat, vidcamus quomodo sit procodonc 


Mdx + Ndy = 0 


ita fuerifc comparatu, ut sit 



invenirc cms aequationem intcgralcm. 


SOLUTIO 

Si fncvit 

/(IM \ _ j(U$ \ 
\-(Tjj) ^ \dx I ’ 


tunc rlatur fimetio fmita binarmn variabilinm a: efc y , quao differ 
Mdx -f Ndy. Sit V ista fimetio, et cum sit 

dV ~ Mdx Ndy , 

erit Mdx differentiate ipsius V , si tantum x variabilo snmati 
clifFerculialc, si tantum y varinbilc capiatur. Hiuc orgo vicissii 
si yoI Mdx integretur, spectata y ut constantc, vol Ndy integn 
ut constantc: sicquc hacc operatio redueitur ad integrate 
differentialis unicam variabilem involvcntis, quae in hoe nog 
bra-ice succcdat, sivc quadiaturas curvarmu requirat, conccdi } 
aut-cm hac ratione quantitas V duplici modo mveniatur, et n 
vico constmitis fnnetionem qiiamcunqne ipsius y, altera vero ip 
ita ut sit 

et V = {Mdx + Y et V ^ jbVdy + X, 

semper has fimetioues Y ipsius y et A r ipsius a; ita dofinir 
\Mdx -f y — \Ndy + X, id quod quovis casu facilo pmcstf 
cum quantitas V sit intcgvalc formulae Mdx + Ndy , oviclcns 
propositae Mdx -f- Ndy = 0 intcgralcm aoquationem fore V = 
completam, propterea quod involvit constantem quantitat 
nostro pendentem. 

COROIAAR1UM 1 

8. In hoc problomate statim continetnr casus aequationu 
Si enim fuerit M fimetio ipsius x tantum, et N functio ipsiuc 
utique 


(Sh° ot (§) = 0. id8 °1 u ° (g)-(g), 

L ’ fi0 cn3,,s simpHciashnus, quern problema in so complectitur. 


COROLLARIUM 2 
uoclsi ttutom in uequatioue differential! 

Mdx + Ndy — 0 

fmiotio solum a, ot N solius ?/, utraque pars seorsim intcgnibili.s 
-que aocpmtio integralis orit: 


\Mdx -(' \Ndy — Const. 


COROLLARIUM 3 

Vnetomi vero nostrum problema rosolufcionem mfimtarum aliarum 
um dilTereutialium largitur, quarum omnium character communis 
nsistit, lit sit 

ftW\ __ (tlN\ 

\dy}~\dzj’ 

rcsolutio per integrutumem formulavum, unicam variabilcm conti- 
expodiri potest. 

SCHOLION 1 

Qnoties ergo in ucquationo differential! Mdx -]- Ndy -- 0 fucrit 
iV\ 

-I, eins rcsolutio nullam liabot difficultatem, dummoclo integratio 

m miicam variabilom iuvolvontium eoncedatur; quam quidem iuro 
lieot. Interim tamen doterminatio fanctiomim illarum X et Y, quao 
antinm introduci dobent, molostiam quandam creurc vidcri posset, 
mi singulis easibus mox cvanescere repcrictur. Verum quo magis 
icratio eontrahatur, nc dnplici quidem integratione cst opus. Post¬ 
il altera purs Mdx, speetata y tanqnam constant!, fucrit i ti teg rata, 
gralo sit = Q, stfttuatur 

+ Y, 

tisper Y ])ro function© indefinita ipsius y, in quam altera variabilis x 
on ingrediatnr. Turn difforentietnr denno haec quantitas QY, 
x tanqnam constantein, et quia differential© prodire debefc = Ndy, 


Mdx -!- Ndy 0 


ita fuerit comparata, nt ail, 

cW\ _ IdN \ 

dy)~ UW’ 

invcnire cius aeqmitionem intogralom. 

SOLUTIO 

Si fuerit 

(dM\ _ idN\ 

{<!]/) ~ \dx) i 

tunc datin' functio Imitn binnvnm variabilium x cl 
Mdx + Ndy. Sit V ista functio, et cum ait 

dV = Mdx -\- Ndy, 

crit Mdx differentiate ipsius J 7 , si tanturn x vai 
diftercntialc, si tantnm y vn-riabilo capiatur. llbi 
si vel Mdx intcgrctur, spcotata ?/ at constunte, v 
ut coustante: sieqno liace opiuutio rcduoitur 
differcutinlis unieam variabilom involvcntis, qiu 
bmicc sucocdat, sivo quadraturas cuminim rccju 
autem line rationo quantitus V duplici mode in 
vice const-antis functionom quameunquo ipsius y , 
ita ut sit 

ct V = iMdx -V 7 ot V = 

semper lias functioncs Y ipsins y ct X ipsius 
jMdx -(- Y — $Ndy -j- X, id quod quovis casn 
cum quantitas Y sit intogralo formulae Mdx -j- . 
propositae Mdx Ndy — 0 intogralom acquatio 
complefcam, propterca quod involvifc constant! 
nostro pendontom. 

COltOLLARIUM 1 

S. In hoc probtemato slatim continotur cast 
Si onim fuerit M fimetio ipsius x tantmn, et N 
utiquo 


i\ldx -j- Xdy 0 

cvit M functio anJius x t ot N solius y, lttraqne pars soor.sim irrtegrabil 
istit, ai.quo noquatio integrali.s orit: 

\Mdx -f \Xdy = Const. 

COROLLARlUiVt 3 

JO. Prnctcrca voro nostrum problcma resolutionem infimtarum nliarui 
qnationnin (UfferoiitiaUiiw targitur, quarmn omnium character cornmun 
hoc consistit, lit wit 

(<IM\ __ jdN\ 

\ <h>) ~ \ dx j * 

rutnque rcsolutio per intogmtionem formularum, unicam variabileni coat 
ntium, oxpediri potest. 

SCHOLION 1 

11. Qiiotics ergo in nequationc differential! Mdx -J- Ndy — G fucr 

■j) ~ eius rcsolutio nulla in liabefc difficultatcm, dummodo integral 

miilarum nnieam variabilom involventinm eoncedatur; quam quiclcm ini 
stularc licet. Interim taincu detorminatio funotiomira illarum X ct Y, qua 
:o constantium introduce debent, molestiam quandam creare videri posse 
ao antem singulis casibus mox cvanescerc reperietur. Verum quo mag 
haoo operatio contrahatnr, no duplici quidem integratione est opus. Pos 
am onim altera pars Mdx, spcctata y tanquam eonstanti, fuerit integrati 
od integral© sit = Q, statuatnr 

V=Q+Y, 

sito tantisper Y pro function© mdofmita ipsius y, in quam altera vaviabilis 
3rsns non ingrediatm 1 . Turn differentietur denno haec qnantitas Q + 3 
Lctando x tanquam eonst-antem, ot quia differentiate prodiro dobot — Nd\ 


JrltUJiLJiMA 1 
7. Si aequatio clifi’erenMalis 

Mdx + Ndy = 0 

ita fucrit emnparata, ut sifc 

(dM\ _ /dN_\ 

\dyj ~~ \dx)’ 

Juvenile eius aequatiouem iiifcegralem. 


Si fuerit 


dy 


(dN' 
[dx, 


^;r ,at v/' m 7 r' nitabi “ variaMi » m * «* v, <&*> 

‘ ' ‘ A ih J- felfc v ls ^a functio, efc cum sit 

dV = Mdx + Ndy, 

‘liilmuhwT? 0 ipSinS V ’ Bi tenhua * variabile sn 

? !; : 81 tanfcmn ^ vaaiabile capiatur. Hinc enro vi 

lit'coil t * nitCgretKr ’ s P ectata y Ut constants vel Ndy ir 

“'■tom Imc mtiiue qL^TdT^^*’ 00110 
vice (‘oustantis fininfin ^ Up lCi modo i^voniatur, 

ita ut ait Mm qU “‘l ue tpsius y, altera v* 

9 ‘ F =/^+y et F=/ My + J 
****»**» 

qimntittts F sit Intel ! ^ , qUOvis fa «le pra 
propositae Md, + 11 f J 6 *** + My, evid, 

fouiplctmn, propterea nnod • 8 ? e “ aec L ua tionem fore 1 
"°itro pendontem. 9 "'volvit eonstantem quanti 

S r„ , , COR OLLARIDM1 

Si ( '“ im J/ ° aS1W ae ^ atiD 

"<W"e 1 US * tant,m > ^ N funetio fo E 


ui «Ht ergo 



casus 


~° ut ('&H 0 ' i(!e °q u c !^~) = 

simpUcissimns, quern problems in sc 



complectitur. 


COROLLAPJUM 2 

!). Quodsi uutem iu acquatione differential) 

Mdx -b Ndy = 0 

Kiiit M funeiio solius x, ct N solius y, utraquo pars seorsim iutegra 
utquo ncquutio integrals orit: 

l Mdx + jNdy = Const. 


COROLLARIUM 3 

JO. Rrneterea vem nostrum problcma resolutionem infhiitavmn aliai 
iquutiommi diffcroutmliimi largitur, quurum omnium character comm 
i hoc eousistit, ut sit 

(djl\ _ (<IN\ 

\ dx j* 

rumquo rcsolutio per integrationem formularum, uiricam variabilcm cc 
mtimn, oxpodiri potest. 

SCHOLION 1 

11. Quoties orgo in acquatione differential! Mdx -j- Ndy = 0 fn 

(!/) ~ (viV*)* °* us rcsolutio millam habet difficult-atom, dumraodo integr 

•rimilarmn unioani variabilom involventium conccdatur; quam quidem 
)«tuhiro licot. lntorhn tamcn determinatio functionmu illarum X ct 7, c 
co coiistanUmn introduci debent, inolestiam quandam crearc videri pos 
me nntoin singulis casibus mox ovanescere reperietnr. Verum quo m 
, hnoc operntio conti-abatur, ne duplici quidem integratione cst opus. P 
iam onim altera pars Mdx, spcctata y tanquam constants fuerit integr 
nod integrale sit = Q, statuatur 

v = q + r, 

jsi to ta-ntisper Y pro functiono iiulcfiuita ipsius y, in quam altera variabil 
'*oi'flus non ingrediatur. Turn difforontietur denuo haec quantitas Q 4 
actando a* tanquam constantcm, ot quia differential© proclire debet = A 


integrally crit Q Y = Loust., quam operationcm sequontibus c; 
st-rari eonveniet. 

EXEMPLUM 1 

12 . I-nlegrare hanc acquationem dijjercntiaUm: 

2 axydx axxdy — y 3 dx — %xyydy — 0. 

Comparata hac aoquationo cum forma Mdx Ndy — 0, crit: 

M = 2 axy — y 3 et N = axx — 3 a:;/?/. 

Primnm igitm* dispicicndum est, utrum hie cnaus in problcmate ■ 
qncm in finom quaennnus valorcs: 

(^H 20 ® -3 ^ et (S= 2 °*- 3 ^> 

qui cum aint acqnales, oporatio praescripta ncecssario suceedot. 
auiem, sumta y pro const-ante: 

lMdx = a-xxy — ifx -j- Y; 

cuius formao si differentiate suniatur, posita x constanto, prodil 

axxdy — 3 yyxdy + dY = Ndy> 

et pro N valorc sno axx — 3 xyy restituto, /ict tZ7 = 0, ox quo naai 
vcl Y = const. Quaro acquat-io integrolia qnacaita habebitur: 

axxy — y 2 x — Const. 

EXEMPLUM 2 

13. Integrare hanc acquationem differentialem: 

ydy q- xdx — 2 ydx A 

{y~*Y “°* 

Comparata hac aequatione cum forma Mdx -f Ndy « 0, crit: 


'dM\ 2y /dN\ __ 2y 

dy)" (y —&) 3 \dxj (y — a:) 3 * 


{ cum siiit ucqualcs, nogotimn snecedct. Quaro secundum rogulam 
tur, smnto y constantc, integrale: 


rcperictur: 



•xdx — 2 ydx 


dx I* ydx 

~y~x J {y~W 


!Mdx = Uv-x)--*^ + Y, 


ius di Heron tialc, aumto x constantc, produccro dobot alteram acqna 
oposifcae partem Ndy ; unde habebitur: 


mi igitur sit 


^V = ^ + ^ ? + dY = ^ + dY. 
jVtZy = (r^*ji*’ erit dY = 0 Rt r = 0 > 


nstantem enim in Y negligoro licet, quia iam in aoquiitioiiom integ 
troducitur, quippo quae erit: 

*(* —a) = Ccmat * 


10XEMPLUM 3 

14. Integrate hanc a&juationcm diffcrentialem: 

dx yydx ydy_ (y dx — xd y) Y{xx + yy) _ q 

x ' .r 3 xx ' x 3 

nnparata hac aecpiationo eum forma Mdx + Ndy = 0, habebimus: 
j\i ~ xx + yv v Vivv + y y) _ — y — V { x% - 1 - yy) > 

o'3 XX 


iclo pro criterio oxplorando quaeratur: 

(dU\ _2j/ V{xx 4- yy) . yy _ 

\dyj~ x 3 ' + a; 3 x 3 V(xx -f- yy) 


cjui vaioroH retluoU cum limit noqimlr*. Heilioel. 


tlM\ (dM\ :! >/ .>\r I :!///, 

I ih/J \ ih) ;r' 1 I !, 


i-OMolniio or it in pollute. luv-nsfi^'l-ur orp<>, tmmln 

-tt.i 


\'tidx- (.<■ I yjV- 1'(•'•'■ 


At per roguliiN mlotfmmli formnliiN nniinini vnriiibili'ii 
pm cmiHUnlo hnbctnr, ropmtitr: 


I ’/.’/) :i,,) 

. > 


z .r.r 


ila ul Hit: 

fill J HU !lY( rr I !/!l) , 1 , 

jMth; •• lr , t . i: , rr | ,/ 

At Imiim cjuimtilittm did'croul iulo, hhsimiiI n .»• jn»» coumI ; 

•j/fb/ ■<tuy'[.ry | i/i/) 


AW// 




u^nlc]Hl*elmn•: 


y 7 — J/dt/ (hj j / (;r.r | i/.V) '/'/<V 

a ^;i\t 2.r.»: U.r.r) / (.r.r | ////) V. i 


qua forma cum ilia nom|iantla lint: 


dY-. • • 


d'l I UU) 


U!/dy 


>iii 


i!.r.r ' 2 .r.r ) (.» .r | i/y) ' •/ r/ 

ubi termini, qui aclinic cjoiiliiiiMil .r, hv dcMirm 


ilY '!/ <il. I' h/. 

-»/ 1! 1 


Quo valcu ‘0 pro Y invnhtn, obtiiu'liilur lunjimtin int 


.. euivm puispicibui, quemaomocmm pcrpctuo opc 

lusc.ripUv nit iuHtitiumda, ita ut hinc nulla amplius difiicultus moles 
•vxHiit, nisi qimo ox integmtiono forinularum unicam variabilem invol 
mi qmuuloquo roliuquitur, cluin integrate neque algebraice nbsolvi, n 
oifculi liypovbolacvo quadraturam reduci patitur. Vcrum turn super 
udmtmviH simili modo tractari oportet, ot si quae diffieultates rciinquai 
is non lime methodo .sunt adscrihondae. Quam ob rem hie assumcrc i 
otio.s noqmitio difforcnlialis 


Mdx -\- Ndy — 0 

, fuerit eomparata, ut in oa sit 

(dM\ _ (itN\ 

\~dy)~{dx) i 

Lies intogratiouem osso in nostra potostato; mule ad eas aequationes p< 
(piihiiH hoe criterium non habet locum. 


THEOREMA 


1(5. Hi iti uoqmitionc diil'oventiaii 


Mdx + Ndy = 0 

n luorit 

(d_M\ __ (d_N\ 
\dy}-\dx)’ 


mpor datur multiplieator, per quem formula Mdx -|- Ndy multiplicatfi 
tograhilis 1 ). 

DEMON STRATIO 

Cum non sit 

(dM\ __ (dN\ 

\dij)~\dx)* 

.mn formula Mdx -(- Ndy non erit integrabilis, seu nulla existit functio 
in x ot y , cuius difl’erontialo sit Mdx + Ndy. Vcrum hie non tarn foru 
dx -f- Ndy, quam uequationis Mdx + Ndy = 0, quacritur integralc 

]) Unvw-H Ununius hoc ibi non (Mornlit. Of. § 48 nocnon Institution™ calculi intc 
. .1, § 450. Vitlo nolnm p. 337. 

iiu)MiiAUi)i Kui.nni Opora omnia I 22 Commontationes analytioao 
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et 1 / miiliiplicotur, itn ut sit 

LMdx 4 LNdy = 0, 

demonstrandum est, semper eiusmodi davi fnncticmem 

LMdx 4 LNdy 

fiat integrabilis. Quo onim hoo oveniat, ucccsso eat., ut s 

(d-LM\ td-LN 


vei si pcmutur 
cum sit 


(iy dx 

dL -= Pdx -f Qdy, 

(SH ot (s) = p * 

functio L ita debot esse comparata, ut sit: 


£ (f)+^ = £ (S+^- 


bvidens autom eat, liane conditionom sufficero ad dofmi 
per qimm si formula Mdx 4 Ndy tnultiplicctur, fiat in 


COROLLARIUM 1 

li. Invcnto ergo tali ttiuLtiplicfitoro L , qui roddat 

Mdx 4 Ndy 

mtegrabilom, aoquatio Mdx 4 Ndy = 0, in fonnam 

LMdx 4 LNdy = 0 

translatn, integrnri potent methodo in problomate pra, 

COROLLARIUM 2 

18 Qimerntnr scilicet, spectata y tanqmun constanl 
ad quod lulncmtur tails functio Y ipsius y, ut, si aggre 

l LMdx 4 Y 

donuo diffcroiitietiir, spectata iam * llt constanto, prod, 
tint aoquatio uilegraUs 1 


l LMdx 4 Y = Const. 


iat huic aequatioiii: 


dL — Pdx ~\~ Qdy , 


’■m 

I- MQ 

= h\ 


NP — 

M Q _ 

unv 

\ P r \, 

A' 


\rf?/ - 



manifcstum osjfc, si esset 

(djl\ _ (dN\ 

Uv) 

y sumi posso nnitatcm, vol quantitatem constantcm quamcunquo, < 
0 (it Q f = 0. 

SCdOLION 

JO. Si ergo liiuc in gen ore multiplicntor fj mveniri posset, Imbcrotiir 
Ms resolntio omnium iioquatiomnn diiTcrcntinlinni primi gra-dus; id c 
eraro quidem licet. Contentos orgo nos osso oportet, si pro vuriis casi 
msquo uoquulionum diiTorontialium gencribus, Iniiusmodi factored 
puo valonmus. Sunt autom duo iicquutionum genera, pro quibns i 
ros commode orui possunt, quorum ultorum eas coinprolicuclit no.quati< 
ibus altora variabilis nusqnam ultra imam dimensionom oxsurgit; altc 
genus est acquationum liomogencnvum. Praetor lmec vovo duo gc 
a idii existimt casus, quibus iuvontio talis factoris absolvi potest, i 
aitins oxaminasse, usu no)i earebit, eum haeo sola via patoro vide 
,m Analyscos pavtoin, quae adluic dcsicloralur, exeolondam ao perfu 
Quam ob rem hio constitui, plura aequationum genora colligovo, < 
uiusmodi midtiplioatorem ad intcgrabilitatcin porduci possunt. 

PROBLEMA 2 

Jl. Cognito imo imiltiplicatoro L , qui fonnulam Mdx -p Ndy int( 
, reddit, invenire infinitos aliosmultiplicatorcs, qui idom offiehmipraos 

SOLUTIO 

3nm formula L {Mdx -}- Ndy) per hypothesin sit intograbilis, sit 
rale = z , ita ut sit 


.i/cutn>uu jam 


cAirmnuc 4 t|uupjtuu iimuoiuxxu xp&uiuui cu */. 

quamcunquc ipsius 2 , ct quia formula Zdz est otiam intcgrabil 

Zdz - LZ {Mdx 4 A r rfjy), 

manifestuin est formulam propositam Mdx 4 AV/y quoquo lici 
si per L# multiplicetur. Dato ergo uno nndtiplieatore L, 
Mdx -\-Ndy intcgrabilew red chit, ox co innumerabilcs alii faolo 
possnnt, qui idem aint prnostituri, suinendo pro % fmictionoi 
intogralis 

SUMdx 4 Ndtj). 
COROLLARIUM 1 

22. Proposita igitnr formula differential quncimquo Md 
solum unns, sod ctiam infiniti dantuv multiplicatores, qui eat 
reddant. Quorum antem ununi invenisse sufficit, cum reliqui o 
dctermiuentm*. 

COROLLARIUM 2 

23. Si ergo habeatur aequatio diffcrcntialis 

Mdx + A T dy ~ 0, 

ea infmitis modis ad integrabilitatcm porduci potest. Sive a 
innltiplicator L , sive alius quicunquo LZ> aoquatio integralis 
rcdit; siquidcm ille factor L praobct 2 = Const., hie voro \Zo 
quod convenit, cum J Zdz sit functio ipsius 2 . 

EXEMPLUM I 

24. Immure omnes multiplicatores, qui reddant hanc form- 

aydx 4 fixdy 

integrabilevi. 

Units multiplicator hoe praestans in promtu est, scilieot 
L== Jfj> fi atquo 


nnlcl. in in V, I iiiulioiH'in ipinimumipm ipniiis r; Ir'i/I 1 , Ikk; vh [, ipsiua n 
I"*' "iiiin’M nnill iplicaluirM (pumsit.i in Imo forma tfeiioruli 


fluid.. x n i/l } 
x;t J 


iliiidiiinlnr. 

.Simplicinii’M <T|'.o mu!fiplionl oith ropcriciiUir, ni loco fiitiolionia pole 
(rrinn|iio ip-iiu.-i x'ij> ] o/ijiinl ur; nioquo formula nydx | (hdy intogrn 
Idilnr j>c«r hum* mull ipliniiorom lalius pnloMlom x x " •■//fl" l . Hi mams c 
«iIi ‘Ium'kIi'itiiI ur, plnroM Imiu.smodi 11l(oin<ji m^ inlor ho combinari poloi 
h 111 m * 1 1111 r 


A r ,l ‘ 1 ///''■ 1 | 1 #y /* 1 | d.o. 


WXKMI’UIM 2 

I'd. / ii ri ii irr tniiiH.'f iimlliplirnlorcx, t/ui rrdduut have. Jormulam dijf 
h m 

nx>' X jfdx | (Ixi'y*' Uhj 

iijni/nh m. 

Mir ili'imii nfulim HO ni'lcrl. (fll((H mulliplionl.oi’ 


i pmd«d. 


do Id 


L 


x> 1 \f ’ 


th 


udx 

x 


fidij 
!J ’ 


alx | ///// h: n jf( 1 . 


Milo milur / pm fnijHinno ipmeum/im ipmuH ■x ,x }/ f] , onmoH multiplioa 
idiimlmulur in Imo oxproHsiono j'lwmli 


x>'f 


I 

xl'f 


fuiKit. .r^yt 1 . 


lorn iMlimi fnndinniM Hiumiiur poitsins (|imo<mmpm x™yP n , immmori 
iinoliunlur miiltipliuiitoroH, imioo tormiiio conHtfintoH pyfl 11 v , fmm 
i n numoroH ipioHcmupio. 


axv-'ifdx + fix‘ l i/ v -'(U/ 

comnnmem rccipiant muitiplicatorcm: quod si cveniat, aoquuti 
ox huiusmodi fonnulis, tanquam membris, composita intograbili? 
dum midtiplicnlor isto comnnmis adhibetur. Quoin casum iam c 
cvolvamns. 

PROBLEMA 3 

27. Proposita sit ista acquatio cliR'crentiaH.s: 

aydx + ftxdy -|- yx> L ~ l y t 'dx -f (5 x< l y 1 ' Uly 0, 
cuius integralem iuvcniri oportcat. 


SOLUTIO 

Ad multiplicatorcm idoncum inveniendum, quo Inioc anqi 
intcgrabilis, considcretur utrumque membrum scorsim. Ac 
membrum aydx fixdy vidimus intcgrabiio rcddi hoc nndtip 

poslcrius voro mem bruin yx' l ~h/ v dx -f- dx ,t y l ‘~ l dy hoc 


m-ftySm-v 

Quia nunc pro n et wr numovos quosounquo acciporo licot, hi (1 
aequalitalcm rcdnci poteruut; undo fit 


idcoqno 


an — 1 — yvi — n ct fin — 1 — dm •— v 


n 


_ ym —fi -|- 1 5m — i ’ -}- 1 


hincque obtinotur 


m 


__ ur — 0/u—g -I- fi 
ad —fly 


yp - fin - y .[. (5 

et » = J=7J~- 


His valoribua pro m et % invcnfcis, iste multiplioator oommui 
aoquationcm integralom: 


n 


x ait y$ n + ^xv ,n y hn = Const. 



s Haoc ergo aoquatio integrals semper ost algebra ica, supiidem pm 
i valores veri roperiantur. li igitur tantum casus singular! 
nt quibus nnmeri m et n vel in infinitum abeunt, vel evnnescunt. 


COROLLARrUM 2 

n Infiniti autem ovadunt ambo numeri tit et n, si fuerit ad = /?>•• Vi-mm 
asu ipsa aequatio diffeventialis in duos faotarea rewlvitur, l.ancque for- 

acquirit 

(aydx -f pxdy)(l + 

ue exit v , A 

vel aydx + fady = 0, vel 1 + 3T - > 


nm rosolutiomim neutra difficultate laborat. 

COROLLARITRl 3 
30. At si fiat n = 0, seu 

-* - ”7 ;;7r 
+ „ te + + «• * 1 + »* + if “' m 


l^nyfln^l+alX+ftty ^ 1 ^ 11 


i . , Hoo erK o oasu erit aequatio integral! 

, parte i in oonatantem mvoluta. Hoc ergo 

iaV+^'" y8 “ = CoMt ' 


COROLLARrUM 


31. Statuatur ergo pro hoc caflu 

r~ Y k + i et v = ai + 1, 

habeatur ista aequatio difierentxalis. 



SCHOLION 

33. Ncqne vei’o hniusmodi resolutio in membra, quae per oundo 
plieatorcm roddantm 1 integrabilia, ad omnis generis aequationes patet 
cnim utiquo potest, lit tota aequatio per quampiam quantitatom mu 
integrabilis ovadat, cum tamen nulla eius pars hide seorsim integrabili 
ex quo liuic traetationi, qua hie sum usus, non nimis tribui oportot. 


PltOBLEMA 4 

.34. Si proposita sit aequatio differentialis 

Pdx + Qydx Rdy ~ 0, 


ubi P , Q ot R denotant funotiones quascunque ipsius x , ita ut altera • 


SOLUTIO 


Comparata hao aequatione oum forma Mdx + Xdy - 0 ent 

M = P + Qy et N = R, 

L ° llDt ( dM \ n l lW \ - — 

= Q et W"d*‘ 

,taatur iatn L pro multiplwatore quaosito, sitquc 

dL = peta + 

( UG liuio aoquationi aatiafien oportot 

- 1 -^ dx ' L 


• (. /) funotio ipsius r tantum, pro L cpioque fun 1 

L mL Q " dx 1U * __ 0 .* , L ^ * rfaI ; mule orit: 

,vjm acoipi potent, ifca ut sit q 

7 >AT. 


HdL 

seu Qdx — dR- L 

dx R 


re iutogrando habebitur 


dh Qdx dR_ 

~L R E ' 


, 0 uius logaiithmus hyperbolicus est ninths. l ir0< 

unto e pro numoro, emus ios 

M ila: 


1 J S T 
i = • 


nto autem hoc multipHoato.o «it aquatic 

radx 


,PdxJ 9 TC + yJ < ^~ Const. 

J R 


■ a IM 0 omm«>tatioM> »n 0 lytio» 

°P°™ 0TMU “' 




SCHOLION 

33. Nequo voro liuiusniodi rcsolutio in memlm 
plicatorom veddantur integrabilia, ad omnia goncri.s f 
cnim utique potest, ufc tofca aequatio per qnainpiam 
intograbilis evadat, cum tamcn nulla eius pars hide u 
ex quo huic traetationi, qua hie sum usus, non nim 

PBOBLEMA 4 

34. Si proposita sit aequatio differentially 

Pclx -h Qydx + R&y ~ 0 
ubi P, Q ot H donotant funotioncs quascunque ipsiu 


pan,la Iuh' uui|imtinnn oum forma Mdx -|- Ndy — 0 ent 

, 1 / /'I Qu of. N - It, 

1 . i/ M \ ,. | [dN\_(Ui 

/, pin „mllipliriil.ii'i' «|U.uMto, sitq.no 
III, jwte I-'/% 

,„j,. unipiutiuiii Mulinliori oportol. 

\> jm „ •'« 

1 </:C 

./« ipsius , Untu.n, pro £ W> functio ipsius 

p,, t ;'n, a,, ouih, , 




. ML 

•lit li t* H0\1 4W#.~ L 

,b h 


,th Qtlv (U i 
h It " H ' 


ulnjMiUiilo Imltoliilur 


(h 


U2, 


it 


i itlmniH liyporbolious oat unitas, prodit 

,, p, n iii.i.x-ni, oiiiiiH loganUmnm l yi 

, \9 A * 

l • 1 V 11 . 
h li 


■r,h IK Const. 

J « ' 

...M Utllll UH.uUtiUl^ imaiyt 1000 
. Mi.mm I — u 
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ill), ol acquawo lmueub minium |nujju«u<nm, <jtv, uno^ 
tractotur, tlividi potent per H, ut hanc fovmain induat 

Pdx -h Qydx dy = 0, 

seu statim assmncro licet R •= 1 , quo facto uiultiplicator orit 
integrals 

\c iQ,h Pdx 4 - e SQ,h t/ — Const. 

COROLLARIUM 2 

36. Si ponatnr hoc integralo 

Se^'Pdx-h e SQli 'y = z, 

ita ut z .sit functio quaepiam ambavmn variabiliuni, turn voro; 
nem quamcnnquc ipaius z\ omnos nuiltiplicutovcs, qui f'onnu 

Pdx 4- Qydx -j- dy 

reddnnt integrabilcm, in hae forma gcncrali pJ Q ' ,r Z eoutinen 

PROB'LEMA 5 

37. Si piopoaita ait acquatio (liffcrcntialis: 

Py n dx Qydx Rdy —■ 0, 

ubi P, Q et R ilenotcnt fimcfciones quascmiqno ipaius .r, in\ 
torein, qui cam rcddat mtegmbitein. 


oOLUTIO 

Erit ergo M = Pif -| Qy et JV ^ R, hinoqnc 

(f) = »^-' + C et (f)^ 

Quare posito multiplicatore quaesito L et 

(IL = ydx 4 - qdy. 


erit ex ante inventis: 


valoribua aubstitutis, proclibit: 


^5 m p y »-i — mQ = nPy ,l ~ i + Q — ^ • 

bidx 


aeqimtio ut subaistere posait, aitmi debet 


m — n, tic bet 


,a dR dS (1 — n)Qdx (IR 

111 - (1 - »)0 '—&> seu T = S * 


cam integrando proveniat 


1 fQ dx 

S — J“n”, 


lb m = —n, multiplicator quaesitus: 


,.-n , fQd/ 

i? 


uatio integralis erit 


de.i--.JS? + f£*ie^-> J*r = Const. 

I. — n •' 

COROLLABXUM 1 

, Si n = 0, habeas oa*m ante toctatnm aec t uationi.s 

Pdx + Qyd® + Rd V “ °’ 
nor multiplioatorem pQdi 

„«i«i a — ■«— “** g “ te “ 

r Qdr 

^ Const. 

ye + J R 

COBOLLABXUJVI 2 

... 1 ut aequatio difeentialis Bit: 

39. At sit 1, ut aeq. _ 0 

Pydss + QV dx + Rdy 


Pdx-\Qdx ih/ 

'll ' '' >s 

i-uiuK integral^ nmnifcftlo esl. 

CouMt. 

SdllOUON 

40. Caetoinm lioc pmhlouia ox Mni-umlmUi Incilo dod 
cnim aeqimlio difTenmliidiH propusiU (mt //", ol. 

I'dx I (,jy »dx I- ft,/ ’‘ill! u . 

Pomtui y u " — 3, aril (I - -n) if "dy dz, Ki<*.«|iio u.o<|u»d.ii> 

Pdx ‘ Qzdx | j * Jldz U, 

quae cam aeqnaliom? pmSIonmliH |»vn;oiMltmli,‘i oonvonil. ()iu 
acquationcs mforemlnn Hint at! imaum, quo all.om varial>ili 
uiiam diuienmonom aaaondil, hnno molhoiln line, por mullipli 
nuia. Forgo itaquo ad alloriim gonim u(«jmU-ionun» ddVoronli 
arum, quas otiam liao molliodo Irae.lm-i pnnno oonHtut,. Ad Ik 
quo natura funetioimm liomogoucimim r.onl.mcd.iir, pmomiU 
quidem opomiioMom ox priinis firincipiiH poloro volimiiH. 

MOMMA 

41. Si 1 fuoril finiotio hotiiogono/i, in (jim Situu' varitdii 
a dimonsionos coimLitimnt, ohm di/Voreiithdo 

dV Pdx | Qdy 

ita orit eonipamkim, ut flild) 

Px. \-Qit n V . 

DWMONNTIiAT.IO 

Ponatia 1/ = «, ct Cnno.Uo V induct liuiimmidi fnrmnm 
qmipiam fuiictionc ipsius a Untum, I line, ci^o t-ril. 

1] C7. CommontaUom-ni 44 Iminn v< t Unnimn, § '22 an, 4 », 




wli, ul. , . s\ 

'IU\ 

,(,10 nuiltivlii'ivmlo: 

nx »z i’x \ Qxz^:i‘x-\-Qy< 

Qy nV. 

(JOHOLbAUlUM. I 
nr ,r ( » halmmiiH diiiw awjUiitionoH: 

<iv rax i Qjiy nV j; {>x ^ 

m ,,Xu,noH /* <>fc Q 'lollniri TO l ua ' iotvrr ® im: 

iv ,, Vila nVdx xdV 

'• " fc 

(lORO.MiAIUUM 2 

lU „ .- ,„l, I—™ » ‘ 0ti “ “ b 

|,i. fl .« —« ■ » *■ toU "’ 

r , w „. , m /, r . iV (hi (liviHibilom. 

toroni foro por yax 

|>R().BLKMA 6 

, 1H »lbv aoqiiafciono (Ulforontiali 

“ ,:1 


in. 







Sit ii luimenis dhncnsionum, utviquo function! M ot N eonv 
quc pci* paragraplmm pvaccedcntom 

,dM , ><Mdx~xddd fdN_ \ ^ ydN_ uNdy 
I dy ) ~ ydx — xdy 6 1 dx ) ydx — xdy 

ideoque 

idi\l\ - dN\ n{Mdx -f Ndy) — xdM — ydN 
\d~yj" \dx}'~ ydx~xdy 


Jam facile colligcrc licet dan multiplicatorem, qui ct.ia-m sit functii 
ipsarmn :v et //. Sit ergo L talis functio homogonea m dimension! 
in § 1!) ponalur 

dL =■ Pdx -f- Qdy, 


crit [§ 42] 




ydL—ttiLthj 
ydx — xdy 6 


mLdx — xdL 
ydx — xdy 


hineque, cum esse oporteal per § 10 


NP — MQ. _jdM\ ((IN\ 
L \dy J [dx)* 


obtinehitur utrinque per ydx — xdy multiplicando: 

NydL — mLNdy — mLMdx + MxdL , T » v ... 

—-- - -= n{Mdx *f- Ndy) - xdM 

unde elicitur: 


dL __ ( m + n) {Mdx + Ndy ) — xdM — ydN 
L Mx H- Ny ’ 

quae formula manifesto fit integrahilis posito m n = - 1, qi 


IL = — / (Mx -f Ny). 

Quam ob rem miiltiplicator quaesifcus habebitur 




1 

Mx -p Ny ' 


COROLLARIUM 1 

45. Proposita igitur aequafrione differential! homogenea Mdx 
ea facillime acl integrabilitatem rcducetur, proptorea quod formu 


a, cuius inlogrulo, per inethodmn supra trnditam invcntnm, clabifc 
mtegiulcm quuesitam. 


COROLLARIUM 2 

•Aim lantum incommodum oritur, ubi fit M,r -\- Ny ~ 0, veluti 
utione yt(:r xdy - 0 , quae tlivicli dcberet per 

:r y :vy — 0 • xy. 

m diviaovis mulliplum quodcunqee aoque satisfacit, divisor xy 
ficiot, quomadiuodmu per so est porspienum. 


SCHOLTON 


isaima est methodus, qua .sagaeinsivnus loh. HarnoulUits olirn 
l.iouea difVcrontiuleH homogcueas ud soparabilitatem variabiliuin 
mil. IVopositu scilicet huummodi aequatiouo 

Mdx -b A' dy — 0 , 

A r sin! funetioncs lumiogcneue n dimensiomuu, pouore iubet 
facto fimetioues A/ ot A 7 lumismodi formas induent, nt sit 

M (I ut jV -- a:" V, 

(7 et l 7 functionibua ipsins v tanlum, Aequatio ergo propoaita 
nbii)it iu bane: 

Udx -|- Vdy - 0. 
it dy udx -|- xdu, luibebimus 

Udx -|- Vnd.v -|~ Vx.du — 0, 

/ Yu) divisu fit sopurabilis, hcu haoc fornui 


At eat 


(V -|- Vu)dx -h Vxdu 
x{U -b Vii) 


(U -I- Vu)dx -|- VMitt = ~(Mdx + Ndy) 


Expositis igitur his dnobus aequatiomnn gcnoribus, quae per it 
catorcs integmbilos reddi possunt, vidoamus, ad qmunuun alu 
methodns extendi possit: ac prime quidcm observe, oinnes ue 
renfcialos, quae aliis mothodis intogmri possuut, etiarn Iiikj mi 
noum multiplieatovem tractavi posse, id quod in sequente pro 
oxplioabilur. 

PROBLEMA 7 

48. Propoaitu aecpiatione difl'cventiali M tlx -(• Ndy — 0, s 
eiua intcgralia uoqnatio complct-a, assiguarc omnes muItipHcaU 
tionem difforcntialem rcddant intograbiloin. 

SOLUTTO 

Cum aequalio integralis completa involvat qnnntitaU 
arbitrariam C, cpiao in accjuationo difi’ereutuili non most, i 
impliuata, quaciat-nr oius valor per rcaolutiouom ncqnutionis, 
eritqno V fnnefcjo ipsarmn x ct y, quae insuper const-autos ac 
routialis in ae eomplcetetur. Turn iala uequatio 0 -- V c!i O’er 
prodibit 0 = dV. Ac iam ueccsso est, ut dV clivisorem luiboat i 
dift'erentiaiem propositam. Sit itaque 

dV - L {Mdx -b Ndy), 

eritque L multiplieator idoneus, qni aeq\iationem differentia 
reddit integrabilom. Deinde cum, denotanto Z functionem c/ua 
V, sit ebiain formula 

ZdV = LZ {Mdx -|- Ndy) 

integrabilis, oxpressio LZ onmes nudtiplicatorcs include!, c 
clifferenfcialis proposita Mdx Ndy ~ 0 fit intcgrabilis. 

COROLLAIUUM 1 

49. Quoties ergo aequationis cUITorentialis Mdx -|- Nd'< 
conrpletum assignuri potest, toties non solum unus, sed plane 
catores definire licet, quilnis oa aequatio integrabilis roddatur 


uvcmta, hinc mothodua liaetenus tvadita, quae ad duo tnntuin 
unera adhuc eat applicata, non mediocriter umplificaii poterit. 

fSCHOLION 

n lumen, nisi ad specialihsimn. excmpla dcseendere velinuis, 
QiTontiftlOH, quavum integralia uomplcta aasigunre licet, ;ul 
mum rodueuntur. Ac primo quidcm ocenmmt aequationes 
■imi gnidus in Imc forma conteulue 

dx (a -|- fix I r>f) A r (<-> ~\~ F - x f &j) 

e ad homogenous rovoeantnr, etiam iuic melhodo per multipli- 
i potormit. Doindo memoralu digim cat Imec forma 

dy -|- l J ydx -|- Qyydx — Udx, 

mms valor shiguinris satisfaciciw, ox oo integral oompletuni 
(jno his CHHibitH uuiltiplioalores idoneos imigmuc licebit. Tert.io 
: moronlur casus huius uequutioiiiH 

dy -\- yydx -- ax‘"dx, 

tiecatiuim dictao, quibu.s oa ad sepambilitotem reduci potost. 
lit ouBiia Indus uocjnationis 

ydy -|- l J ydx — Qdx, 

integmbilea, ud multiplicatovmn invesUgalioiiem sunt acoom- 
iova paleficl via ox data mnltiplicalonim forma cn.s aoqimtionca 
ac per cos limit inlogmbiles, undo fortasso hand spmienda 
emonta haurirc lieebit. 

PROBLEMA 8 

situ acqnationc dift'erontiali primi gradns: 

(a |- px -f- 7//) dx -h (d + ea* + £y) dy — 0, 
plicatorcs, quj cam reddant integrabilem, 

:ar Oporu omnia I 22 Oonuno/italionos anulythao 
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Rcducatur liaeo acquatio ad Iiomogeiieitatom ponendo: 

x -=/-(-/ et y — « -h £5 

lit prodeat 

(a -i- pf -!- yy -r ft + r 1 *) lli + (** 1_ £ l + ^ r/ d ^ du 

quae posito 


a + pf -U yg = 0 Ct 6 -h £/ -h Ctf = 0, 
mule quantitates / et detcnninanUir, utique lit liomogenea, seihe 

(0/. -P 7«) dt (d I- C«) ^ t); 


ideoque per multipbcatorein 

W +"(7 C«'« 

integiabilis veddit.m Mine invontis litteris / et y acquatio pvopoaita 
evadet, si dividatm 1 per 


0 (:c./)= -I- (r -I- *■) (•<•• — /) (?/ ») + £ (•'/ ■ “ ^ 


sou per 

0;i\r -|- {7 ~P e) xy P C2/ff — (%Pf + W + ^ 

-P pfl + (r -h e ) fff + Cfftf* 


Cum ftutem sit 


u£ — y <5 

ye — 


et (/ = 


(96 — ue 


-1- vf ■ 


prodibit divisor quaeaitns: 

. , 5 . 1 ay 6 — au£ + ade— 

§xx - 1 - ( Y + £)*y -i- Zyy -l-- 

— 2a6t + 0y8 —/Me + U V F - + aee 1 ~ 208C + ae C - ayC 1 
+- — W ' ye- 0 C 

tnvento autom uno divisors, sen multiplicatore, ex eo repericutur 
possibles. 

COROLLARIUM 1 

53. Forma ergo divisoris, per quern aoquatio differentials 

(a -p P$ -p yy) dx -p (<5 + ea: + &j) dy = 0 


Pax + (r + fi) ?/* + ^ + By 

lies it, 7-?, G supra sunt defmiUe. 

COROLLARIUM 2 

im divisor inventus etiam satisfaciat, si per ye - PC multiplied, 
i, quo PC = y«. divisorem fore 

0 « = »/, y = “/> E = m »> f = W!/ ’ abit ” 

V) (m - »/)* + * (“ff - W (m!/ - nf] ■' + {0XJ ~ 6i) (dm _ aW) ' 

COROLLARIUM 3 

Juaro si aequatio proposita fuerit huiusmodi: 

[0 + /(m* +»?/)] dx + + (?(«* -i- *»n Ay - °’ 

bur integrabilis, si dividatur per 

(mf/ — »/) (*“ + «/) + 

< 5 ?n —a™ 

ma; + ny “I" 

Brit - 0, aequatio proposita iam ipsa est integrabilis. 

PROBLLMA 9 

. Proposita hac aequatione differential!: 

dy -|- pydx + Qm ix + Bdx = ° ’ 

Q et S qvriiBUm 

J = „, existente o functions ipsius a, mv 
tionem reddant integrabflem. 


dv -I- Pi'dx Qvvdx -|- lidx — 0; 


bl ergo ponatur ij = v -j- —, habebitur 


dz J>dx 2 Qvdx Qdx .. 

-- -4--4- - - - = (/ 

zz z ' z zz 


dz — (P -\~ 2 Qv) zd.x — Qdx - - 0, 

quae intograbiliB redditur per mulbiplicatorein 


p- f(/» i 2Qv)<lr 


Hie ergo muitiplicator per zz nmltiplioatus eonveniet, ucqu 
Cum ergo ait ^ - lmilliplicator aequationcni propoai 


vcclclons, erifc: 


Sit brevifcatis gratia 


___ p-UP I 2Q,.,rfr 

( ?/ — ? ,)2 


p /(/• l «Q r>./ • £ 


Quia aequationis 


intograle cst 


dz (P j- 2 Qv) zdx —Qdx = 0 


Sz - J "QSdx — Const., 

omnes multiplicatorea qnaeaiti contincbuntiu’ in hac forma: 


Vf=W funot 


ubi per hypothoain u eat functio cognibu ipaius a:, idcoque etiar 


COROLLARIUM 1 

57. Muitiplicator ergo, qui primum ae obtulit, eat 

S 

(y — v) 2 ’ 

turn voro etiam muitiplicator erit 

S 

S{y-v) — {y~v)^QS<h i 



00HOLLAR] U3V1 2 


:»nim S eat quantitoa oxponontialis, liori potest, nt jjQSdv Indus- 
in ST inriuat existent o T functiono algcbraiea, quo oasii miiltipH- 

J__ __I_ 

y~„Z-{y — v)*r (i/ — y)(t — Tff'-i- Tv) 

dmiious, quod in priori forma fieri noqiiit. 

oorolJjARJUM :j 

m his rinobus OiisibiiH mnltiplieator sit, frnetio, hi c.uius solum 
rom varuibiiis y ingreditur, ihiquo ultra quadratmn non useeudat, 
lea alii huiiismorli imiltipUcatoros exhtberi poafumt: Sit oniui 

ot fractlonis - 7i do,nominal oroni multiplicaro licolht per 
(?/ — v r 



gonenilior multiplicat.oria forma; 

S _ 

v)~B'V(y^ wjH- CtiS— 2 CSV{y~v) + CVV{y—v) 2 

s__ 

s — 2nVi7+20S V I- 2CV Vv)y -1 Aw — HSu- BVvv -t- OSS •!• SOfiVb -)■ CV 1 ^ 

COROLLARIUM 4 

iodsi ergo Uaec formula 

dy -| - Pydx + Qyydx -j- Rdx 
Lyy + My + JV 

irabilis, denominator itn debet esse comparatus, ut sit 
4 — BV 4- GW, SM = 8{B — 20V) — 2v(A — BV + GW) 


ot V « SQSdx. 


PROBLEM A 10 


GL. Proposita acquotione differential! praeccdente: 

dy 4 Pi/dx 4 Q.yyd-x 4- Rdx — 0 
invenire fimctioiios L, M ot A r ipsius x, ut ca per Jonnulam 

Lyy 4 My 4 N 

diviaa fiat inlcgrabilis. 

SOLUTIO 

Cum igitur integrabilis ease, dobcat haeo formula: 

4 dx ( p y + Qn + R ) 

Lyy 4 - My 4 N y 

per proprictatom goncmlem esse opportet, postqmun per 

{Lyy 4 My 4 A 7 ) 3 

inultiplicaveiinuis: 

_ yv dL __ y dM _ dN _ + ~ 4 N 

dx da; tlx ~ — PLyy 4 2QNy — It 

Undo pro detorminationo functionum L, M et N lias consequim 

I. dL = PLdx — QMdx 

II. dM = 2RLdx — SQNdx 

III. dN = RMdx — PNdx, 


cx quorum prima dednoimus: 


ot ex seoumla: 


,, _ PL dh_ 

“ Q ' Qdx 

A7 RL dM 
~Q~ 2 Qd* 9 


qui valores pro M et N in tertia substitute dant: 


D12 INT12C1RATIONT2 ATCQUAT10NUM DTFPRRENTULTUM 
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i sit, sumto differential! dx consianto, 

jj,r PdL -J- LdP PLdQ ddL dQiiL 

Q' ' 'QQ~~Qfa+QQdx> 

, UL PdL LdP PLdQ , ddL dQdL 

Q" "" 2 QQdx ~ 2Q(j7lx 2 ’Q*dx " r TQQito* ~~ 2QW 


r i Pkt 1 . _ __ Pd}{L_ PdQdL _ LULL 

= '~ZQQ r ~2QQ ‘ 2^ 3 ~ ' '>'QQ(tz~'~ 2Qhlx ~ Q ’ 

illiuB dilforontiali debet aequari, undo lit: 


QQdPL — 3 QdQddL — PPQQdLdx* — 2 QQdPdLdx 
3 d(pdL + 2 PQdQdLdx — QrfirfeZ# 4 QPRdLdtf 

P dPdx* PPQLdQdx 2 —QQLdxddP -\- PQLdxddQ 
3 QLdPdQdx -- 3 PLdQHlx -(■- 2Q*LdRdtf - 2 Q*ItLdQdx\ 


in aoqnatio si per ~ multiplicetur, mtcgmri potent, orilquo eim 


ML LdLdQ dh 2 PPLLdx i LLdPdx , PLLdQdx 2 RLLdx* 

2Q “ 2<?Q ~ Q'tf ' <?» " + 6 

nc form am abit: 

s» - 2 -- 2 — PPQLLdx-- — 2 QLLdPdx 

2 PLLdQdx -L4QQPLLdx\ 

latur )j 22 , acquatio inclnet bane fomiam: 


-|- 2(?rfPrf.r — 2PdQdx — 4QQJidx 2 ). 


COHOLLARIUM 1 

loties ergo per probioma priieeedens valor ipsins A assignavi potest, 
latio diffei’ontialis tortii ordinis liie invonta, ot ea sccundi ordinis, ad 
i roduxi, gcneraliter resolvi poterit: quae resohitio, cum alias foret 
, probe est uotancliu 

COROLLARIUM 2 

)ilicot si v fuerit eiusmodi fiinotio ipsius x, qnao loco y posita, satis- 
lationi 



atutuutnrque V 
tertn orclinia 


jQtidx, quo facto crib pro nostra aeq 


L 


A — BV-Y CVV 

s . 


qui valor cum tres eonatanles arbitrarias comploctatur, a 
tiouis integral© completum. 


COROLLARIUM :i 

63. Si ait P = 0, Q — 1 ct H fuueiio qimeeuuquc 
diiTerentialis tertii grad us hanc accipiet formam: 


0 — cPL -Y ARdLdx 2 -|- SjjdRdx 2 , 


pro cuius ergo integrali uompteto mvenieiulo, quaeratur pi' 
quae sit -- a, quae aaliafaciat Imic acquationi 


turn ponatur 
eritquc 


dv 4- vvdx -\- lid.v = 0; 


V~je *t vd Mx t 


L = (A — BV -Y CVV) (> + *{»<**, 


C0R0LLAR1UM 4 


G4. Idem ergo integrate satiafaciet huic acquationi 
gradua: 


2 TCdx* = 2MdL~dL* -|- UiLLdx* 


ot, poaito L — zz< etiam huic: 


~ = ddz -h Rzdx\ 
22 3 ’ 


pro qua itaque eat 


z = e +Sv,lx \/(A — BV ~\~ CVV). 


Omnino animadvert* meretur haeo integrate quippe qnae ex alus 
9 v Tx7idem praestori potest Hino autem adipiscimun) m egratonem 
"I sequentis aequationis cMerentio-differentiulis Babe late patents: 

ddz + Sdxdz + Tzdx 1 = ~-z^ !Sd ’ ■ 

lempe quaeratur valor ipsius « ex hao aequatone differential! primi 

dv vvdx -|- Svdx + 

r ento ponatur brevitatis ergo 

y _ j 

% = e ivdx ]/(X 4* BV -f GW), 

O constantos arbitrariae B, 0 ita aooipiantur, ut sit 

a0 -\bb = b, 

adh „o duao oonstantes arbiteio nostro relinquuntur, «ti natura into- 
nis oomplotae postulat. 

exemplum 1 

l0 . proposila sit haze aequatio differmhahs 

dy + ydx + yydx — ~ = Q> 

Brit ergo, Problema 9 hue transferendo, ^ 

p = l, (3 = 1 et £ = —-> 

, , _ I erit v = - • Q« are flet 

,iia aequationi satisfaoit valoi V x > os 


8 = e 


-K' + l)' 1 * = Le-’ 


31 in formulia § 63 ofc 04 ponuntur s . 

J\ ta loco *, ® + 4 1000 * 6t T= 2 *” + 4 

^ W «*» omnin I 22 Com— 


Hunc fuitcm porro multipUcarc licot por functionem qu; 
fovmac 

c 


1 r , 'to 

- \e~ x . 

I \ J 


*(«?/—!) 


xx 


cum vero l\ae,c forma intcgrari nequeat, ulii muliipUcaloves 
ncqueimt. Oh primum ergo iutcgrabilia est haeu forma: 


e~ x T~^rJdy + i/cfa; + 2/?/^* — ~r) » 


(*1/—l) a v 

cuius, si x capitur constans, integrate est 




x{xy— 1) 

quae difforcntiata, posito y constant©, pmobot 

e‘ x tlx{xxy -f 2 xy — x — 1) 


xx{xy — l)* 

quod acquari dcbct alteri mctubro 


dX , 


+ yy dx - d i)’ 


undo fit 


dX = + !) = 


i) 

sicqne intograle complctum nostra© aequationis cat 


dx 


-7—-rr + fc - * — = Const 

a;(a:y—1) J xx 


EXEMPLUM 2 


67. Invcnire multiplicatorcs idoncos, qui rcddant li 
integrabilcui 1 ): 


?) Vido iiotnm 2 p. 300. 


ua suigulu-ris huic aoquatioui aatisfueions cat 

k -j- yx _ 

a -|- fix yxx 


itOiltO 


k -J :l: V{\ ftft ~uy -I- a). 


nunc ait. P ~ 0 ot, orit 


Ctk.li + Zyrdx 
r _ - J (H Jx t yxr 




posito brovitatis giutia 


:fc V{ I ftft — «y -f-«) = i 


S ._ _._L_e 

a -[' fix -f~ yxx 


n<lx 

!•(>* + )' x x 


f_ ndz 

J*Sfrfa; = — + 

duplicator ergo prhnum inventus cst, 

f- — « + fix -h yxx 

' ((« fix 4- yxx)y — k — yx)* 

i porro duoi potest in functionom quaincunqiie Indus quanfcitatis 


f — ”—/ 1 . l\ 

*' \(a-h fix-]-yxx) y—k — yx n) 


icatur orgo in 


.SrdHyn. j« +/»*jo^-z£r.rL_ 

e (« -(- fix d- yxx) y + n — k-- yx 


prodibit muItipHcator algebroicus: 

a fix + y xx__ _ 

UZTWTyxz) k - yx) ((« + />* + V XX PJ + " _ k - yx) 


ii reducitur acl bane formam: 





Hunc autein pone nmltiplicare Meet pm* fimotioncm quai 
forniae 


1 r -dx 

e *x{xy- 1) ~ a* * 


oum vero hacc forma intogm-ri nnqueat, alii imiltiplicaloves i 
uequeuiit. Obprimum ergo iutcgrftbilis est iuiec forma: 


e ”$fr-i?( dy + y,lx + yy dx "'T) ■ 


cuius, si x capital* conatans, integralo est. 


C' 


—n + X, 


quae differeuliata, posito y constant©, pmebet 


c~ T dx{x:cy -f 2 xy — x — 1) , 7 v 
^(aTr-^7)» 1_ aA ’ 


quod aequari debet alteri lncmbro 


unde fit 


{xy 


(lx\ 




7 v e~ x dx , ~ , ,, dx 

iX = z zr x j-i? i x *M- 2x y + ^ = e 


sicque integrate completuin nostrae aeqmitioms est 

— e~ x 

X{X1J~\~) ■ •> XX 


"7—-—rr ~{- JV* — = Const. 
xi xii — n 1 j w 


EXEMPLUM 2 


67. Invenire imiltiplicatorcs idoncos, qni reddant han 
integrabdom 1 ): 


1) Viilo noimn 2 p. 300. 


nr mi' « 


N r 


I I |H I )' •> 


iln hrrvil nl i f ‘ 


, ('Jlfi ay I a) In 


S ,« 1 {if I 


r h «x -*■ 

J,r I \\x I' J> r J 


f,S\/,r 

-mu priumiu inv-uluM i'»l 


(' nil.r 

I i c l /'» I V ■ 

II 


,1 i ,u * ; 


<1 | fh' I 

( (.i \ fU I f: l’ :r ^ 


„ rm .l.i.-i ' Ml fmii-linnrm 


i|immi'iini|'i" Imiim (|uan(j«w 


lI in* rr^u m 


1 ^ i J * * ; n '' ( . 9t l* , i vi! M , J 

'(.i t {if i A '• 

r (k \ ft* i l: \'Y‘ V ‘ 

* " ' " ■ (li J jiv 1 yxf)!l \ » - k ■ ' yX 


..^ 


({,» ! /Jr ! }•■"') .7 


rrilm-ilnr ml lmu<* * l,nu,u,,: 


----2 yx + ft+UfJfl -*a y -t- 4 » )\ I,, i/£_liLZlI { 

(« + fa + y xx )\!l 2(« -}-.d* -f yxj) / V' 2 ("•*!■ 

Accpiationis autem integrate eompletum est 

-1,7^^ («+.^_tvJi?)£+ n -±-YJ: = c< 

e (a + /to -|- ysa:) ?/ — fc— ytf 

existente m = v/(j?j?“ 4 ay-t- 4 «) et & = ^ • 


Ex quo aequatio iutegralis eompleta erifc 

-. 2j« + + yxx )y + «- h-lv± ^ 

e 2 (a + /to + ya:a;j y — n— (i — 2 y:t 

cuius indoles est manifesto, dummodo 

= j/(/J/J — 4 ay 4- 4a) 

sit umnerus renlis. 

Quodsi autem valor ipsius n sit imagiuarius, putn n = 

c p\ -i = C08i p ,p j/ — \ gin. p t 

aequatio iutegralis ita ad vealitatem povduci potest. Sit 

~ m f a + lU-i . yx x = P 6t 2 (« + /»* + V **) 2 / ~ 
eritque ea: 

(eos. p +)/— 1 sin. p) • = Const. = /t -f 

hine fit: 


q cos. f — m sin. p-\-{m cos. p~\-q sin.p) ]/— 1 — Aq + Bin + 


aequentuv scorsim membra realia et imaginaria: 

q cos. p — in sin. p = Aq 4 - Bin , in cos. 7) -j- q sin. p 

quae duae aequationes congruunt, si capiafcur A A 4 * Bj 
constans arbitraria A = cos. 0 , ut sit B = sin. 6 et casu, quo 
= m V — 1, aequatio realis erit 


geos.73 — ?asin.p=:geos.0-pmsin.O seu q = 


m{sin.p-J-sii 


cos. p —00 


ilis complota cst 

0 — 7) 

2 {a -I- (lx -I- yxx)y fl -|- 2 yx -|- m cot 


l-fl- 1- y.r+{-'«■ cot. 0 2 V 

y ~~ n + /ix-\ -yxx ’ 

— C, ot Iuvl)obitur 

(l -I yx-\A [- wtang. 5 - 1 "? 
y ~ a -(- fix -|-yxx 

n notundum est, iutdgralo spccialc, ox quo Imcc omnia clecluxi- 
iimvium, quo tumou non obstanto indo intogmlo completion in 
iborc lionit. 


.EXISM-INjUM *‘i 

til a av.quali())M‘- Iticcaliana 

dy -j- yydx — ax m dx - = 0, 

poncnliti m, quibus mm acpnmre lied ; invmire mdiiplicalorcs 

valor aoquntioui satisfnoioiiH, ot cum sit 

p = 0, Q - 1 et R = — a*" 1 , 

Itiplicatov, aequatioiiom intogmbilcm roddons, 


iquutio multiplicetui*, intogmlo complotum fit 

-iSvdx _ \ _ 

1J—V 


c 


— j er^ vdx dx — Const. 





Hinc ni ponatur 


(y — »>* 

Jtr 3 t vdx d$ = K, 


oniiios multiplicatorcs in hac forma 

I 

'hyy-Y My -I- N 

contctili obtinobuntur | § (50], si eapiatur: 

h 7S , (yi _ ny CKT) 

iU B — 2GV — 2vc 2 S"' lx (/l — -|- GW) 

N ■-= Cc- z t vilx — -v {B — 20V) + vm?* v<lx {A — BV 

Voi'um hie valor ipsius L siiuul rat intogralo complotum hi 
lUfforcntialis iovtii gradua: 

0 — (OL — iax m dLdx 2 — 2inaLx m ~ l dx z 

hincquc ctia-m hums sccuudi gracilis: 

Edx* - 2 UUlh — dJA — 4 aLLir^dx* 

existence 

B = 4:AC—BB. 

SCHOLION 

69, Ro attontius porpensa aeqiuitionem differentialcm toi 
methodo dirccta resolvi, oiusqno intcgralo oompletum idoi 
assignation, olici posse doprehondi. Sit ouim proposita Iiaoc a 

d*Jj + 4 RdLda? -I- 2Ldlid& = 0, 


ubi R sit funetio quaecunque ipsius x, sumto differential! d: 
quaero functionem ipsius x, per qnam ista aoquatio mu' 
iutegrabilis. Sit S ista funetio, ot aequationis 

8&L +- 4 SBdLdx* + 2SLdBdx* = 0 

intogralo orit 

SddL — dSdL -f L(dd8 + 4 SRdst?) - 2 Gda 


io sit 


d*s + 2 Sdlldx a + iRdSdx* = 0. 

scilicet quemvis valorem particnlaritev satirfacientem B»i®. At 
quatio, per 8 multiplioata, neglecta constantc, dat mtegia . 

8ddS-hdS* + 2S8Rdx* = 0. 

L , g — e zSv<ix f oi'itquG 

2 dv -j- 2 vvdx + 2-Rrfo: = 0, 

egotium hue redit, ut pro „ saltern valor particular mveetigetur, qui 
dat huio aequationi differential! pmm giadus. 

dv -|- wdx -p didx = 0, 

^ —»— H “ n ““ w** 

^ gi __ g2jv<ta 

wn _ 2 M + L(2dvdx ivvdx 1 + 4 W = 

gitur, ob 


lldx^—clv — vvdx, 

aS ddL - - 2 Ldxdv = %Oe^dx\ 

sgrale manifesto est: 

dL ^2Lvdx^Bdx + 2Gdx!c-^clx 

den.no multiplicand!) integrate, prodibit 

, f i o rt f n—ZSvdXfl'v f g-8 J«<1 

= ,4 n- + 2(? J e 

• + „., r 0 ~-^svdx dx — p, liabebimus 

si brevitatis gratia ponatui J e 

fj — e a ^ rtEC (A BF 4~ 20FF) 
s uti ante invenimus. 

PROBLEMA 11 

). Proposita aoquatione Riooatiana 

dy A yy&® = a % mclx > 

„... »**. *.***• — -■ ** 

TJ T 


1) Vido notam 1 p. 17- 


u if yyU'-i' — cc.t •••a.t ~ u. 

Cum enim quacatio circa intcgralia pnrtieularia vovsotur, nihil interest, 
ea si lit realitt, nee no. Quo autem faciliua, ct umv quasi operationc, Iios 
quibus y per functionem ipsiua x exprimore licet, clicianuis: statuamui 


y = cx~ 2n 



et sumto dx oonstante, nanoiscennu 1 haue aeqnationcm difforoutialcm f 
gradus: 


— 2 ncx~ %n ~ l dx -|- 


ddz 
zdx r 


2 cx~* n dz A 

I — V , 


seu 


cuius valor fingatur: 


ddz 2cdz 2ncz 
dx 2 x i,L dx x 2, * + 1 


z = Ax' 1 -\- 7J,r 3>t-! + Cx* n ~ 2 + Da 7 " -3 Ex* n ' A -[■ cte., 


quo dobite aubstituto obtinebinius: 

()=«,(« —l)/la* ,, - a -j-(3w.— l)(3n —2)7?£ 3,t “ 3 q-(5/i.—2)(5?t- 
-j-2«,Ci4a-”“ I q-2(3»— \)cB 4- 2 (fin — 2) cO + 2 {In - 

— 2ncA — 2 ncB — 2 ncC ~~ ! 

undo coeffioiontes iicti ita doterminantur: 

2(2»-l)ei? + «(«-lM=»0, «= 

2 (4* - 2) c 0 + (3» - 1) (8 n - 2) B = 0, 0 = —'^^=1 

2(6«-3)cD + (6«-2)(G*-3)0 = O, D = ~ 

etc. 

Statim igitur atque unus coofficiens cvanescit, sequentes simnl oinnes 
cunt, id quod evenit his oasibus: 


n — 0, 

1 

”= 3’ 

2 

* = fi' 

3 

^ — rj i 

etc. 

n = 1, 

W |(T5 

II 

ll 

3 

* = 5’ 

4 

W “7- 

etc. 


, aequationis exhiberi potest. Brit enim 

dz 

y = CX-™ +^5» 

= 4a- + 1 Ja*-‘ + 0*—* + Da! ”“" + EX ^ + et °‘ 

o hie valor particularis ipsius ?/: 

nAxU -i + 

**-•» -1- —-- Bx n ~ l + C* 0 ’* - + et0 - 


ur 


COROLIjARIUM 1 

asi ergo iste valor particolaris ipsius y vooetur = v, orit aequatwms 
aultiplicator idonous 

1 

“ 6 (y —«) a 
jg-aiflrtso^a; — V, 

0 et a = 0, orit alius factor siinplicior [§ 08] 

nr ;i 1 »-l ' 

cobolbabium: 2 


,a;i 


i est 


\vdx = 


+ i{Ax" 4- + 0^ 5 “ a + et0 ')’ 


2 c 


e -a/*d* 


* = e (2n _ 0 ^ ’ 


:ro invoniri potest valor ipsius 


irro 

, Btoem Opera omnia I 22 Commentation* analyUoao 
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COROLL ART UM 3 



uti per se ost perspicuum. 


:: 0 etc. orit valor particulars 


V -• 


c 


XX 



r, 

?> r.i — 


1 


x 


> 


2c 


„-a/urfjs ....- et 

a:aJ 


F — 


1 

2c G 


> completion cst 


2 c 

e x 

xx a — x — 



-- = Const. 
2c 


**«L=*±. e = Collst . 

xxij — x—c 


XX x c 

P W..UK=—g-‘ Ofc 


Itiplioat or algobraious: 


xxyy 


2*;/+(*!/-•> 


2_IX. 

xx 


proposita 


ccrfa; 

dy-Y yv dx — 


0 


s, si diviclatur per 


dy + yydx — ccx 3 (lx = 0 


cst B = — —, C = 0, etc., undo intogralo particular 
3c 


et 


hineque 


cx 3 3ecx 


y = cx a + - ! 

3cx 3 — 1 3cx 3 —1 


= V 


g-2/iJtfx — c -6ca'' ^ QnBt " — g-Ocx* 1 


T 1 
x* —T~ 

,(c 


V= Je“ 6cx * 


rt!x 


_l \2 

Sew® — 1 




—Ocas 


l \® 
3cx 3 — 1 


i 3c.x 3 -h 1 


18 c 3 


: 3 (sex 3 — 


Quare integral© completum est 


e -6cz*' 


■f 


C- Cfx ’ -h 1 


A \ 8 _ 1 / 1 

3cx 3 — l) y —3ccx 8 \3ex 3 — lj 18c 8 


(3cx 3 — l) 


sive 


„-6 C a* y(l + 3cx B J+3ccx 3 _ CouBt 
i/(l—3ca; 3 )—3ccx 3 


Turn, ob 


g2 Svdx y __ 


1 — 9ccx 3 
18c 8 


prodibit divisor aequationem intograbilem reddens: 


i\2 


y + 3ccx* 8 j —9 ccx z yy 



7 IVo Iuu*. or^o 

* • fi 

(l if I - yifdx - CCX *(h; = o 


:\c . 9 


O 


() dr.., undo inUwaW' partlcularo: 

» i 

. i O,-,; ' » i Itrcx- 8 -I- »fi* _ 3 + 1 = v 






„ aliu/r 


Jlc* 3 -I- 8 


([HO poi nt nliiiit-ur: 


* • Us 


(ilea: 3 -!- x? 




laro 


(3»*'> I *)» IW» <*•■ + *» 

•o inU^nilo c.mniilol.mn cirit.: 

; (.,: .;!«“)</ •' !•»•>* ’• :lc "-4-^ Const,. 




(,r 1 Wr. u *) >1 


uin 


ob 


|. ;u . v O—teK 


■ l)rc:r 3 
IH<; 3 


CWi-r ..— 

Sec* h ((* 3e*’)if i + 3®* 


(aj-l-Mc:*: 3 ) y 1 

2 

CASUS 5 quo * 

78. Pro lino orgo ncquationo B 

Air\-yy&® — cc * B(Za '””° 


reddens: 

i 

3 — 3cca; 



dy -j- yy dx — ccx 8 dx — 0 


est B = G — 0, etc., unde integrate particular© 

o C 


et 


hincque 


y — cx 8 -J- 


c,x 


1 — 1 
3 3cca: 3 


_i_ _i 

3ca: 3 — 1 3ca 3 1 


— u 


g-afvda _ _ e -flcx v 3 


1 l\ 4 

-.3_ 1 

* 3c 


/ 1 \ 2 

I3c.x* 8 —1 


V^je-= „ e -«~* 3c;i;3 + 1 


(3caf a '—l 

Quaro integralc completum est 


18c s 3c.x 3 — 


o- Oc 


T / i 


1 \2 _ _1 

3 C:V 3*—i) y—3cc^ 8 l3cft 8 — lj 18c 8 1,3c 3 — 1 


S1VO 


>-6ci 


i y(l 3c& 3 )-|- See® 3 _ 


(l — 3cs; 8 ) — 3ccn' 3 


’--~t = Const. 


Turn, ob 


g 2 J* v d x y _ 


1 — Occ.r 3 
18c 8 


prodibit divisor aeqnationcm inlegrabilem reddens: 


_ i\« * 

y -J- 3cca; 3 j — 9 ccx*yy 




dy -|- yy dx — ccx *dx = 0 

. A C -nO ctd., mule integrate particularc: 

\\ r, 


^ __ Zeex a + Sea: 3 + 1 __ y 


Hear 1 -1- x 


Sea* 3 + x 


1 


flO** '- 2 -; 

{Sex* + x)* 


ito olioifciir: 


* e* rx ’dx — *(3c:c 3 — x) 

V I -.o-- ~ 'f 


(Wex"' -|- a:) 2 1 He 3 (Uca; 3 a:) 

ogmlo completion orit: 

u 1 “ 

- : (*. —aca:'®) 1 / — 1 -I-" 3 “\?i£i_I = Const. 
- - , • 1 .2 

{x -]- \\cx n ) 1 ) — ) — >\<‘X 3 —3cC* 


f , xx — beex* 

. 




vinor algebmious uoq.uaionom propositam i.itcgrabilem reddens: 

x l )y ..l-:w x ■’ ■-- 3CC.X- *•) ((* Sexhtf 1 + 3*®" ’ 3cce *>• 

CASUS 6 quo n = ^ 

Pro line orgo aoqualiono 

8 

dy -\-yydx — ccx 5 ^ ==0 



2 ~ c 13 


y = cx 6 •+■ 


o' r>c x 


3 


4 3 4 


__ * lOcca 5 — 3c 
= CX 6 -J-- r, - 


* 6 5c X 5 21)00 


25cca*— 16ca 


seu 


2 » 
2fic a a: 5 —5cca 6 


2 J. 

2ficcx 5 —- lSca 5 -I- 3 


= V. 


Unde integrate complotuin oritur: 


o-lOcx 


r (3 lE3ca B 4- 25ccn’ 6 ) y + Dec® 8 -|-2 fie 8 * r '_^ 


J_ 2 3 2 

(3 — Ific.t 5 -j- 25cc.x*®) if 4- 6cc.x* 8 — 25c 8 a; 8 

Et si huius fractionis ponatur 

12 1 2 
numerator (3 -f I5ca* 6 + 26ccx 5 ) y -f- 5ccx B -]-25c 8 .r B —P 

1 1. _ :» 2 
denominator (3 — 16 cx 6 -J- 25 ccx & ) y -J- &ccx 8 — 2&c s x 6 -- 


erit divisor acquationom propositam iutegrabilcin reddens — P 


CASUS 6 quo » = 


erit 


79. Pro hac ergo aequationo 

_ 12 

dy + yydx--ccx 8 c?.r = 0, 


75 3./1 , j~f B 3-d. * , 

B = — ot (7 =5 — = , Z) = 0 etc. 

oc 5c 25cc 


hineque integral© particular© prodit: 


_ -7 , locca; 6 + 12ca 8 + 3 

— oa - j --j- 

26cca 8 -f 15ca B -f* 3a 


y 


— — — 1 
26c 9 a 6 4* 30cc* B + 16ca B -f-3 

j - — V, 

2Dcca B + 15c** 4 . 3a 


seu 


completion ontinetur: 

1 :l i 2 3_ 

\&cx* + 25CCX*) y — 3 + I5c* 6 - 3Ucca: 0 + 2oc^ * ^ c fc 

IDca; 8 -J- 2to* 6 ) y — 3— ir>e/"»~ Wcox" 5 — 25c a .i: 6 

» 

ctoro exponential! e 10cj 1 , production ex numeratorc ct deno- 
hebit divisorom, per quoin aecpiatio proposita divisn evadit 


PUOBLlfiM'A 12 

,anto i uumci'um quoiiicunquc integrum, exliiberc rosolutionein 
enis: 

-4 t 

dy yydx — c cx 2iil dx 0. 


SOLUTIO 

ir sit n -- 2t\~i ’ l ’ 0 P 01, ' c ^ nr 
Ji:!:.'.)* 4 

‘) (Oj -I. 1 ^ /• 

(M-i) (»-I- 4 

■" 2 • <4 (2i -(- i) 2 c 3 

0 4- 3)<H- 2) (i -I- o*(t-- I)Jf--2) ,, 

“ ' ' ' ' 2*4- a(2 i -J- l)*^ 

(i -I' 4) (i -I- 3) (t 4- 2) (< -{- 1) i (i — I) O' — 2) o — 3) 
r ”' 2-4 . tt.8(2i*i- M 4 c 4 

etc., 

igralc particularo orit: 

+ + oU3 ; 
"r-V <_ l? * - '■* 

Ax 2{ > 1 -I- ./W 2 ' 1 * 4 - -I- At*'-' 1 -b «!«• 

undem denominatorem reducatar, statuainua: 

» ----- c/1 

sn-Li!-ZliL /i 

■° 2(2* + U 

« _ , (i-H)i(j—l)(t —2) A 
^ ^ 2..t'(2t+ l) a c 

^ -- 0 + ^ + Q) yO— n 0—2 ) 0^3) A 


Ax 2M -!•• Ito a# +‘ -I- Ox 21 * 1 + Dx 2til etc. 

Fonamus porro brovitatis gratia: 

i i - I t - 2 i~ :i 

Ax ii+1 + ito 3 '* 1 -(- Cfc 3 '*’ 4 - Z ?:^ 1 4- etc. - P 

i _ i - _l f —2 i ~3 

—J5^+» 4- C.r 3(|i — Dx 2i + l 4- etc. = Q 

-i — i —J -i-- —i ->1 

4- 1 4- (Sa:**" 1 + jDa" a * +i 4- etc. = 

-v — f —i -t-2 

— Shr 2 *'' 1 - 1 4~ %>x 2t -' l ~ — etc. = 

atque integral© complctnm erit: 

Const. 

Turn vcro divisor, aoquationcin proposilam reddens integ 

{Py-sp)(<3*/-£). 

COROLLARIUM I 

81. Quorlsi ergo in aequatione 

-_\i 

dy -\- yydx 4- ax^^dx = 0 


coefficiens a fncrifc quantitus nogativa, ul posito a ” — cc 
realis, integmle completuni hie invontmn formam habetrcalci 
faciic exhiberi potest, paritev ac divisor, qui aequationcm int( 


COROLLAR1UM 2 


82. At si a fuerit qiumtitas positiva, puta a = aa, w 
aequatio: 


dy 4~ W dx -j- aax 2i+] - dx = 0, 


erit c = a ]/ — 1, et eoofficiontes B, D , F etc. et % (£, @ etc. 
nndc valores particulars y — ^ et y — ^ prodibunt bnagin 


<ii)!U)U-A1UUM H 

...„ -.. “i ' 

Hi, /' (,i .-I, y a Q»o(1bi ay. 


,, :!l s'i [.via **«*¥• -a-261/.1 

;K v\ \?\ HHUlltitflti’l' n-llll’M, v\ ol> 

V| i, ,, ii n i’ i. v sk i 61/ i,a -at ©)/ i 

, t ,- ( ,,Mnutt iniicin 

(KK . SS)UU ••!(«« 1 N6) -' / ' » 1 6@ 

,l1 " COUUM.AKUIM ■! 


hi ii It'ii i i-u.nu i- <i l 

i- - » COH. /< i 1 K * n * 




,1c i * ait n u* : 




( H si l) y 4K 1 • © >" ’ 1 , t'oiiHt., 

| I Bill. /') |(i i .S', 1|,/ M ■«/' '* 


,• nt iiiuip.imiiui- 


, /{i/ ■ 1, ot aociniiUono 

..... . . . 

I.lutu. «’Vil : , , .(Sx\ hiii.t: 


lUhl ''’ ,l; • , (S',, ©).',0H,,>1/ 1 (*!/. 

■- 6I "' 
iHi *» < *»•/ 1 


u nMilcH nl iumKnu« , » u ' ? 

ul,n 1 . «)'!./<(«»-'6) 

g;;, S S £ J m . S)> 





Sit ergo a = cos. £, et p — sm. £, prodibitque ex utraquo 


Ry — 9t _ sin. 73 +sin, t __ ^ C — 73 

S y — © cos. 73 + cos. £ ’ 2 


COROLLARIUM 6 


86. Sumto ergo pro f nngulo quocunque, si sit c 
completum aequationis propositae 


Sy — © 2 


sou 


01 sin. 


t~ 75 


© cos. 


e — v 


y = 


R sin. 


$-‘P 


S cos. 


K—P 


oxistente p «= 2 (2i -J- 1) aa:®*** 1 • 


a \/ — 1, 


PROBLEMA 13 

87. Dcnotante i numerum quemeunque integrum oxhibere 
huius aequationis: 


dy + yydx — ccx^-'dx — 0. 


SOLUTIO 


Quia est n = haec rcsolutio (lerivari potest ex sol 

dentis problematis, ponendo — i loco i, Quare tribuautur litteri 
sequentes valores: 


75 = 


+ 

+ 

+ 


JiirrJL a 

2 (2i— l)c 

P' + — 1) (8 — 2) . 

2 ■ 4 (2£ — l)®c a 

(* + 2) —1) (i —2) (i — 3) 

2- 4 - 6 (2i— l) 8 c 3 


etc. 


aloribus oonstitutis, ponatur brevitatis gi'atia: 

jJ* + B M + etc. = P 

-tn -<+ 2 m 

or^S + ®a*5: + «*« + ©**“ + sto - = ^ 

^ ^ 1^2 — 

+«*«•■ - & +©*'*”- eta=a 

no statim habentur duae integrations particular. 

I. y = fr et n. y = §-• 

ro aequatio integrals oompleta wit: 

a«-i Q«—& _ Hnnat. 
e»‘ M - Uw 00,18 

,or aequationem proposttam integrabilem reddens, flet 

COBO iaamumi 

. Quodsi autem aequatio proposita ft** 

iy + yydx + aax^d X = °. __ 

cc = __ aa et e - a V~ l > ^^"a^arias, dum reliquarum 

• Tt D F etc. item. 34 

lanae, ob i>, JA •*> 

,rum valores sunt reales. 




COROLLARlUAl 2 

SO. At si ponatur 

JM-Q-2R, P-Q = 2S]/—1, *P + G=2Sl et ^-£-2© 

quantitates 7?, <9, 92 et © nihilo minus fient, ut ante, realcs, et divisor t 
tionom reddens integrabilcm erit: 

{RR + SS) yy — 2(im+ SB) y + MSR -|- ©©. 


COROLLARIUM 3 

90. Tuin vero, si ponatur brevitatis causa 

-i 

2 (2i — l)«E&®* - i = p, 


aequatio integralis completa erit: 

Ry~ at 

unde elicitur: 


Sy — © 


— cot. 


t + P 


y 


91 sin. —■ © cos.^-£ 

i^in.^-5 cos. Up 

ubi angulus f vicem gcrit constants arbitrariae. 


SCHOLION 

91. Solutiones hornm duorum postremornm problematwn non ta 
accnratam analysis sunt evolutae, quam per iuductioncm cx casibus pt 
laribus supra expeditis derivatae, quandoquidem progressio ab his casil 
sequentes satis erat manifesto. Fundamentum autem harum solntionum 
potissimum est siturn, quod solutio particularis, unde omnia sunt dedu 
vera est geminata, cam quantitas c, cuius qnadratum ton turn in acqu 
differential! occurrit, acque negative, ae positive, accipi possit. Quotics 
huiusinodi aequatioiuim binae solutiones purticiilares sunt oognitae, 
multo facilius solutio generalis, indeque multiplicatores, eas integrabile 
dentes, erui possunt, id quod operae pretium erit clarius exposuisso. 


dy -{- Pydx Qyydx Rdx = 0 
us solutionom generalcm, ct mulliplicatorem, qwi earn inlegrabilcm 

SOLUXJX) 

/otiV huiusniodi functioncs ipsiua a;, quao loco // substiUUae, ambao 
propoaitao aatisfneiant, ita ut ait: 

dM 4- PMdx QM*dx 4- Mx =-■ 0 

f IN -j- PNtto -i- QN 2 dx -|- Rdx *= 0. 

«— M M— A r z 

;/ — A' J 1 — z 

, (/;U — 2 r/jl/ 4- Mdz — Ndz — zdN zzdN 

<hr-= (J _ Z)2 

loribus in ucquatioiio propoaita subafcitutis, et tota acquationc per 
uitiplieata, prodibit: 

i __ g (1 _ g ) -1- (/!/ — iV)dz -I- P(l-~z) Mdx — P{l — z)Nzdx 

— QMMdx — 2QMRzdx 4- QNNzzdx + J«(l =* 0. 

M ct dN aubstituantur valorem cx binia suporioribns dift’oronti&Hbua 

— z) Mdx — Q (1 — z) M*dx ~ Ji (1 -- z) ^ 

-- 2) Ndx 4 - Qz (1 — 2) N 2 dx 4 - R* (1 — «) — N ) dz = 0 

— 2) Jftfo -f Qi¥ a <to -\~ R (1 ■- *f*ir 

— z) Ndx — 2 Nzdx 

QN 2 zzdx, 

rtiono in ordinem redacta, orietur: 

QzM* dx 4- QzN'dx — 2QMNzdx (M — A 7 ) dz = 0 

Q(j¥--iV)fo + ^- 0, 


undo aequatio integrata generaiis erit: 

e fQW-x)dz = Const. 

u 

Pro multiplicatore autem invcniendo notetur, aequationom propositam 

substitution© primmn per (1 -~zf esse lmiltiplicu-tam, turn voro divism 

(1 _ 2 )2 

z(3I — N) ovasisso integrabilcffl. Statim ergo per multiplicat 

integrabilis: ex quo factor erit ^ 777 ^“’ ^ ob 2 = y — N ^ anc inc * uet ^ ori 

{y—M){y—N) * 

PROBLEM A 15 
93. Proposita aeqimtionc 1 ) 

ydy + Pydx + Qdx — 0, 

invenire conditiones functionum P et Q, lit liuinsmodi multiplicator (y - 
oam reddat integrabilem. 

SOLUTIO 

Ex natnra ergo diffcrentialium esse oportet: 

^■y(y+ M)" = -~d-{Py + Q) (y + M)’‘, 
unde oum M sit functio ipsius x tantum, erit 

ny{y + = P(y + M)* -f % (Py J r Q){y J r My- 1 > 

quae divisa per {y -f il /)"- 1 abit in bane: 

^ = (* + 1 )Py + PM + nQ, 

U Cf. Cowrvicntationcm 430 (indicia JSneslroemicmi). Obaervnliones circa ncquaiioaem 
tialem ydy + Mydx + Ndx = 0. Novi Comment, acurl. Petrop. 17, 1773, p. 105. Cf. quoqin 
{tones calculi inlegrulis, vol. I, § 493—527. Leonhaiwi Eut,erj Opera omnia, aorios I, vol. 23 ot 1 


MCUY1 


■PM 


— a 

^2, i) dx 


MdM 


0 


et Q= = 

r (n-{-l)dx 

loribus substifcutis aequatio 

„ nydM 
yd y + ^fi n+i 

is, si multiplieetur per (y + M)". 

COROLLARIUM 1 

ia haeo aequatio eet bomogenea, ea quoque fit integral, « 

t i) yy + nyM - MM = (y + M) ((w + D V ~ M >' 

hino novae aequationes methodo hao tractates obtinento. 
COROLLARIUM 2 

oniam autem habemns duos multiplicatores 

1 _ 

et 

, »—« “ b “”“ ““ 

ompletum. Quare aequatio 

%y dM MdM 
ydy^n +T ii+l 

integrata praebefc: 

(y + ^) n+i ((«+ y 


0 


M) = Const. 


PROBLEMA 16 

3 ita aequatione 

ydy + Pyd> x + Q dat “* ° 5 

tta „ Iuno.ta»m P * fl. 

(yy + My + &T 


dat integrabilem. 


Bx natura difierentiafem sit necesse est: 

i , , , Mv , NY = d ■ (py + Q) (yy + 

^d-y(yy + M v + iy 


0um igit u ^^,PetQ S intp«h y pot h e B i„ f —s 

evolutions / dM , dN 

ny (yy + My + 


= P (yy + My + m n + n ( p * + Q) (%v + M) ^' 

et post divisionem per (yV + M V + 

dM , MJ dN __ {2n 4- 1) Pyy + ( w + ^ p 
n y y ix~^ dx K 

Hino fled oportot: 


2 nQy 


I. ndM - (2n + 1) P&* 

II. ndN « (n -f 1) + %n ® 

jjp 0 — PN "h &QM * 


prima dat 
et -ultima 


P 


ndM 


(2ft +1 )dx 


Q 


■ PN 


sen Q 


■ NdM 


—jyr - ^ ( 2 ft + 1 ) ’ 

qll i valores in media substitute praebent: 

ndN = - gft-pl - (2ft -|-1) JI 

8611 (2 » + 1) JOT + 2K dM = + X) ^ 

quae multipUcata per et Integrate praebet. 

( 2 » + 1) N = Const. + (» + 1), 


- — 1 

N = aM*** 4- — MK 


-Jin-3 

.. . ndM , rtA/ 2 " 11 di\[ Mdftf 

dx = SiTi et = ““T»+i -4(2»-+T) 

diffcrcntialis: 


— 3 


ulM -i- _ M' 1 --- __ M 2?,fl dM = 0 

< a V 1 2»+ 1 4(2 /<+ 1) 2«+ 1 

ddilur, si nmltiplicolm* por 

yy 4- My aM 2 ' 1 * 1 ^ . 


sorit 


OOKOLfjAHIUM 1 


— 2 3 , , 

2 « + r = 1 80U "“- 1 - 


n*ontialis cst homogonoa, ot si 

— 2u — ;i _ 3 

______ .sou « = — 8 -. 

Utroque antem (msu nulla cst difficultas, cum acquatio faoile 


COROLLARIUM 2 

— 2 ?i — 3 

is ergo ftbstrusi ortml ouhiis, quibus oxponons “ 2 h I - 11C( 1 110 
l. Sit ergo 

-5-»—r = »i undeW = 

(ifforentialis 

[m -|- 3) ydM + 4- (w *'l- 1) MdM + -5 a(m -h l) M m dM = 0 


,eiii Opera omnia I 22 Cummontntlonos nnalytioao 


60 




COROLLARIUM 3 


99. Quod si imn pro M fmictiones quaocunquo ipsitis :i 
aequationes tani complicatao formari potevnnt, quas cpiomod< 
traeturi oporteat, vix liquet, cum turnon hau metltodo unrum 
promtu. 

SCHOLTON 

100. Si quia haeo vestigia ulterius prosequi volncrit, dubi 
quin haee liiethodus mox imilto maiora sit uccoptura iucrcmci 
versa Analysis non mediocriter promoveatnr. Spccimina cti; 
ita sunt oomparat-a, nt viam ad investigationcs profimdiorcs pf 
praecipuc si insuper alia aequationum dittcrontialiitm genera s 
traetentur. Vorum haec, quae hactcnus protuli, sufficoro v 
(Jcomet-rarum acl nmpliorom huius methodi cnucleationem h 
scopum mihi equidem potissimum proposuerutn. 



Common tado 27.. hullde 

vi Comincmtfti'ii aoadomi.m orienting ("** '' ^ 

O.»,ni.iiiin illiUom P. 2ft -24 


BUMMARIUM 

na aecprationiR, quam «»»»’■> ™™. in 

me patoat, ao per umVWS “ ^ iati [ ono Rjolatiana aunt hwoRtigata, oontme 
uaB olim do celeborrmmilia 8ura ,nao diffionltato obutait, < 

eo negotium per mothodoR ao prcrRUR method 

1 finem perdue. queat; 1, °™ 1 ^ idora iam pridom nonnulla egn 

htuTumodl aequaticncR toaotanxh, ri diligent™ oxoola 

a edidit; nequo ulluin eat dubiu' tem evon it, at lmec tmotatio non per. 
inorementa AnalyRi Rit f ataa -^ nt BiTC ab Anctoro Riot nogleota. C 

’^rr“ «—- ““ 

uto maiora inorementa ait oonseoutura. 


,differentialem latiBsime patere, ex I 
tequationem liano different! - intelligitur; plerm 

lis \ in quas cam transimitaro licet, taone 


lo Oommontationom 078 voluminfc I 23 . 


acquationem differontialem primi graclus: 


f ] z JB + C^iidu , , _ A tin __ Q 

(lZ ■ 1) 4 Eu + 'Fan V Z(lU *" D + Eu 4 Fun ~ 5 


quae doinccps ad alias substitutiones amplissimnm oampum pn 
ob rem non parum Analyai eonsnltmn fore ai-lritror, si in gencr< 
tionis constrnctioncni docucro, id quod per ca, quae olim ( 
Bicoatiana proposui, sequenlem in modum pracstari potcrifc 1 2 


2. Conoipio autom y determinari formula quapiam intcj 
quantitatem u novam variabilcm x involvente, ita ut in line ini 
x ut variabiHs, quantitas u vevo ut eonstans tractotm*. Cum aut 
sivc analytice, sivc per constructionem quadratuvarum, fnorit a 
titati x valor quklain eonstans datus tribuitur, quo facto integi 
tabit function cm quandam ipsius u, quao sit ea ipsa, qnam aoqn 
exigit. To turn orgo negotinm lino rodifc, nt formula ilia intogra 
u et x involvons iuveniatur, quae hoc modo tractata verum va 
exhibeat. 

3. PonamuB ergo esso 

y = J Pdx (u 4 #) n , 

in qua formula P denotet functionem quandam ipsius x ab n im 
quidem domum definiri oportot. Quae cum fuorit cognita, in 
per quadraturas oonocdetnr, idquo pro quocunque valoro ipsi 
intogrationo nt eonstans speotatnr. Turn integrali ita sumto, u 
valoro ipsi x tribnto evanesoat, statuatur pro x alius quispiam 
et eonstans, ab u scilicet non pendens; qnofaoto aequabitur y fur 
determinate ipsius u , quao sit ea ipsa, qua aequatio proposita 


4. Et-si autem in integratione J Pdx {u 4* quantitas u 
habotur, taraon eius incrcmeutum asaignari potest, quod oapit, s 
tur u 4 * du, et integrateo simili modo absolvatur. Ex prinoip: 


1) Vide Commenfcafciones SI, 70 luiitis voltmiim's, p. JOofcp. 160. 

2) Cf. Comraontationos 44, 46, 70 huius voluminis, p.30,67, 160; viclo quoquo 


i formula eodem mode tractetur, ipsique z post integrationem ralor cietei' 
atuB tribuatur, cum fuorit 


y = J Pdx {u + ai) n , 

mmo, quatenus variate u simul y variation** subit, 

dy = ndu J Pdx {u + x) n ~ l . 

Bi porro simili mode differentiate ex variation ipsius « ortmn colUgamns, 
du constant consoquomvtr: 

ddy = n[n-\ )d%^Pdx{% + x)»*. 


Deamus lios valoros. 




ddy 

2u z 


n (n — 1 ) \Pdx{n + 

«* «* " F»>»" * 


quibus integralibus sola * ut hrfwe debet, cum pos 
Lr. H#oo antem ^ at »oa P e* 

;nlas integration* quanta z vatoi 
rit trib-utm 


iu uniniuuu. 

8. In «*■». l«*■** 

, ».a x»“” “r“” ;rS”— . *» f • «*••£ 

te antem ita oomparata esse debet utx titas mdefim 

:z —, 


SS- »v-—■» «—'* i— gj 

tam pro eo valore xpsins 0. 


HJ 


1) Vido § 8 Commontationis 44 hums vohununs, P 



cm cwo nun ow 


7. Qunmdin ergo x aclinic cat variabilis, ct u ut constant spectatur, 
ost, ut expressio R{ii 4 - .t)"' 1 aeqnctur huic formuluo integral]: 

J Rdx (// -I- x)"- a (+ Amt 2 Aux -\- Axx 

+ nCun -f nCux A v-Bx 

\- n Liu 

-f n(n — l)Fuu A- n {n — 1) ICn •}■ v (u — I) t 

cuius propterea diffcrentiale aequari oportet huic: 

(a A x) n ~ z (udR + xdR + (w-— l)Jidx). 

Quin autem R ab u pcndcrc non debet, conditioues sutisfaciontes his ac 
nibus continentur: 

A A nC 4- n i n — 1) F — 0 

dR = (2 A A nC) Pxdx + n {B + (n —• 1) E) Pdx 

xdR A (w — 1) Rdx — APxxdx A iiBPxdx A ft (« — I) DPdx. 


8. Si valor ipaius dR ex secmida in tcrtia substitmitur, habobitu 


(n~\)R = —(AA nC) Pxx — n (n — 1) EPx A n (n — 1) Di 


et quia ex prima est 


pvodit 
Deinde oh 


— A—nC — ii (n — 1 )F, 
R ~ nP (Fxx — Ex A D). 


2AAnC = — 2n(n — ])F — nC 
seennda induit bane formam: 

dR = nPdx (~{G + 2 (n — 1) F) x + B + (n — 1) E), 
quae per illam divisa dat: 

( IS = ~~(^ + 2(h — l).F)a:rfa: + (ff A {n — \)l$)d x 
R Fxx — Ex A E ~ * 


Pdx = 


Rdx 


n{Fxx — Ex -f -D) 
n per primam aequationem definitur, unde fit 

F _ G + Vi (F - Of- iAF l. 


n 


2 JF 


» „„„ •— 

i is prodierit imagmanus, puta n V + V 

= ooslr + V- 1 sinlr > 
f n — ,•!* (cos vlr +V 1 s ‘ n vlr ^’ 

« *► 

itionis li hue redigitur, ut sit 

p Gxdx — Bax ^ 

- i==: _( W — l)l{ t Fxx — Ex + D)—}j^rE^fD 

,(1 hano forinam perduoitur: 

/ GE\r _-yr* 

! , 0 \ HFxx ^F jX + D)+[B-rFpx^x + D 

+" i»« !■» “ 7 £* i '££*r 

- 

GE 

I. CASUS QUO B = 2F’ 

quatio ergo resolvenda erit 


_Jdy 

0 _ . „ -n..\dy 

f Pi, (. + *r. habemus prim0 

,mus y = J i ^ ^ 1 


■n 


ncque 


Jl = (D —Ex -|- Fxx) 


Pdx = ~ dx (D — Ex + Fxx) " l '\ 

a ut sit 

1 |* cte(w-|-a) n 

y=n) - 

*■ (D — Ex + Fxx) ** 

uod integrate eiusmodi torminis ipsius x comprehondi dobot, quibus qua 

(u + {D — Ex + Fxx) * " l ' 

vanesoat. 


11. Quoties ergo formula D — Ex -J- Exx duos faotores lmbet real 
uplioi easu ovanoacit, undo bini integrationia termini consljtui possur 

Q 

oc autom necosse est, ut eius exponons — n - 1 - 1 — 5 -*, qni fit 

z X 

_ E=f y{{F—Gf~4AE) 

~~ 2 F * 

t positivus, quia alio quin quantitas ilia, cui formula proposita ao 
tatuitur, non in niliilum abiret. IIoo igitur casu conatruotio aoqufi 
uillam habebit difficultatcm, proptorea quod ob signnni uinbiguum exp< 
cmpor valor positivus tribui potest. Sit onim cxponens ille = m, et hab 

4 FFmm — 4 FFm 4- 4 AF -f 2 OF — OC =-. 0, 

}uae aoquatio si liabot radices realcs, ob terminum —A FFm nogat 
tltora certe orit positiva. Quoin casum diligenter prosequamuv. 

12. Sit D = aa, E = 0 et F = -— 1 , ita ut liacc aequatio sit rosol\ 


iritque 


A v ^ + (B + 0-) 


401 


n 


1 4- G 4r ^ti + ag + gg± iij, 

■-- 2 

antitasnegativa maicr quam^l + C?' 


,per est realis.nisi A sitqu 

, 1T ^i + 8 0+££±ii), 

+ l + «° =- 2 


m 


n 


resolution© nostroe tusquatiorua 


positivo sumto, erit pro 

y = i-Jcfsc (w + *)" ( act "" ’ 

la ita oapiatur, ut *** - ^ 

rssssE*-**--- 

, i~r-“ h “° 


wn/plwrn 


2%dy , _ 0 

22/ + -ST+ 3^ 


to = 1, unde fit 

j, = J tlx (u + ») 

2 %dy , (aa—^Hl^aa — xx 

-*V + St + - 3* 2 

, ** . L p~ 

si fuent 2 = » eU 


2 / 


wcc -H — aw 2 


act, 


2atl qui valor aquation! uti<iue Bafe- 
* = - * - t/ = - 2 ““; * on , o integrale completum -urtur, 

ulius qmdem y — aw, exi 1 
; « 2 , unde fit 

ddte 2aa^i_. == 0 

^ + sen - W + <a a^) 


ti'TtT.HYH. 
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I) A)torn para hums dissortationis poriifc. Confor praetorairnimariurn Jittorna ndlnjf? iiu 
Bolero ad Ci. J'\ Muollonnn dntaa 

die 27. Julii 1702: ... Corner dio Pieco ho png. 150 uufhovt ist nooh nooh lang nioht, v.u 
1 os muB ftuoh wold oin Bogon von moinom Munusoript, odor nooli mohr woggckommon odo 
t wonlon soyn... 

ot dio 21. Soploinbris 1702: Abhandhmg Nr. VI so unvollstttndig, mug nur so bloibon, wo 
n voi’handouon das folgondo oinigormnBon crsoliot; v.uin wonigslon joncs (lurch diosos vorsU 
rdon kail. Man kon aucli dioso Ahhundlnng nls in xwoy Toilo gotoilt imsohon, davon imr <lov 
cliosem Tom. omgoviifcUt war; und ioli kan wold don andorn von noiiom aufHot'/.on, und zu ( 
Rendon Bund oinschickon. A 


DE resolutions aeqtjatiokis 

d y J r ayydx = bx m dx 


Conunontatio 284 indicia Enestrobmiani 

. 


SUMMARIUM ^ 

A^uatio hoeo, l« dudum 


rixpediti. I, uao autom s tatim vcl «nt«™-Vt s , , !o 

n OMUum integralia simu eBt M0 Muta>, < ) ™ u ™ adc0 fliflcrenti.i 

ia ri poseit. Mothodua, q» eo ertaoBubBtitutlonis,in»“ infiniUlul intfgr 

, aequationom propositam, p Xl6 deinceps p® p cU bi abnimpv 

di Ldufi inYoWt, format, eam^ oaobw ato Ver 

autem Berta ita «t vim 

jBBiouemq.110 fmitam BUpi * g . gunt particulars, *1 an titus b cat mga i 
n omnia hwo integralia no efciam, quoti® 1 in commo*lo 

“"“i 5» - “*•; At-» tk 

tX53ttj&j£iAx&SS~ 

esacsagfeas^r.^ 


ingredilur, qunin aequo negativo, ac positive, acciporo licet. Alia igitur mothodo uti 
iua opo ex oognitis dnobns intcgralilmn partieularilms iniegralo completion, nine 
vn integrationo, eoncludi cjueat. Quod cum id) eo, quod priori motlmdo oral orut 
prepare nequoat, ox ulriusquo collationo intogmtionom priori iinpfioatnm oflieoro li 
do postvemo Initio integrationom maximo momorabilom deducit, quod sit 


2 ilC i, 

'O " ^ dx 

It II 



2UC n 

Cc l l Z ~ " 

II - I I »dz 

ox' l uz 


2 i(n\ * 
<h ) 


i quantitates 2 ct u per x ita dolininntur, ut sit: 

z=--re 2 J 

-»i+i 


Hit- 1) 

-3 ii + l 

b"" s '" 4- 

(n» -- 

1 ){fi n»i - 

-rmi-l 

y*-*- -i- 

■ oto. 

8 11110 

8 M 

• 1(1 na s n 2 


-3«-H 



- r, 11 1 1 


(un — l ] 

' X 2 -|- 

(?m — 

I) (0 nn — 

- X - 

- ole. 

Hnuc 


_ Yn 




im igitur hao foitimc z ot a nden in infinitum oxcurroro quoant, 00 mugis oat uiiwiid 

2 cie »• 

od formulae c. ” ~ integrale, idquo per oxpreasionom satis simplieom, exhibori po 

nn voro otinm hoc conmioi.no intogrnlinm formao udvorsari vidotur, ({nod qnnnl 
nstaiis arbilraria C, per intogratiouom ingressa, quae alio(|i(in unde adiicitm-, hio 
I’inao integral! sit implioata. Quod singuiaro plmonoinemm si nttonliuH porpemln 
jx patcbil, integral ioncm iilam voritati eonsentancam ohho non posse, nisi dcnoiniua 

V8 

c 1 — ztlu 

2 a cx^uzA- - - 

' dx 


□lit qimntiUs consUns, putu A ; tmn onim istud intcgmlo in formam natnralom aid 

2«C n 

— -X Z l 

n ll ___ .__ 

Au AO • 

uni nutoin res ita so habcafc, lioc modo oxplicari potCvst: Quoniain quantitates z ot. i 
rios exprinumtur, enaquo ipnas, cpiao initio ox ovolutiono nequatumis dUYoronUali 
ndi gradus aunt emta, vioissim pntot, caa ita pendoro ab a:, ut sit: 

ddz 4- 2 actf 1 - 1 dxdz 4- [n — l)acx n ~ 2 zdx 2 ~ 0 


dd% — 2 acx*'~ l dxdn — (n — 1 ) ac# ,l_a udx 2 — 0 . 

111c prior aequatio por u , posterior voro pot z, mnltiplicotuv, ao pioduotovum dilTor 
tbit 


addz — zddu 4- 2 acx n ~ l dx (udz 4- zdu) -\- 2 (?i—1) acx n ~ z uzdx 2 =* 0 



ITUMlii 


udz — tdu + 2 acx^uzdx = Adx. 


-»+i 

„ ln ac , = co, flat *-*-*'*'« eviden5 CSt ’ >*““ 

IV, sioquo hilogmtio superior abit m hano ionnam: 


• 2 d X ^ x " 2 

<* " ^ t - e 2 aoit 


• Const., 


„ prinoipiiB 0Bt conform* Bod otiam, laata diftontiatione, ob 
udz — zdu — 2 acdx (I nx ) 

,, ogio oonnromtur. Hina sutom tan aequationiB 
dy + ayyix = acc xm d%, 

ot qnantitatiB * vsloro P«r -P— ^ ^ 

,tiu» ita oxl.il.ori potent, ut sit. 

, i* , - 

, / = 0J.»- , + - a Td»+ ^. n , 


t j z 2 c _ 

,? c 1 —l—i - - ,|r I” i a c .. 

y = Cit I az( l X 1 ti-I 

.. 

iniro numeros loco exponent i 
;ebi'aioo per * d° toin 1™**- 

SOLUTIO 1 ) 

!V dz 

y = c# 11 "" 1 "1" azdx 

ix oonstante, erit ^ i4 » 


facta substitutione fcransibit aequatao proposim m nanc. 


ddz j. (n — \)cx n ' 2 dx 4 accx 2n ~ 2 dx -\ -‘-= bx m d 

azdx 1 v 2 


Fiat m = 2 n — 2 et b = acc, Jmbcbiturqno 

ddz 4 (n — 1) acx n ~ 2 zdx 2 4 2 ftc.-e ”- 1 dxdz = 0, 
quao ergo resultat ox hac aequationo proposita© aequivalentc 

dy 4* ayydx = accx 2n2 dx 


facta substitutione 


dz 


y ~ cx 1l ~ l -1- r 

J azdx 


Fingatur iam bacc acquatio: 
z — Ax 

eritquc differcntiando: 


-iHl -3 ii +1 - 6 i t + 1 7 a I-1 

* = A%~ 2 +Bx~~~ 4 Gx 2 4 -Dx 3 4- etc. 


dz - '-Iax^ 1 - (:i ^ 1} 7?r^‘ 

dx~ *> ■> ‘> 


-0)1- 1 


2 


cUh _ + <? 6 c-af-l 

r« 1 4 1 <1 4 4 


(ia; 2 


Cnni vero ex superior! aequatione per dx 2 divisa Bit: 


ddz . 2acx 1l ~ l dz . . .. „ ,, n 


si series assumta substituatur, prodibit soquons acquatio: 


+ Ax^ + Bx 


H~3 


4 “ ,v 1 4 

+ <“**=]) Dx 

-11-3 


4 ~~ 1 -i 

0 = | —(w — l)ac4x- 3 —(3ft — \)acBx 2 — (5n--l)acCx 


—s it—3 - 

— (7 n— \)acDx 2 — (On —1 )ac$x 

?-8 -»-3 - 

4(^ —l)«c4c 2 + (n— \)acBx 2 4 ( n — \)acC% 

—o ti— 3 


4 (n—\)acDx 2 4 (n — l)acEx 



•I ac 


2 


4 8 ii 3 « 8 c 8 


4 

■ l) O’ (n» — 1 ) ( 0 nn — )) ( 25 ?m-~- 1 ) A 
n ' 4tm “ ' 2 4 If ' tf n r a 3 c a 

i — I) U _ (nn --- 1) (i)nn — I) (25 nn — 1) (-19 %n —■ 1) A 

n ’lac' ' 2 ~ -1 "" ' fl. 8 Wc 1 

etc. 

0 

tur ergo z per x noquonti modo: 


%-' r " , («» — 1) A ■ -"g'- 1 , (»» — 1) (»?>» — ]) W r —- 1 

« ' itrtri ' r * 8~ ‘ ~ t(I ' n s a*c? X 

, [nn — \) (i)nn —I )(2ri?m —I) A — , , 

-.-24 \ t W* 2 + oto - 


8 


id 


ubstituto resultabit valor qmio.sitiiH: // ■—cx n " 1 


-3K--1 


1 


• 2 I -1) a . (fni--l)(>in--l)(fl»in— 1) A . ... 

C ■>' 2 H ' " ~ 2 ” u'aH*' 1 0t0, 

-n-M - ~ " — a»iT i . ~5ii+1 

r a” J.^r.' 1 . 71 a”'®"'" inn-- l)(»mi-l) /l —— . ote 

a ' 8 »«»r a ' ' 8 10 ^ Dl0, 


loro uc denominators per ./I.r 2 clivino: // — ere"" 1 


nn - - 1) aj~ n - 1)(»»«--1) a-'*“ (*? n—l)(»n— — l) (2ort» — 1) x 3,1 

2 8 111 ' ' n *' 2~~ ~H 10_ 24 n ft ft 8 c a 

)»"” («»-■ 1) (««»-■ 1) 2,1 (n it — 1) (1) » n — 1) (2 fi nn — 1) * 

nac ''' H*’ ' i'(f' " n*a 8 ir- *' H 10 ~ 24 n 8 a 8 c 3 

xproasio gonornlitcr in infinitum oxeurrons lit linitu, si fuerit 
(2 i -|- J ) 3 nn — 1 = 0, 


uimoi’iim cpiomcunquo integrum, lioc est, si fuorit 



ius / niciiu nuiiiwiio 

ayydx = accx 2U1 dx 

initis potent exhibori, sen valor ipsius 

. ait m = 2 n — 2 =-- ~T7 , erit huius 

-1 )• 

-|- ayydx ~ accx 2Ul dx 


icis expression: 


ayx — acx 2in 

-2 -3 

i 3 — i)(,-a_4)s a<+1 i (i 9 — 1) (i 2 — 4) {i 2 — 1)J 
2-4T2T+1)* " o 2 c 2 ” 2-M5('2i + 1)* o 3 c® 

-_-3_ 

f,a_. i )(i + 2) x ii+l i (i a — l)(t a — 4) (t -|- 3) * 2I+1 
2»4(2i4-l) 2 n 2 c 2 ' 2 • -1 • ti {2 ? -\- l) 9 o 3 C 8 


nominatorem reduefcione erit: 


-i 

t pa _ 1) ( f _ 2) x 2{+ 1 t p» — l)(i* — >t)(i — 3) a 2 *'* 1 
2-4 (2 i 4- l) 2 ho 2• -1 ♦ 0 (2 i -[• l) 9 " « 2 c 2 

-2 ‘ -3 

i (t» —1) (t + 2) x mi i(i 2 — J) (i a — 4) (i 4- a)* 24 -*- 1 

2-4 (2 i 4- l) 8 ~o 2 r 2 2 • «t■ ti (2 i 4* l) a o 3 o 8 


t 


m = 


— 4 i — 4 


orit huius aocjnationis 


-n-> 

-{■ ayydx = accx U+1 dx 


y per x 

aequa- 


-j- oto. 
-|- oto. 

+ Oto. 

eto. 


jxpreasum: 


aijx = acx u+I 

-?! 2 *.' 1 '*.| 3 . . I“ ! a.-ljaf-t-~l) a _uV 2 .' 4 .' 0 ( 2 i+T) 4 '-otc. 

.'(Mi) ' i ‘J'lr O (* -i- 2) **''-*- 1 i (i 3 — i) ( r j — 4 ) ( *' + 3 ) 

') «« 2..1(2? -j- ia.4-0(21^8" +otc. 

ad c.oimniniom dcnomiimlorcm roductiouo, erit «y.r = 

i_ a 

i -|- J) (/ -|- 2) <(i I- 1) (< -j. 2) (i -1-3) a 2 ** 1 , i (t^-- i)(i H- 2) {» + ;*)(, -f- 4)i-* < + 1 

2 (* ‘ 1-1) 2*4{2i-M) a ac "Y.i.(|(2if lp " — 'ah? etc - 

1 2_ ^ 

'■•I j) ,»(**• -))(*•}• 2)V- f -“ . * (£;^1 ) <£ ■ "J)(i -f- 3) *•*' 

‘ I U «»■ ' 2.1 (2 i -)- I« a c a ' r ' + OtC. 


iiuquo igitur fuorit i liumoriiH integer, Lotics hums aoquationis: 

- H-2 I 2 

dy -j- ayydx accx Ul1 dx 
in tonniniH algebraicis potest exprimi. Q. K 1. 


COIIOLLAKIUM 1 

uupiatio orgo propositu 

dy -}- ay yd# = accx m dx 

mum algebniieuni iidmittit, .si fnorit exponent m vcl terminus huius 


- 0, 


<1 


8 

r>* 


12 __ i o ___ 20 
T* ”'iP Ti’ 



:>rit m tonninuH ox line froctiommi serio: 



H 12 10 _20 _24 _28 

3» '"'T’ “Y’ y*’ ir is* 


COROLLARIUM 2 

ulmtitimmus in priori mtogmbilitatis classe loco i successive numeros 
, 4 etc. afcquo roporietur, ut sequitur. 
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ntegrale ent: 

ayx = acx sive y — c, 

Si i = 1, huius aequationis: 

4 

II. dy -f ayydx = accx 3 dx 


ntegrale erit: 


ayx ~ 


acx° 


— aeu y 


cx 


. 1 -2 x 8 

1 2^3 ' "oc‘ 


6 a c 


3 ace 
2 i 
3 acx ® 


5i i —2, huius aequationis: 


III. dy + ayydx ■— accx 6 dx 


ntegrale erit: 


ayx 


j 2-1 

acx 6 27 r 


acx h 


2-3 x « 2*3.4 a; 

1 2.5 ' ac + 2-4.5 a ' a 9 ' 


. _ 3a; 6 3a; 6 

Coe + G 9 a a o a 


Si 2 — 3, huius aequationis: 


12 


ntegrale erit: 


ayx = 


IV. dy -j- ayydx = accx 7 dx 


„ -s 3-2 , 3.2-1-4 a; 7 
aCX 2-7+ 2.4-7 a ‘ oo 

— ~ 1 0 

, 3-4 a; 7 , 3.4-5.2 a: 7 3.4-G.Q.2 a; 7 

2-7 ' "oc -i" 2.4.7 a ' o a c a 2.4.6.7° ' o 8 o 8 


uve 


ay x 


acx 7 -*-4-*d- a — 
acx ? + _._ 


i 8 « 

6 x 7 . 3.5 a: 7 1-3.6 fl) 7 

o a o a 78“ ' 


. U X . J.o 

1 “ 7 ‘ ~ac" + ^ ' 



miogmio orit: 


acx v — — - -I- ... 


ayx - 


-i-:i 

. -1-3-2-fi 

.t ‘ 

4 • 3 • 2 • 1 - 5 • ft 

2-y 

i 

' 2-4-y 3 

<10 

2-4-0-0 9 

«"» 

, 4-r.-(i-:i 

a; ® 

•l-fi-rt.7-3-2 

an 

27-10)3"' ' 

«v 

2-1-ft-O 8 


! - - ' . ....... _L. 1 • 3 -^ ® ' 

2-1) an ‘ 2 • l • It 3 ‘ a 2 c 2 " 2-4-"Ml 8 ’ aV 

»Si i-'=••-/>, huiufl uoquutionis 

20 

VI. dy -|- ayydx = accx 11 dx 


iutogrnlo orit: 


i< i*• •! fi < • ,'i.ft x 


11 fi.4-a-2-l-0-7.8a: " 

a*.-I-«. 1! 3 “ <**«• 2--1-0-8-l"i 4 a 3 o 3 


, . r ‘- n -» " , fi• 0• 7• -1 a: " r,.(l-7-8.‘l-:ia: 11 , fi-0-7-8-0-1-3-2 as " r».fl-7-8-0-l( 

2-11 ao" 2-i.n 3 ' 2-4.0-U 8 o 3 c' 8 2-4-0-8-U 4 o 4 c 4 " 2T4-Q-8-K 


COltOLLARIUM 3 


4, In posteriori iiitcgnilnlitatis ordinc smbstituumus pariter loco i nuir 
0, i, 2, 3, 4 oto. ao roporiotur, lit sccpiitur, 


Ni '0, Imius aoqiuiUonifl: 

I. dy ~|- ayydx — accx^dx 

intngralo orit: 

. . 1 -2 

aGX “i‘ 2, i - (1C 1 

“»*■=—i—=i+^ seu 

iSi i 1, Imius lioquatioiiis: 

8 

II. dy + ayydx — accx 3 dx 


2-1 . , oc l . c 
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